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ABSTRACT. Let G be a group with identity e. Let R be a commutative G-
graded ring with non-zero identity, S C h(R) a multiplicatively closed subset
of R and M a graded R-module. In this article, we introduce and study
the concept of graded S-1-absorbing prime submodules. A graded submod-
ule N of M with (N :g M)NS = 0 is said to be graded S-1l-absorbing
prime, if there exists an sy, € S such that whenever apb,,my € N, then either
sgapbps € (N :g M) or sgymy, € N for all non-unit elements ay, by, € h(R) and
all my, € h(M). Some examples, characterizations and properties of graded
S-1-absorbing prime submodules are given. Moreover, we give some charac-
terizations of graded S-1-absorbing prime submodules in graded multiplicative

modules.
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1. Introduction

The study of graded rings arises naturally out of the study of affine schemes
and allows them to formalize and unify arguments by induction. However, this is
not just an algebraic trick. The concept of grading in algebra, in particular graded
modules is essential in the study of homological aspect of rings. Much of the
modern development of the commutative algebra emphasizes graded rings. Graded
rings play a central role in algebraic geometry and commutative algebra. Gradings
appear in many circumstances, both in elementary and advanced level. In recent
years, rings with a group-graded structure have become increasingly important and
consequently, the graded analogues of different concepts are widely studied (see [1],
[4], [7], 18], [9], [10], [11], [12], [13] and [14]). In the third section of this paper,
we introduce and study the notion of graded S-1-absorbing prime submodules of
a graded R-module M as a generalization of graded prime submodules and we

investigate some properties of such graded submodules. For example, we show that
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if N is a graded S-1-absorbing prime submodule of M, then (N :g M) is a graded
S-1-absorbing prime ideal of R, but the converse is not true. Also, we prove that
N is a graded S-1-absorbing prime submodule of M if and only if there exists an
sq € S such that whenever IJK C N, then either s,IJ C (N :g M) or s,K C N
for all graded ideals I,J of R and all graded submodules K of M. In the last
section, we give some characterizations of graded S-1-absorbing prime submodules
in graded multiplicative modules. Most of the results in this article are inspired
from [6].

Throughout this work, all graded rings are assumed to be commutative graded

rings with identity, and all graded modules are unitary graded R-modules.

2. Preliminaries

In this section we state some definitions and results of graded rings and graded

modules which we need to develop our paper.

Definition 2.1. [14] Let G be a group with identity e and R be a ring. Then R is
said to be G-graded if R = EBgeG R, such that RyR, C Ry, for all g, h € G, where
R, is an additive subgroup of R for all g € G.

The elements of R, are homogeneous of degree g. Consider supp(R) = {g €
G | Ry # 0}. An element r of R has a unique decomposition as r = deg re with
g € Ry for all g € G. Moreover, we put h(R) = cq Ry

Definition 2.2. [14] Let R = @, Ry be a graded ring. A subring (An ideal) S of
R is called a graded subring (graded ideal) of Rif S =" gEG(Rg NS). Equivalently,
S is graded if for every element = € S all the homogeneous components of x (as an

element of R) are in S. Moreover, R/S becomes a G-graded ring with g-component
(R/S)y = (Ry+5)/S for g € G in case S is a graded ideal of R.

Proposition 2.3. [14] Let R = @

is a subring of R.

gec Bg be a graded ring. Then 1 € Re and Re

Definition 2.4. [3] A graded ring R is called graded quasilocal ring if it has a

unique graded maximal ideal.

Definition 2.5. [14] Let R be a graded ring and M be an R-module. We say that
M is a graded R-module, if there exists a family of subgroups {M,},cc of M such
that

(1) M =B cq M,
(2) RgMp C My, for all g,h € G.
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The elements of M, are called homogeneous of degree g. Also, we consider supp(M) =
{g€ G| M, #0).

It is clear that M, is an R.-submodule of M for all g € G. Moreover, we put
h’(M) = UgEG Mg'

Definition 2.6. [14] Let N be an R-submodule of a graded R-module M. Then
N is said to be a graded R-submodule if N = @ c5(N N M), ie., for m € N,
m =3 cq Mg, where mgy € N for all g € G. Moreover, M /N becomes a G-graded
module with g-component (M/N), = (Myz+ N)/N for g € G.

Definition 2.7. [4] A proper graded submodule N of a graded R-module M is said
to be graded prime, if rgm;, € N where ry € h(R) and my, € h(M), then m;, € N
orry € (N: M). A graded R-module M is called graded prime, if the zero graded

submodule is graded prime in M.

Definition 2.8. [2] A proper graded submodule N of M is called graded 2-
absorbing, if agbpmy € N for some ag4,b, € h(R) and my € h(M), then agb, €
(N :r M) or agmj, € N or bymy € N.

Definition 2.9. [4] A graded R-module M is called graded finitely generated if
M = Rmg, + Rmg, + -- -+ Rmyg, for some my,,...,mgy, € h(M).

We call S C h(R) is a multiplicatively closed subset of R if (i) 0 & S, (i1) 1 € S,

and (i) sys;, € S for all sy, s), € S.

Definition 2.10. [14] Let S C h(R) be a multiplicatively closed subset of R and
M be a graded R-module. Then S~'M is a graded S~!R-module with

(SflM)g = {% . (degm)(degs)™! = g}
and
(S_lR)g = {g . (degr)(degs)™! = g}.

Definition 2.11. [13] Let M = P .5 M, and M' = P, 5 M, be two graded
R-modules. A mapping f from M into M’ is said to be a graded homomorphism,
if for all m,n € M;

(1) f(m+n) = f(m)+ f(n).

(2) f(rm)=rf(m), for any r € R and m € M.

(3) For any g € G; f(My) € M.
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Definition 2.12. [5] A graded R-module M is called a graded multiplication mod-
ule, if every graded submodule N of M, N = IM for some graded ideal I of R.
Since I C (N :g M), N =IM C (N :g M)M C N. Hence if M is graded
multiplication, N = (N :g M)M, for every graded submodule N of M.

Assume that M is a graded multiplication R-module and K, L are two graded
submodules of M. Then K = 1M and L = IoM for some graded ideals I, I of
R. The product K and L denoted by KL is defined by KL = I1IoM.

Definition 2.13. [5] Let @ be a graded maximal ideal of R. Consider the graded
submodule Th(M) = {m € M | there is a g € h(R) \ Q such that gm =0 } of M.
If To(M) = M, we call M is a graded Q-torsion module. If there exist ¢ € h(R)\Q
and m € h(M) such that gM C Rm, we say M is a graded @Q-cyclic module.

Theorem 2.14. [5] M is a graded multiplication R-module if and only if for every
graded mazimal ideal Q) of R, either M is a graded Q-cyclic or M is a graded

Q-torsion module.

3. Graded S-1-absorbing prime submodules

Definition 3.1. Let M be a graded R-module and N a proper graded submodule
of M. Then N is said to be a graded 1-absorbing prime submodule if apbpmy € N
implies that either apbp € (N :g M) or my € N for all non-units ap, b € h(R)
and all my, € h(M).

It is clear that if I is a graded l-absorbing prime ideal of R, it is a graded
1-absorbing prime submodule of graded R-module R.

The following notion generalizes the notion from Definition 2.1 in [6].

Definition 3.2. Let S C h(R) be a multiplicatively closed subset of a graded ring
R and N be a graded submodule of M with (N :g M) NS = 0. Then N is said
to be a graded S-1-absorbing prime submodule if there exists an s4 € S such that
whenever apbpmy € N, then either sgapby € (N :g M) or sgmy, € N for all
non-units ay, by € h(R) and all my, € h(M).

It is clear that if I is a graded S-1-absorbing prime ideal of R, it is a graded
S-1-absorbing prime submodule of graded R-module R.

Example 3.3. (i) Let M be a graded R-module and S C h(R) a multiplicatively
closed subset of R. Every graded 1l-absorbing prime submodule N of M with
(N :g M)N S =1 is also a graded S-1-absorbing prime submodule of M.
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(i) Let M be a graded R-module and S C h(R) a multiplicatively closed subset of
R consisting of units in R. Then a graded submodule N of M is graded 1-absorbing
prime if and only if N is graded S-1-absorbing prime.

(iii) Let us observe R = Z as a trivially Zs-graded ring and M = Z x Z4 be a
Zs-graded R-module with My = Z x {0} and My = {0} x Z4. Consider the zero
graded submodule N = 0 x 0. Note that (N :7 Z x Z4) = 0 and 22(0,1) € N where
2 € Ry and (0,1) € M;. Since 4 ¢ (N :z Z X Z4) and (0,1) ¢ N, N is not a graded
1- absorbing prime submodule of M = Z x Z,. Now, take the multiplicatively
closed subset S = Z — {0} and put s = 4. It is easy to see that N is a graded
S-1-absorbing prime submodule of Z x Z,.

Proposition 3.4. Let S C h(R) be a multiplicatively closed subset of R and M
be a graded R-module. Then every graded S-prime submodule is a graded S-1-
absorbing prime submodule, and every graded S-1-absorbing prime submodule is a

graded S-2-absorbing submodule.

Proof. Let N be a graded S-prime submodule of M. Suppose that apbpmi € N
for some non-unit elements ap, by € h(R) and my € h(M). Since N is a graded
S-prime submodule of M, there exists an sy, € S so that sgapby € (N :g M) or
sgmy € N, as needed. Now let N be a graded S-1-absorbing prime submodule.
Let apbpmy € N where ap, by € h(R) and my, € h(M). If ap, by are non-unit
homogeneous elements, since N is a graded S-1-absorbing prime submodule, there
exists an s, € S so that sganby € (N :g M) or symy, € N, it is done. Without loss
generality, assume that ap is unit. Then apbpmi € N, implies that bypmy € N
and so N is a graded S-2-absorbing submodule of M. O

Example 3.5. Let G = Zs. Let R = Z4 be G-graded ring and M = Z4[X] be a
graded R-module with My = Z4 and M; = (X). Consider the graded submodule
N = (X). Take the multiplicatively closed subset S = Z4 — (2) = {1,3} of Zj.
Then N is a graded S-l-absorbing prime submodule of Z4[X], but N is not a
graded S-prime submodule of Z4[X].

Let S C h(R) be a multiplicatively closed subset of R. The saturation S* of S is
defined as S* = {z € h(R) | % is a unit of S~'R}. Note that S* is a multiplicatively
closed subset containing S.

The following proposition represents a generalization of Proposition 2.2 in [6].

Proposition 3.6. Let M be a graded R-module and S C h(R) be a multiplicatively
closed subset of R. Then the following statements hold:
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(i) Let S1 C So C h(R) be multiplicatively closed subsets of R. If N is a graded
Sy -1-absorbing prime submodule and (N :g M)NSs = 0, then N is a graded
So-1-absorbing prime submodule.

(ii) A graded submodule N of M is a graded S-1-absorbing prime submodule if
and only if it is a graded S*-1-absorbing prime submodule.

(iii) If N is a graded S-1-absorbing prime submodule of M, then SN is a
graded 1-absorbing prime submodule of S™'M.

Proof. (i) It is clear.

(ii) Let N be a graded S-l-absorbing prime submodule. Assume that (N :p
M)N S* # 0 and let 1y € (N :g M) N S*. Hence = is a unit homogeneous
element of ST'R, that is, ¢ = 1 for some a, € h(R) and sy € S. Thus
UgnSgr = UgnTgap € S for somegugu € S. Then ugrsy = ugnrgap € (N :g M)NS,
which is a contradiction. Thus (N :g M) N S* = . Since S C S*, by (¢), N is
a graded S*-1-absorbing prime submodule of M. Conversely, assume that N is
a graded S*-1-absorbing prime submodule. Let apbpmi € N for some non-unit
elements ay,, by € h(R) and my, € h(M). Since N is a graded S*-1-absorbing prime
submodule, there is an sy € S* so that either s;ahbh/ € (N :g M) or sfqu € N. As

/

s

Tg is a unit of ST'R, there exist uy,syv € S and 75+ € h(R) such that sgrugy =
!/ "
g = Sgg
ugrpisyapby € (N g M) or s;’,gmk = ugrp(symg) € N. Therefore, N is a

’ "
Ug! SgTh! - Put Ugr S € S. Then note that sg,gahbh/ = (ug/sgn)ahbh/ =

graded S-1-absorbing prime submodule.
by,
(iii) Let N be a graded S-1-absorbing prime submodule of M and 4 th Mk
S_l] g/ ug//
by,
~IN, for some non-unit elements a—h, M ¢ h(S~IR) and € h(S~'M). Then
STIN, f 1 t
Sg Ly’ Ugr
S Ap0p MY € or some s, € 5. Note that ap, 0 are non-unit homogeneous
/g b N fi ; S. Note that ap,b it h J

Mg

elements of R, because if ana)_, = a}_,a; =1 for some a) _, € h(R), then

ap ap-184 1
s 1 17
a contradiction. Since N is a graded S-1-absorbing prime submodule, there exists

an sy, € S so that s}, apbp € (N :g M) or 8;,,/Sg,mk € N. Hence we have

by slanby
AROW _ S ARON o G=L(N . M) C (STIN 1g-15 S™IM)

"
Sqtyr SprSgtyr
m s, 8t my,
k 17 k/ _ _ . . .
or = ,gf € S!N. Therefore, S~'N is a graded 1-absorbing prime
Ug// Sg///Sk/Ug//

submodule of ST M. O
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Example 3.7. Consider the Zy-graded Z-module Q x Q with My = Q x {0} and
M; = {0} x Q, where Q is the field of rational numbers. Take the multiplicatively
closed subset S = Z — {0} of Z and the graded submodule N = Z x {0}. It is
clear that (N :z Q x Q) = 0. Let s be an arbitrary element of S. Choose a prime
%,O) = (p,0) € N. Since sp?> € (N :z Q x Q)
and s(%,O) = (%,O) ¢ N, it follows that N is not a graded S-1-absorbing prime
submodule. Since S7'Z = Q is a field, S7}(Q x Q) is a vector space so that
the proper graded submodule S™'N is a graded 1-absorbing prime submodule of

S7HQx Q).

number p with ged(p, s) = 1. Then p?(

Proposition 3.8. Let S C h(R) be a multiplicatively closed subset of R and M be
a graded R-module. Let N be a graded S-1-absorbing prime submodule of M. Then
(i) (N :r M) is a graded S-1-absorbing prime ideal of R.
(ii) if (N :g mg) NS =0 for each my € h(M), then (N :g my) is a graded
S-1-absorbing prime ideal of R.

Proof. (i) Take non-units ap, by, cp € h(R) such that apbpcpr € (N :g M).
Then apbpcpvm € N for any m € M. We can write m = EgeG mg where
mg € My. Then for any g € G, apbp cprmg € N. Since N is a graded S-1-absorbing
prime submodule of M, there exists an sy € S such that sganby, € (N :g M) or
sgrcprmg € N. Therefore, sgrapbp € (N :g M) or sgcp € (N :g M), as required.

(ii) It follows from (i). |

The converse of Proposition 3.8 is not true for general cases. Consider the

following example.

Example 3.9. Consider the Zy-graded Z-module Z x Z with My = Z x {0} and
M; = {0} x Z and the graded submodule N = ((3,0)). Take the multiplicatively
closed subset S = Z — 3Z of Z. It is clear that (N :z Z x Z) = 0 is a graded
S-1-absorbing prime ideal of Z. Let s be an arbitrary element of S. Choose non-
unit elements 2,3 € h(Z) = Z and (1,0) € h(Z x Z), then 2-3-(1,0) € N. But
s6 € (N :z ZxZ)=0and s(1,0) ¢ N. Therefore, N is not a graded S-1-absorbing

prime submodule of Z x Z.

Lemma 3.10. Let M be a graded R-module, S C h(R) be a multiplicatively closed
subset of R and N be a graded S-1-absorbing prime submodule of M. Then there
exists an sy € S such that whenever apby K C N, then either sganby € (N :g M)

or s4K C N for all non-unit elements ap, by € h(R) and all graded submodules K
of M.
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Proof. Assume that apby K C N for some non-unit elements ap,, by, € h(R) and a
graded submodule K of M. Since N is a graded S-1-absorbing prime submodule of
M, there exists an s, € S such that whenever a,b,my € N, then either sganbn €
(N :r M) or symy € N for all non-units ap, by € h(R) and all my € h(M).
Suppose that s, K ¢ N. Then there is 2, € K such that syz;, ¢ N. We have
apbpxy, € N, thus sgapby € (N :g M) or sgz, € N since N is a graded S-1-
absorbing prime submodule. The second one implies a contradiction, we conclude

sgapbp € (N :gr M), as required. O
The following theorem represents a generalization of Theorem 2.1 in [6].

Theorem 3.11. Let M be a graded R-module and S C h(R) a multiplicatively
closed subset of R, and N a graded submodule of M such that (N :g M) NS = 0.

Then the following statements are equivalent:

(i) N is a graded S-1-absorbing prime submodule of M.

(ii) There exists an sg € S such that whenever IJK C N, then either sgIJ C
(N :r M) or sqK C N for all graded ideals I,J of R and all graded
submodules K of M.

Proof. (i) = (ii) Suppose that N is a graded S-1-absorbing prime submodule of
M. Let IJK C N for some graded ideals I,J of R and a graded submodule K
of M. Since N is graded S-1-absorbing prime, there exists an s, € S such that
whenever apbpmy € N implies that either sqanby € (N :g M) or sgmy, € N for
all non-unit elements ap, by € h(R) and all my, € h(M). Assume that soIJ €
(N :g M). Then there are non-unit elements ap € INh(R) and by, € JNA(R) and
sqgapbp & (N :g M). As apbp K C N, we conclude s K C N by Lemma 3.10.

(ii) = (i) Let apbpmy € N where ap, by are non-unit elements of R and my, €
h(M). Take I = Rayp, J = Rby, and K = Rmy. Then IJK = RapRby Rmy C N,
50 sgIJ C (N :g M) or s¢K C N by hypothesis, hence sqapby € (N :g M) or
sgmy, € N. Thus N is a graded S-1-absorbing prime submodule of M. O

Corollary 3.12. Let S C h(R) be a multiplicatively closed subset of R and P a
graded ideal of R with PNS = (. Then P is a graded S-1-absorbing prime ideal of
R if and only if there is an s4 € S, for any graded ideal I, J, K of R with IJK C P,
then sqIJ C P or s K C P.

Proposition 3.13. Let S C h(R) be a multiplicatively closed subset of R and
f:M — M’ be a graded R-homomorphism. Then the following hold:
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(i) If N' is a graded S-1-absorbing prime submodule of M' such that (f~*(N') g
M)NS =0, then f~1(N') is a graded S-1-absorbing prime submodule of
M.

(ii) If f is a graded epimorphism and N is a graded S-1-absorbing prime sub-
module of M containing Ker(f), then f(N) is a graded S-1-absorbing prime
submodule of M’'.

Proof. (i) Let apbpmy € f~1(N’) for some non-unit elements ap, by, € h(R) and
my € h(M). Hence f(apbpmyi) = apbp f(my) € N'. Since N’ is a graded S-
1-absorbing prime submodule of M’, there exists an s, € S such that sgapby €
(N":r M") or syf(my) = f(symi) € N'. We have (N’ :g M") C (f~*(N') :r M),
and so sgapby € (f7H(N') :r M) or sy;my, € f~1(N’). Thus f~}(N’) is a graded
S-1-absorbing prime submodule of M.

(i) We have (f(N) :r M') NS = 0, because if s, € (f(N) :g M')N S, then
sg € (f(N) :g M'), s,M" C f(N), and so f(s,M) = s,f(M) C f(N), thus we
have s;M C sqM + Ker(f) € N + Ker(f) = N, a contradiction. Take non-units
an, by € h(R) and m) € h(M') such that apb,mj}, € f(N). Since f is a graded
epimorphism, there is an my € h(M) such that mj, = f(my). Then apbpm) =
apbp: f(my) = flapbpmy) € f(N), so apbprmy € f7Hf(N)) C N since Ker(f) C
N. Since N is a graded S-1-absorbing prime submodule of M, there exists an s; € S
so that sgapby € (N :g M) or symy € N. As (N :g M) C (f(N) :r M'), we have
sgapbp € (f(N) :r M') or f(sgmi) = sqf(my) = sgm), € f(IN). Therefore, f(N)
is a graded S-1-absorbing prime submodule of M’. O

Corollary 3.14. Let S C h(R) be a multiplicatively closed subset of R and N, K
be graded submodules of M with K C N. Then the following hold:
(i) If N' is a graded S-1-absorbing prime submodule of M with (N' :g K)NS =
(0, then K NN’ is a graded S-1-absorbing prime submodule of K.
(ii) If N is a graded S-1-absorbing prime submodule of M if and only if N/K
is a graded S-1-absorbing prime submodule of M /K.

Proof. (i) Consider the injection ¢ : K — M defined by i(z) = z for all z € K.
Then i~ *(N’) = KN N'. By (N':g K)NS =0, we get (i 1{(N'):g K)NS = 0.
Thus the rest follows from Proposition 3.13(i).

(ii) Let N be a graded S-1-absorbing prime submodule of M. Then consider
the canonical homomorphism 7 : M — M/K defined by w(m) = m + K for all
m € M. Then note that 7 is an epimorphism and Ker(r) = K C N. Thus
by Proposition 3.13(ii), N/K is a graded S-1-absorbing prime submodule of M /K.
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Conversely, assume that N/K is a graded S-1-absorbing prime submodule of M /K.
Let apbpmy € N for some non-units ap, by € h(R) and my € h(M). Then
apbp (mi, + K) € N/K. Since N/K is a graded S-1-absorbing prime submodule
of M/K, there is an s, € S so that s;(my + K) € N/K or sgapby € (N/K g
M/K)= (N :g M), and so symy € N or sgapbp € (N :g M), as needed. O

Let Ry and Ry be G-graded rings. Then R = Ry X Ry is a G-graded ring with
R, = (R1)g X (Ra)4 for all g € G. Let M; be a G-graded R;-module, M, be a G-
graded Ro-module and R = Ry X Ry. Then M = M; x M> is a G-graded R-module
with My = (M1)y x (Ms)4 for all g € G. Also, if Si C h(R1) is a multiplicatively
closed subset of Ry and Sy C h(R3) is a multiplicatively closed subset of Ry, then
S = 51 x S is a multiplicatively closed subset of R. Furthermore, each graded
submodule of M is of the form N = N; x Ny where N; is a graded submodule of
M; for i =1,2.

The following theorem represents a generalization of Theorem 2.2 in [6].

Theorem 3.15. Let M = M; x Ms be a graded R = Ry X Ro-module and S =
S1 % So be a multiplicatively closed subset of R where M; is a graded R;-module
and S; C h(R;) is a multiplicatively closed subset of R;, for each = 1,2. Suppose
that Ny is a graded submodule of My and No is a graded submodule of Ms and
N = Ny X No. Then if N is a graded S-1-absorbing prime submodule of M, then
(N7 :r, M1)NSy # 0 and No is a graded S3-1-absorbing prime submodule of My or
(Ny :g, M3) NSy # O and Ny is a graded Sy-1-absorbing prime submodule of Mj .

Proof. Assume that N is a graded S-1-absorbing prime submodule of M. First,
note that (N :g M) = (N :g, M;) x (N3 :g, M>) is a graded S-1-absorbing prime
ideal of R by Proposition 3.8(i). Hence (N1 :g M1)NS; = 0 or (Ng :g M3)NSe = ().
Suppose that (N7 :g M7)NS; # 0. We will show that N, is a graded S-1-absorbing
prime submodule of Ms. Let apbp my € No where ay, by, are non-unit elements of
Ry and my € M. Then (0,ax)(0,bp)(0,mi) € Ny Xx No = N. As N = N; x Ny
5> Sg) €8
such that s4(0,my) = (0, syms) € N or s4(0,a,)(0,bs/) = (0, sjanbp) € (N :g M).
Thus s/g’m;C € Ny or Sgahbh/ € (Nz :p, Ms). Hence Nj is a graded Si-1-absorbing
prime submodule of Ms. If (N3 :g, M) N Sy # (), similarly Nj is a graded S;-1-

absorbing prime submodule of M;. O

is a graded S-1-absorbing prime submodule of M, there exists an s; = (s

Assume that M be a G-graded R-module. The idealization R(+)M = {(a,m)|a €
R,m € M} of M is a commutative ring whose addition is componentwise and

whose multiplication is defined as (a,m)(b,m’) = (ab,am’ + bm) for each a,b € R
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and m,m’ € M. Also, it is a G-graded ring with (R(+)M), = Ry(+)M, for all
g € G. Let I be a graded ideal of R and N a graded submodule of M. Then
I(+)N is a graded ideal of R(4+)M if and only if IM C N. Also, If S C h(R)
is a multiplicatively closed subset of R and N is a graded submodule of M, then
S(+H)N = {(s,n)]| s € S;n € NN (M)} is a multiplicatively closed subset of
R(+)M.

Proposition 3.16. Let S C h(R) be a multiplicatively closed subset of R and I be
a graded ideal of R with INS = 0. Then the following statements are equivalent:

(i) I is a graded S-1-absorbing prime ideal of R.
(il) I(+)M is a graded S(+)0-1-absorbing prime ideal of R(+)M.
(ili) I(+)M is a graded S(+)h(M)-1-absorbing prime ideal of R(+)M.

Proof. (i) = (ii) Assume that (ag, mg)(bn, m},)(ck, my) = (agbnck, agbnmii+agcemy,+
ckbymg) € I(+)M for some non-units (ag,mgy), (bp, m},), (ck,my)) € h(R(+)M).
Then agzbpcr, € I. We may assume that ag,bp,cr are non-unit elements of R.
Without loss generality, let ay is unit. Then a; iy = aga’g _, = 1 for some
aj . € h(R), so (ag,mg)(a;, 1, (—a) 1)*my) = (1,0), a contradiction. Since I is a
graded S-1-absorbing prime ideal, there exists an s, € S such that sy aqsby, € I or
sgci € I. Thus (sg,0)(ag, mg)(bn,m}) = (sgagbn, sgragmy, + sqgbpmg) € I(+)M
or (sg,0)(ck,m}) = (sgrck,sgmy) € I(+)M where (s4,0) € S(+)0. Therefore,
I(+)M is a graded S(+4)0-1-absorbing prime ideal of R(+)M.

(ii) = (iii) It follows from Proposition 3.6 since S(+)0 C S(+)M.

(ili) = (i) Assume that agzbpc € I for some non-unit elements ag, by, ¢, € h(R).
Then (ag,0)(bp,0)(ck,0) € I(+)M. It is easy to see that (ag,0), (by,0), (ck,0) are
non-unit elements of h(R(+)M). Since I(+)M is a graded S(+)h(M)-1-absorbing
prime ideal of R(+)M, there exists an (s4,my) € S(+)M such that

(g7, mg)(ag,0)(br, 0) = (sgraghn, aghpmg) € I(+)M

or (sgr,mg )(ck,0) = (sgcp,cemyg) € I(+)M, and so sgagh, € I or sgc, € 1.
Thus I is a graded S-1-absorbing prime ideal of R. (]

Lemma 3.17. Let S C h(R) be a multiplicatively closed subset of R and N be
a graded S-1-absorbing prime submodule of a graded R-module M. The following
statements hold for some s4 € S

(i) (N :ars0) C (N i sg) forall s, € 8.

(i) (N :r M):rsy) C((N:r M):gsg) forals,, €S8.
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Proof. (i) Suppose that N is a graded S-1-absorbing prime submodule of M.
Then there exists an s, € S such that whenever apb,mi € N, implies that either
sqgapbp € (N :gp M) or sgmy, € N for all non-units ap, by € h(R) and all my €
h(M). Let m € (N :pr s), where s, € S. Thenm = 37, ., my where my, € h(M).
Thus sfq%mk € N for any k € G. If s’g, is unit, then m; € N, we are done. Let
s’g, is non-unit. Since N is a graded S-1-absorbing prime submodule, we conclude
s¢50 € (N :g M) or symy € N. Since (N :g M) NS =0, we get symy € N for
any k € G, hence m € (N :p sg), as required.

(ii) It follows from (i). O

The following theorem represents a generalization of Theorem 2.3 in [6].

Theorem 3.18. Let S C h(R) be a multiplicatively closed subset of R and N be a
graded submodule of a graded R-module M provided (N :g M) NS = (0. Then the

following are equivalent:

(i) N is a graded S-1-absorbing prime submodule of M.

(ii) (N :m sg) is a graded 1-absorbing prime submodule of M for some s, € S.

Proof. (i) = (ii) Since N is graded S-1-absorbing prime, there exists an s, € S
so that apbpmy € N implies that sgapby € (N :g M) or sgmi, € N for all non-
unit elements ap, by € h(R) and all my € h(M). Let apbpmy € (N :y s4) for
some non-units ap, by, € h(R) and my € h(M). Then apbysymi € N. We get
sgahbh/ € (N :g M) or symy, € N. If symy, € N, we are done. Assume that
szapby € (N :g M), then apby € (N :g M) :g s7) € (N :r M) :r s4) by
Lemma 3.17. Thus (N :ps s4) is a graded 1-absorbing prime submodule of M.

(ii) = (i) Assume that (IV :p s4) is a graded 1l-absorbing prime submodule of
M for some s, € S. Let apbpymy € N for some non-unit elements ay, by € h(R)
and my € h(M). As apbpmy, € (N :ar Sg), we get apbp € (N i sg) :r M) or
my € (N :ar sg). Thus sgapby € (N :g M) or symy, € N, as needed. O

Theorem 3.19. Let N be a graded submodule of M provided (N :p M) C gr —
Jac(R), where gr — Jac(R), the graded Jacobson radical of R, is the intersection

of graded mazximal ideals of R. Then the following are equivalent:

(i) N is a graded 1-absorbing prime submodule of M.

(ii) (N :g M) is a graded 1-absorbing prime ideal of R and N is a graded
(h(R) — m)-1-absorbing prime submodule of M for each graded maximal
tdeal m of R.
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Proof. (i) = (ii) Let N be a graded 1-absorbing prime submodule of M. Then
(N :g M) is a graded 1-absorbing prime ideal of R, because if agbpcr, € (N :gp M)
and ¢ & (N :g M) for some ag, by, ¢, € h(R). Thus there exists m € M such that
cgm & N. Hence cymg ¢ N for some g' € G (m =}
Therefore, agby, € (N :g M) since N is a graded 1-absorbing prime submodule, as
needed. Since (N :g M) C gr — Jac(R), (N :g M) C m for each graded maximal
ideal m of R, and so (N :g M) N (h(R) —m) = (. The rest follows from Example
3.3.

(ii) = (i) Suppose that (N :g M) is a graded l-absorbing prime ideal of R

mg where mg € My).

and N is a graded (h(R) — m)-1-absorbing prime submodule of M for each graded
maximal ideal m of R. Let apbpymy € N with apby € (N :g M) for some non-
unit elements ap, b, € R and my € M. Let m be a graded maximal ideal of
R. Since N is a graded (h(R) — m)-l-absorbing prime submodule of M, there
exists an s, € h(R) — m such that smapby € (N :g M) or swmy € N. Hence
smapbp € (N :g M), and since (N :p M) is a graded 1-absorbing prime ideal, we
have sy € (N :g M) or apbp € (N :g M), a contradiction. Therefore syapbp &
(N :g M), and hence spym € N. Consider the set Q@ = {Sm | Sm € m and smmy €
N for some graded maximal ideal m of R}. Suppose that (@) # R. Take any
graded maximal ideal m’ containing @ (see [3]). Then the definition of @Q requites
that there exists sy € Q and sy & m’, which is a contradiction. Thus (Q) = R,
and so 1 = r1Sm, + 728m, + -+ + TnSm, for some r; € R and sy, ¢ m; with
Sm;mr € N, where m; is a graded maximal ideal of R for each ¢« = 1,2,...,n.
Therefore, my = r15m, Mk + 725m, Mk + -+ - + T Sm, Mr € N. Hence N is a graded

1-absorbing prime submodule of M. (Il
By the previous theorem we have the following result:

Corollary 3.20. Let M be a graded module over a graded quasilocal ring (R, m).

Then the following are equivalent:
(i) N is a graded 1-absorbing prime submodule of M.
(ii) (N :gr M) is a graded 1-absorbing prime ideal of R and N is a graded
(h(R) — m)-1-absorbing prime submodule of M.

4. Graded S-1-absorbing prime submodules in graded multiplication

modules

In this section, we study graded S-1-absorbing prime submodules in graded

multiplication R-modules.



14 F. FARZALIPOUR AND P. GHIASVAND

Theorem 4.1. Let S C h(R) be a multiplicatively closed subset of R and M be a
faithful graded multiplication R-module. Let I be a graded S-1-absorbing prime ideal
of R. Then there exists an sq € S such that whenever apbymy € IM, then either

sgapbp € I or sgmy, € IM for all non-units ap, by € h(R) and all my, € h(M).

Proof. As I isa graded S-1-absorbing prime ideal of R, there exists an s, € S such
that whenever apbp/cp € I, then either sqapbp € I or sgep» € I for all non-unit
elements ay, b/, cpr € h(R). Choose non-units ap, by € h(R) and my, € h(M) such
that apbpmy € IM and sqapby & I. Let us define J = {r € R : rsgm; € IM}.
It is easy to see that J is a graded ideal of R. If J = R, it is done. If J # R, there
is a graded maximal ideal @ of R such that J C Q. We claim that my ¢ T(M).
Indeed, if my € Tg(M), there is an element g, € h(R) \ Q such that ¢ggmy = 0.
This means that ¢y € J C @Q, a contradiction. Thus To(M) # M. Since M
is a graded multiplication module, M is a graded Q-cyclic module by Theorem
5.9 in [5]. Hence there is ¢, € h(R)\ Q and mj, € h(M) such that g, M C
Rmj,. Then gy,sgmy € Rmj,, there is r, € h(R) such that q;,sgmk = rymp,
(t = ¢’g). Then q;,sgahbh/mk = rapbpm), € IM and q’g,sgahbhrmk € Rmj,.
Thus there is @’ € I such that q’g,sgahbhfmk = a'm},. Since riapbpm}, = a'm},,
we obtain rianbp — a’ € ann(my,). On the other hand, g;, M C Rmj, implies that
qg.ann(my, )M C Rann(mj,)mj, = 0, that is, g,ann(my,) C ann(M). As M is
faithful, q;,ann(m;,) = 0. Then q’g, (riapbp — a’) = 0. Thus we have rtahbh/qg, =
a’q;, € I. Then Ttahbhfq;, € I. Here we have two situations for r; € h(R).

Case 1: Let r; be a unit. Then we have a;ibh/q;, el If q_;, is a unit element of R,
then apby € I, and so sganby € I. This contradicts with assumption syapby & 1.
Let q;, be non-unit. Since I is graded S-1-absorbing prime, sgapby € I (again, it
is not possible) or sgq;, el If sgq’g, € I, then q;,sgmk € IM, so q;, eJCQ,a
contradiction.

Case 2: Let r; be a non-unit. If q;, is a unit element of R, then rapby € 1.
Since I is graded S-1-absorbing prime, sqapby € I (again, it is not possible) or
sqry € I. Then sgrym), € IM. Since sgrym), = q;,sgmg, we have q;,sgmk e IM.
Thus q;, € J C @, not possible. Now let q;, is a non-unit element. Since [ is graded
S-1-absorbing prime, either sgriapby € I or sgq;/ € I. Again, since it is graded
S-1-absorbing prime, we have sgrt € I or sgapby € I or sgq;, € I. All possibilities
give us a contradiction because of the above explanations and I NS = ). As a

consequence, J = R, that is, s;m;, € IM. O

Corollary 4.2. Let S C h(R) be a multiplicatively closed subset of R, M be a
faithful graded multiplication R-module and I be a graded S-1-absorbing prime ideal
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of R. If IM :g M)NS =0, then IM is a graded S-1-absorbing prime submodule
of M.

Proposition 4.3. Let S C h(R) be a multiplicatively closed subset of R and M
be a graded multiplication R-module. Then N is a graded S-1-absorbing prime
submodule of M if and only if (N :g M) is a graded S-1-absorbing prime ideal of
R.

Proof. If N is a graded S-1-absorbing prime submodule of M, then (N :p M) is
a graded S-1-absorbing prime ideal of R by Proposition 3.8. Conversely, assume
that M is a graded multiplication module and (N :g M) is a graded S-1-absorbing
prime ideal of R. Let IJK C N for some graded ideals I,J of R and a graded
submodule K of M. Then IJ(K :g M) C (IJK :g M) C (N :g M). Thus since
(N :g M) is a graded S-1-absorbing prime ideal of R, by Corollary 3.12, there
exists an s, € S such that sgIJ € (N :g M) or s4K C N. Therefore, we have
sglJ € (N :g M) or s4K = s,(K :g M)M C (N :g M)M = N. By Theorem 3.11,
N is a graded S-1-absorbing prime submodule of M. O

As a consequence of Proposition 4.3 and Theorem 3.11, we have the following

explicit result:

Corollary 4.4. Let S C h(R) be a multiplicatively closed subset of R, M a graded
multiplication R-module and N a graded submodule of M with (N :g M)NS = 0.

Then the following statements are equivalent:

(i) N is a graded S-1-absorbing prime submodule of M.
(ii) There exists an sq € S such that whenever KLT C N, then either s, KL C
N or s,T C N for all graded submodules K,L,T of M.

The following theorem states a generalization of Theorem 3.2 in [6].

Theorem 4.5. Let S C h(R) be a multiplicatively closed subset of R, M a graded
finitely generated multiplication R-module and N a graded submodule of M with
(N :g M)NS =0. Then the following are equivalent:

(i) N is a graded S-1-absorbing prime submodule of M.
(ii) (N :r M) is a graded S-1-absorbing prime ideal of R.
(iii) N =IM for some graded S-1-absorbing prime ideal I of R with ann(M) C
I.

Proof. (i) = (ii) It follows from Proposition 3.8.
(ii) = (iii) It is obvious.
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(iii) = (i) Let N = IM for some graded S-1-absorbing prime ideal of R with
ann(M) C I. Assume that J; oK C N for some graded ideals Ji, J> of R and some
graded submodule K of M. We have J1Jo(K :g M)M C IM. As M is a graded
finitely generated multiplication module, we get J; Jo(K :g M) C I +ann(M) = 1.
Since I is a graded S-1-absorbing prime ideal of R, by Corollary 3.12; there is
an sq € S, so that sgJ1Jo € I C (N :g M) or s4(K :g M) C I C (N :g M).
Therefore, sqJiJo C (N :g M) or s, K C N. O

Proposition 4.6. Let S C h(R) be a multiplicatively closed subset of R and I,J
be two graded ideals of R such that I C J. If J is a graded S-1-absorbing prime
ideal of R, then J/I is a graded S-1-absorbing prime ideal of R/I.

Proof. Let J be a graded S-1-absorbing prime ideal of R. Let (ap + I)(bp +
I)(epr +1I) € J/I for some non-unit elements (ap, + 1), (b + 1), (e + 1) € h(R/T).
Thus apbpcpr € J. As{rq+1|r, € U (R)} C U9 (R/I), where U9 (R) is the set
of unit homogeneous elements of R, we obtain ay, by, cp» are non-unit elements.
Since J is graded S-1-absorbing prime, there exists an s, € S such that either
sqapbp € J or sgep € J. We conclude sganby + 1 € J/I or sgepr +1 € J/I, as

requests. O

Definition 4.7. Let I be a graded ideal of R. We say that R has the good unit

homogeneous element property for I, if we have the following equation:
UI™(R/I) ={rg+1 : ry € UY(R)}.
Now we have the following proposition:

Proposition 4.8. Let S C h(R) be a multiplicatively closed subset of R, I, J be two
graded ideals of R such that I C J and R has the good unit homogeneous element
property for I. Then J is a graded S-1-absorbing prime ideal of R if and only if
J/I is a graded S-1-absorbing prime ideal of R/I.

Proposition 4.9. Let S C h(R) be a multiplicatively closed subset of R, M be
a graded R-module and R has the good unit homogeneous element property for
ann(M). If N is a graded S-1-absorbing prime submodule as R/ann(M)-module
M, then N is a graded S-1-absorbing prime submodule of graded R-module M.

Proof. Let apbymy € N for some non-units ap, by € h(R) and my, € h(M). Then
(ap, + ann(M))(bp + ann(M))my = apbpmy € N. Since R has the good unit
homogeneous element property for ann(M), we get a, +ann(M) and by, +ann(M)

are non-unit homogeneous elements of R/ann(M). As N is a graded S-1-absorbing
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prime submodule of M as R/ann(M)-module, there exists an s, € S such that
either syapby +ann(M) € (N :g/ann() M) or sygmy € N. We obtain sgapbp M C
N, that is, sgapbp € (N :g M) or sgmy, € N, as required. O

In the following theorem, we state Theorem 4.5 under other conditions.

Theorem 4.10. Let S C h(R) be a multiplicatively closed subset of R, M be a
graded multiplication R-module, R have the good unit homogeneous element property
for ann(M) and N be a graded submodule of M with (N :g M)NS = 0. Then the

following are equivalent:

(i) N is a graded S-1-absorbing prime submodule of M.
(ii) (N :g M) is a graded S-1-absorbing prime ideal of R.
(iii) N =IM for some graded S-1-absorbing prime ideal I of R with ann(M) C
I.

Proof. (i) = (ii) It follows from Proposition 3.8.

(ii) = (iii) Consider I = (N :gp M).

(iii) = (i) Since M is a graded multiplication R-module, M is faithful graded
multiplication R/ann(M)-module. As I is a graded S-1-absorbing prime ideal of
R, I/ann(M) is a graded S-1-absorbing prime ideal of R/ann(M), see Proposition
4.6. Thus (I/ann(M))M is a graded S-1-absorbing prime submodule of graded
R/ann(M)-module M, by Corollary 4.2. This means that (I/ann(M))M is a
graded S-1-absorbing prime submodule of graded R-module M, by Proposition
4.9. As (I/ann(M))M = N, we get N is a graded S-1-absorbing prime submodule
of graded R-module M. O
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