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Abstract. Foguel, Moghaddamfar, Schmidt, and Velasquez-Berroteran asked

in [Int. Electron. J. Algebra, 2024] whether there exists a positive integer n

with the property that, for every finite group G, the Cartesian power Gn can

be expressed as the union of a family of proper subgroups of the same order.

We prove that the answer is negative.

Mathematics Subject Classification (2020): 20D05, 20D06, 20D08

Keywords: Equally covered group, Cartesian power of a group, PSL(2, p)

1. Introduction

A finite group G is said to be covered by proper subgroups H1, H2, . . . ,Hn if

G = H1 ∪ H2 ∪ · · · ∪ Hn. In [2] Foguel, Moghaddamfar, Schmidt, and Velasquez-

Berroteran began the study of finite groups which possess an equal covering, i.e., a

covering H1, . . . ,Hn in which all the proper subgroups H1, . . . ,Hn have the same

order. They called equally covered the finite groups with this property.

Cyclic groups do not admit any covering, and therefore obviously cannot be

equal equally covered. But this is not the unique obstruction, for example the

alternating group A5 of degree 5 does not possess an equal covering. However, as

it is noticed in [2], if G has order n, then the direct power Gn+1 of n + 1 copies

of G is equally covered by the subgroups Di,j , 1 ≤ i < j ≤ n + 1, where Di,j is

the set of the elements (g1, . . . , gn+1) ∈ Gn+1 with gi = gj . This led the authors to

introduce the following definition: given a group G, ξ(G) is defined as the smallest

integer n ≥ 1 for which the n-Cartesian power Gn has an equal covering. They

noticed that ξ(G) ≤ 2 if G is not perfect ([2, Theorem 3.4]), and this motivated

the following question ([2, Question 3.6]): is there a natural number n such that

ξ(G) ≤ n for all finite groups G?

In this short note we prove that the answer to the previous question is negative:

Theorem 1.1. For every positive integer t, there exists a finite simple group G

with ξ(G) > t.
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The following more difficult question remains open.

Question 1.2. Let G be a finite non-abelian simple group. Does ξ(G) → ∞ as

|G| → ∞?

2. Proof of Theorem 1.1

Define P as the set of primes p with p ≡ 13 (mod 120) and set S = PSL(2, p). It

follows from [3, Theorem 2] that for every positive integer t, there exist infinitely

many p ∈ P with the property that the number ω(p− 1) of distinct prime divisors

of p− 1 is at least t. Let Pt be the set of the primes p in P with ω(p− 1) ≥ t.
Now let t, u ∈ N and consider the direct product Su where S = PSL(2, p) and

p ∈ Pt. For 1 ≤ i ≤ u, let πi : Su → S be the projection to the i-th factor

and, if J = {i1, . . . , ir} ⊆ {1, . . . , u}, denote by πJ : Su → Sr the homomorphism

sending g = (s1, . . . , st) to (si1 , . . . , sir ). If follows from [5, Hauptsatz 8.27] that

all the maximal subgroups of S are solvable and their orders belong to the set

{p(p−1)2 , p+ 1, p− 1, 12}. Given an odd prime q dividing |S|, set αq = p(p− 1) if p

divides p(p − 1), αq = p + 1 otherwise. This implies in particular that if a proper

subgroup X of S contains an element of order q, then |X| divides αq.

Lemma 2.1. Let S = PSL(2, p) with p ∈ Pt. Fix a positive integer u and let

g = (x1, . . . , xu) ∈ Su, with |x| = qi, where q1, . . . , qu are odd primes and aq1 =

· · · = aqu . Suppose that H is a subgroup of Su containing g. Then H ∼= X × Y ,

where X is solvable, |X| divides (αq1)u and Y ∼= Sv for some non-negative integer

v. Moreover, if X = 1, then πi(H) = S for every 1 ≤ i ≤ u.

Proof. For 1 ≤ i ≤ u, πi(H) is a subgroup of S containing xi, so either πi(H) = S

or πi(H) is a solvable subgroup of S whose order divides αqi . Let

J = {i | πi(H) = S}.

We may assume J 6= ∅, otherwise H is a solvable group whose order divides

αq1 · · ·αqu = (αq1)u. By [1, Proposition 1.1.39], πJ(H) ∼= Sv for a suitable pos-

itive integer v. Let I = {1, . . . , u} \ J. We have that H is a subdirect product of

πI(H)×πJ(H). Since πI(H) is solvable and πH(H) ∼= Su, it follows from the Gour-

sat’s Lemma (see for example [4, Theorem 5.5.1]) that H ∼= πI(H)×πJ(H). Finally

notice that, since qi divides |πi(H)| for every 1 ≤ i ≤ u, πI(H) = 1 if and only if

I = ∅. �

Theorem 2.2. If p ∈ Pt and the direct power (PSL(2, p))u admits an equal cover-

ing, then u > t.
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Proof. Let S = PSL(2, p). Assume that G = Su has an equal covering

G = H1 ∪ · · · ∪Hn

and suppose by contradiction that u ≤ t. Let q1, . . . , qt be distinct odd prime

divisors of p − 1. Let x = (x1, . . . , xu) ∈ G with the property that, for 1 ≤ i ≤ u,

|xi| = qi and let z = (y, . . . , y) where |y| is an odd prime divisor of p + 1 (notice

that the existence of such a prime is ensured by the fact that p ∈ Pt implies that

4 does not divide p + 1). It is not restrictive to assume z ∈ H1. Moreover there

exists r ∈ {1, . . . , n} such that x ∈ Hr. Notice that aq1 = · · · = aqu = p(p− 1) and

a|y| = p + 1, hence, by Lemma 2.1, there exist two nonnegative integers u1, u2, a

divisor a1 of (p+ 1)u and a divisor a2 of (p(p− 1))u such that

|H1| = a1|S|u1 = a2|S|u2 = |Hr|. (2.1)

Since p does not divides a1 but divides |S|, if follows from (2.1) that u1 ≥ u2. In

particular

a2 = |S|u1−u2a1. (2.2)

If a1 6= 1, then if follows again from Lemma 2.1 and its proof, that |y| divides a1.

However |y| does not divide a2, so we must have a1 = 1. This implies a2 = |S|u1−u2 ,

and since again |y| divides |S| but not a2, we conclude a2 = 1. This implies that

πk(Hr) = S for every 1 ≤ k ≤ u and therefore, by [1, Proposition 1.1.39], there

exist 1 ≤ i < j ≤ u and α ∈ Aut(S), such that Hr is contained in the subgroup

of Su consisting of the elements (s1, . . . , su) ∈ Su such that sj = α(si). Since

(x1, . . . , xu) ∈ Hr, this would imply qi = |xi| = |xj | = qj , against our original

choice. �
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