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Abstract. In this paper we will show that MED(F,m) = {S | S is a numeri-

cal semigroup with maximal embedding dimension, Frobenius number F and

multiplicity m} is a ratio-covariety. As a consequence, we present two algo-

rithms: one that computes MED(F,m) and another one that calculates the

elements of MED(F,m) with a given genus.

If X ⊆ S\(〈m〉∪{F+1,→}) for some S ∈ MED(F,m), then there exists the

smallest element of MED(F,m) containing X. This element will be denoted by

MED(F,m)[X] and we will say that X one of its MED(F,m)-system of gener-

ators. We will prove that every element S of MED(F,m) has a unique minimal

MED(F,m)-system of generators and it will be denoted by MED(F,m)msg(S).

The cardinality of MED(F,m)msg(S), will be called MED(F,m)-rank of S.

We will also see in this work, how all the elements of MED(F,m) with a fixed

MED(F,m)-rank are.
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1. Introduction

Denote by Z and N be the set of integers and nonnegative integers, respectively.

A numerical semigroup S is a subset of N closed under additon, 0 ∈ S and N\S is

finite. The set N\S is known as the set of gaps of S and its cardinality, denoted by

g(S), is called the genus of S. The largest integer not belonging to S is called the

Frobenius number of S and it will be denoted by F(S).

If A is a nonempty subset of N, we denote by 〈A〉 the submonoid of (N,+)

generated by A, that is, 〈A〉 = {λ1a1 + · · · + λnan | n ∈ N\{0}, {a1, . . . , an} ⊆
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A and {λ1, . . . , λn} ⊆ N}. In [16, Lemma 2.1], it is shown that 〈A〉 is a numerical

semigroup if and only if gcd(A) = 1.

If M is a submonoid of (N,+) and M = 〈A〉, then we say that A is a system of

generators of M . Moreover, if M 6= 〈B〉 for all B  A, then we will say that A is

a minimal system of generators of M . In [16, Corollary 2.8] is shown that every

submonoid of (N,+) has a unique minimal system of generators, which in addition

is finite. We denote by msg(M) the minimal system of generators of M . The

cardinality of msg(M) is called the embedding dimension of M and will be denoted

by e(M). The multiplicity of S, denoted by m(S), is defined as the minimum of

S\{0}. In [16, Proposition 3.10], it is shown that if S is a numerical semigroup,

then e(S) ≤ m(S).

In the literature one can find a long list of works dealing with the study of one

dimensional analytically irreducible local domains via their value semigroups (see

for instance [4,7,9,11,19]). One of the properties studied for this kind of rings using

this approach is that of being of maximal embedding dimension (see [1,3,6,18]).

The characterization of rings with maximal embedding dimension via their value

semigroup, gave rise to the notion of numerical semigroups having maximal embed-

ding dimension (see [17]), hereinafter MED-semigroup. A numerical semigroup is

said to be a MED-semigroup if e(S) = m(S).

If m and F are positive integers, we denote by

MED(F,m) = {S | S is a MED-semigroup, F(S) = F and m(S) = m}.

The study of the set MED(F,m) is the aim of this work.

Let a and b be integers, we say that a divides b if there exists an integer c such

that b = ca, and we denote this by a | b. Otherwise, a does not divide b, and

we denote this by a - b. Let S be a numerical semigroup such that S 6= N, the

ratio of S is defined as r(S) = min{s ∈ S | m(S) - s}. It is clear that r(S) =

min(msg(S)\{m(S)}).
Following the notation introduced in [12], a ratio-covariety is a nonempty family

R of numerical semigroups fulfilling the following conditions:

(1) There is the minimum of R, denoted by min(R), with respect to inclusion

order.

(2) If {S, T} ⊆ R, then S ∩ T ∈ R.

(3) If S ∈ R and S 6= min(R), then S\{r(S)} ∈ R.

The paper is structured as follows. In Section 2, we show that if m < F and m -
F , then MED(F,m) is a ratio-covariety. By using the results of [12], we will arrange

the elements of MED(F,m) in a rooted tree and we present a characterization of
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the children of an arbitrary vertex in this tree. In Section 3, by taking advantage of

the results obtained, we will present an algorithm which compute all the elements

of MED(F,m).

In Section 4, we will see who are the maximal elements of MED(F,m). This fact

will allows, in Section 5, to compute the set {g(S) | S ∈ MED(F,m)}, as well as,

to present an algorithm which enables to calculate all the elements of MED(F,m)

with a fixed genus.

We will say that a set X is a MED(F,m)-set if X ∩ (〈m〉 ∪ {F + 1,→}) = ∅ and

X ⊆ S for some S ∈ MED(F,m), where the symbol → means that every integer

greater than F + 1 belongs to the set.

Section 6 is devoted to see that if X is a MED(F,m)-set, then there is the

smallest element of MED(F,m) containing X. This element will be denoted by

MED(F,m)[X].

If S = MED(F,m)[X], then we will say that X is a MED(F,m)-system of ge-

nerators of S. The main aim of Section 6, will be to prove that every element of

MED(F,m) admits a unique minimal MED(F,m)-system of generators.

The MED(F,m)-rank of an element of MED(F,m), will defined as the cardi-

nality of its minimal MED(F,m)-system of generators. In Section 7, we focus on

getting all elements of MED(F,m) with a given MED(F,m)-rank .

Throughout this paper, some examples are shown to illustrate the results proven.

The computation of these examples are performed by using the GAP (see [10])

package numericalsgps ([8]).

2. The tree associated to the ratio-covariety MED(F,m)

It is clear that if S is a numerical semigroup with multiplicity m and Frobenius

number F , then m − 1 ≤ F and m - F . Moreover, if F = m − 1, then S =

{0, F + 1,→}.
Throughout this work, we suppose that m and F are positive integers such that

m < F and m - F. Our first aim will be prove that MED(F,m) is a ratio-covariety.

Lemma 2.1. With the above notation, we have that

∆(F,m) = 〈m〉 ∪ {F + 1,→}

is the minimum of MED(F,m).

Proof. Clearly ∆(F,m) belongs to MED(F,m) and every element in this set con-

tains ∆(F,m). �

The following result appears in [17, Proposition 3].
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Lemma 2.2. Let S and T be MED-semigroups such that m(S) = m(T ). Then

S ∩ T is again a MED-semigroup with m(S ∩ T ) = m(S) = m(T ).

The next result is well known and easy to prove.

Lemma 2.3. Let S and T be numerical semigroups and x ∈ S. Then the following

conditions hold:

(1) S ∩ T is a numerical semigroup and F(S ∩ T ) = max{F(S),F(T )}.
(2) S\{x} is a numerical semigroup if and only if x ∈ msg(S).

Lemma 2.4. If S ∈ MED(F,m) and S 6= ∆(F,m), then S\{r(S)} ∈ MED(F,m).

Proof. By applying (2) of Lemma 2.3, we easily deduce that S\{r(S)} is a nume-

rical semigroup having multiplicity m and Frobenius number F. Since m(S) + r(S)

can not be written as sum of two nonzero elements of S\{r(S)}, then m(S)+r(S) ∈
msg(S\{r(S)}). Therefore, (msg(S)\{r(S)})∪{m(S)+r(S)} ⊆ msg(S\{r(S)}). As

e(S) = m, we have e(S\{r(S)}) ≥ m and so e(S\{r(S)}) = m. Hence, S\{r(S)} ∈
MED(F,m). �

The next proposition follows directly applying Lemmas 2.1, 2.2, 2.3 and 2.4.

Proposition 2.5. With the above notation, MED(F,m) is a ratio-covariety and

∆(F,m) is its minimum.

Define the graph G(MED(F,m)) as follows: MED(F,m) is the set of vertices

and (S, T ) ∈ MED(F,m)×MED(F,m) is an edge of G(MED(F,m)) if and only if

T = S\{r(S)}.
From Proposition 2.5 and [12, Proposition 3], we have the next result.

Proposition 2.6. With the above notation, G(MED(F,m)) is a tree with root

∆(F,m).

We can recursively build a tree, starting from the root and connecting, through

an edge, the vertices already built with their children. Hence, it is very interesting

to characterize the children of an arbitrary vertex in the tree.

Following the terminology introduced in [14], we say that an integer z is a pseudo-

Frobenius number of a numerical semigroup S if z /∈ S and z + s ∈ S for all

s ∈ S\{0}. Denote by PF(S) the set formed by the pseudo-Frobenius numbers of

S.

Let S be a numerical semigroup. The elements of the set SG(S) = {x ∈ PF(S) |
2x ∈ S} will be called special gaps of S. The following result is [16, Proposition

4.33].
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Lemma 2.7. Let S be a numerical semigroup and x ∈ N\S. Then x ∈ SG(S) if

and only if S ∪ {x} is a numerical semigroup.

The next result is a consequence from Proposition 2.5 and [12, Proposition 4].

Proposition 2.8. If S ∈ MED(F,m), then the set formed by the children of S in

the tree G(MED(F,m)) is

{S ∪ {x} | x ∈ SG(S), m(S) < x < r(S) and S ∪ {x} ∈ MED(F,m)}.

3. An algorithm for computing MED(F,m)

Let S be a numerical semigroup S and n ∈ S\{0}, then we consider the Apry

set of n in S (in recognition of [2]) as the set Ap(S, n) = {s ∈ S | s−n /∈ S}. From

[16, Lemma 2.4], it can deduced the following result.

Lemma 3.1. Let S be a numerical semigroup and n ∈ S\{0}. Then Ap(S, n) is a

set with cardinality n. In addition, Ap(S, n) = {0 = w(0), w(1), . . . , w(n−1)}, where

w(i) is the least element of S congruent with i modulo n, for all i ∈ {0, . . . , n− 1}.

Let S be a numerical semigroup. We define over Z the following order relation:

a ≤S b if b− a ∈ S. The following result is Lemma 10 from [14].

Lemma 3.2. If S is a numerical semigroup and n ∈ S\{0}, then

PF(S) = {w − n | w ∈ Maximals≤S
Ap(S, n)}.

The next lemma has an immediate proof.

Lemma 3.3. Let S be a numerical semigroup, n ∈ S\{0} and w ∈ Ap(S, n).

Then w ∈ Maximals≤S
(Ap(S, n)) if and only if w + w′ /∈ Ap(S, n) for all w′ ∈

Ap(S, n)\{0}.

It is straightforward to prove the following result.

Lemma 3.4. If S is a numerical semigroup and S 6= N, then

SG(S) = {x ∈ PF(S) | 2x /∈ PF(S)}.

Note 3.5. Observe that as a consequence of Lemmas 3.2, 3.3 and 3.4, if S is

a numerical semigroup and we know Ap(S, n) for some n ∈ S\{0}, then we can

compute easily the set SG(S).

The following result has an easy proof.

Lemma 3.6. If S is a numerical semigroup, n ∈ S\{0} and x ∈ SG(S), then

x+ n ∈ Ap(S, n). Moreover, Ap(S ∪ {x}, n) = (Ap(S, n)\{x+ n}) ∪ {x}.
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Note 3.7. Observe that as a consequence of Lemma 3.6, if we know Ap(S, n),

then we can easily compute Ap(S ∪ {x}, n). In particular, Lemma 3.6 allows us

to compute the set Ap(T, n) from Ap(S, n), for every child T of S in the tree

G(MED(F,m)) (see Proposition 2.8).

We already have all the necessary knowledge to present the algorithm that gives

title to this section.

Algorithm 3.8.

Input: Two positive integer F and m such that m < F and m - F.
Output: MED(F,m).

(1) Compute Ap(∆(F,m),m).

(2) MED(F,m) = {∆(F,m)} and B = {∆(F,m)}.
(3) For every S ∈ B compute θ(S) = {x ∈ SG(S) | m < x < r(S) and S∪{x} ∈

MED(F,m)}.
(4) If

⋃
S∈B

θ(S) = ∅, then return MED(F,m).

(5) C =
⋃
S∈B
{S ∪ {x} | x ∈ θ(S)}.

(6) MED(F,m) = MED(F,m) ∪ C and B = C.

(7) For every S ∈ B, compute Ap(S,m) and go to Step (3).

Next we illustrate this algorithm with an example.

Example 3.9. We are going to compute MED(12, 5) by using Algorithm 3.8.

• Ap(∆(12, 5), 5) = {0, 13, 14, 16, 17}, MED(12, 5) = {∆(12, 5)} and B =

{∆(12, 5)}.
• θ(∆(12, 5)) = {9, 11} and C = {∆(12, 5) ∪ {9},∆(12, 5) ∪ {11}} .
• MED(12, 5) = {∆(12, 5),∆(12, 5) ∪ {9},∆(12, 5) ∪ {11}}, B = {∆(12, 5) ∪
{9},∆(12, 5) ∪ {11}}.
• Ap (∆(12, 5) ∪ {9}, 5) = {0, 9, 13, 16, 17} and Ap (∆(12, 5) ∪ {11}, 5) =

{0, 11, 13, 14, 17}.
• θ(∆(12, 5) ∪ {9}) = ∅ and θ(∆(12, 5) ∪ {11}) = {8, 9}.
• C = {∆(12, 5) ∪ {8, 11},∆(12, 5) ∪ {9, 11}} .
• MED(12, 5) = {∆(12, 5),∆(12, 5))∪{9},∆(12, 5)∪{11},∆(12, 5)∪{8, 11},

∆(12, 5) ∪ {9, 11}} and B = {∆(12, 5) ∪ {8, 11},∆(12, 5) ∪ {9, 11}}.
• Ap (∆(12, 5) ∪ {8, 11}, 5) = {0, 8, 11, 14, 17} and Ap (∆(12, 5) ∪ {9, 11}, 5) =

{0, 9, 11, 13, 17}.
• θ(∆(12, 5) ∪ {8, 11}) = ∅ and θ(∆(12, 5) ∪ {9, 11}) = ∅.
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• The Algorithm returns

MED(12, 5) =

{∆(12, 5),∆(12, 5) ∪ {9},∆(12, 5) ∪ {11},∆(12, 5) ∪ {8, 11},∆(12, 5) ∪ {9, 11}}.

4. Maximal elements of MED(F,M)

Let A and B be nonempty subsets of Z, denote by A+B = {a+b | a ∈ A, b ∈ B}.
As a consequence from Propositions 2 and 9 of [13], we have the following result.

If a and b are positive integers, we denote by

L (a, b) = {S | S is a numerical semigroup, b ∈ S and F(S) = a}.

Proposition 4.1. With the above notation, it is verified that MED(F,m) =

{({m}+ T ) ∪ {0} | T is a numerical semigroup, m ∈ T and F(T ) = F −m}.

As a direct consequence of previous proposition, we have the following result.

Proposition 4.2. Let T ∈ L (F −m,m). Then S = ({m}+ T )∪{0} is a maximal

element of MED(F,m) if and only if T is a maximal element of L (F −m,m).

A numerical semigroup is irreducible if it cannot be expressed as the intersection

of two numerical semigroups properly containing it. This concept was introduced

in [15] and the following characterization also appears there.

Lemma 4.3. Let S be a numerical semigroup. Then S is irreducible if and only

if S is a maximal element in the set of numerical semigroups with same Frobenius

number.

The irreducible numerical semigroups with Frobenius number odd (respectively,

even) are called symmetric numerical semigroups (respectively, pseudo-symmetric

numerical semigroups). This kind of numerical semigroups has been widely studied

because one dimensional analytically irreducible local ring is Gorenstein (respec-

tively, Kunz) if and only if its value semigroup is symmetric (respectively, pseudo-

symmetric), as it can be seen in [11] and [3].

If q ∈ Q, then dqe = min{z ∈ Z | q ≤ z} and bqc = max{z ∈ Z | z ≤ q}. The

following result is deduced from [16, Lemma 2.14 and Corollary 4.5].

Lemma 4.4. Let S be a numerical semigroup. Then the following conditions hold.

(1)
F(S) + 1

2
≤ g(S) ≤ F(S).

(2) S is symmetric if and only if g(S) =
F(S) + 1

2
.
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(3) S is pseudo-symmetric if and only if g(S) =
F(S) + 2

2
.

(4) S is irreducible if and only if g(S) =

⌈
F(S) + 1

2

⌉
.

Denote by Max(L (a, b)) the set formed by the maximal elements of L (a, b).

This set is described in the next proposition.

Proposition 4.5. If a and b are positive integers, then

Max(L (a, b)) = {S ∈ L (a, b) | S is irreducible}.

Proof. Let S ∈ Max(L (a, b)), then S ∈ L (a, b). If S is not irreducible, then

by Lemma 4.3, we deduce that there is a numerical semigroup T such that S (
T and F(T ) = a. Therefore, T ∈ L (a, b) and S ( T contradicting that S ∈
Max(L (a, b)). If S ∈ L (a, b) and S is irreducible, then by Lemma 4.3, we have

S ∈ Max(L (a, b)). �

In [5], an algorithm appears which allows to compute all the irreducible nu-

merical semigroups with a fixed Frobenius number. Hence, we have an algorithm

to compute the set Max(L (a, b)). And by applying Proposition 4.2, we have an

algorithm to calculate the set

Max(MED(F,m)) = {S | S is a maximal element in MED(F,m)}.

This procedure will be shown in the next example.

Example 4.6. We are going to calculate the set Max(MED(17, 6)). By applying

Propositions 4.1 and 4.5, we have

Max(MED(17, 6)) = {({6}+ T ) ∪ {0} | T ∈ Max(L (11, 6))}.

By Proposition 4.5, we know that Max(L (11, 6)) = {S ∈ L (11, 6) | S is irredu-

cible}. By using the algorithm described in [5], we obtain that the set of all the

irreducible numerical semigroups with Frobenius number 11 is

{〈6, 7, 8, 9, 10〉, 〈3, 7〉, 〈4, 6, 9〉, 〈5, 7, 8, 9〉, 〈2, 13〉, 〈4, 5〉}.

Therefore, Max(L (11, 6)) = {〈6, 7, 8, 9, 10〉, 〈3, 7〉, 〈4, 6, 9〉, 〈2, 13〉}.
Finally, Max(MED(17, 6)) = {({6}+〈6, 7, 8, 9, 10〉)∪{0}, ({6}+〈3, 7〉)∪{0}, ({6}+

〈4, 6, 9〉) ∪ {0}, ({6}+ 〈2, 13〉) ∪ {0}} = {〈6, 13, 14, 15, 16, 23〉, 〈6, 9, 13, 16,

20, 23〉, 〈6, 10, 14, 15, 19, 23〉, 〈6, 8, 10, 19, 21, 23〉}.



THE RATIO-COVARIETY OF NUMERICAL SEMIGROUPS 9

5. The elements of MED(F,m) with fixed genus

In the following proposition, as a consequence of Lemma 4.4 and Proposition

4.5, we characterize the elements of Max(L (a, b)).

Proposition 5.1. Let a and b be positive integers and S ∈ L (a, b). Then S ∈
Max(L (a, b)) if and only if g(S) = da+1

2 e.

As a consequence from [13, Proposition 9], we obtain the following lemma will

be helpful in order to give a characterization of Max(MED(F,m)).

Lemma 5.2. Let S be a numerical semigroup, x ∈ S\{0, 1} and S′ = ({x}+ S) ∪
{0}, then F(S′) = F(S) + x and g(S′) = g(S) + x− 1.

Proposition 5.3. Let S ∈ MED(F,m). Then S ∈ Max(MED(F,m)) if and only

if g(S) = dF−m+1
2 e+m− 1.

Proof. Necessity. If S ∈ Max(MED(F,m)), then by Proposition 4.2, there exists

T ∈ Max(L (F − m,m)) such that S = ({m} + T ) ∪ {0}. In this conditions, we

know that T is irreducible, by Proposition 4.5 and g(T ) = dF−m+1
2 e, by Lemma 4.4.

Hence, Lemma 5.2 asserts that g(S) = g(T ) +m− 1. That is, g(S) = dF−m+1
2 e+

m− 1.

Sufficiency. If S ∈ MED(F,m), then by Proposition 4.1, there exists T ∈ L (F−
m,m) such that S = ({m} + T ) ∪ {0}. By Lemma 5.2, we know that g(S) =

g(T ) + m − 1 and thus dF−m+1
2 e + m − 1 = g(T ) + m − 1, and consequently,

g(T ) = dF−m+1
2 e. By applying Proposition 4.5 we have that T is irreducible. Next,

Proposition 4.5 asserts that T ∈ Max(L (F −m,m)). Finally, by Proposition 4.2

we obtain that S ∈ Max(MED(F,m)). �

Note 5.4. Observe that all the elements of Max(MED(17, 6)) which we have seen

in Example 4.6, have genus d 17−6+1
2 e+ 6− 1 = 6 + 5 = 11.

Let S be a numerical semigroup such that S 6= N, then the ratio-sequence as-

sociated to S is recurrently defined as: S0 = S and Sn+1 = Sn\{r(Sn)} for all

n ∈ N.
If S is a numerical semigroup, then we denote by A(S) = {x ∈ S | x <

F(S) and m(S) - x}. The cardinality of A(S) will be denoted by a(S).

Let S be a numerical semigroup and {Sn}n∈N be the ratio-sequence associated to

S, then the set Rat-Cad(S) = {S0, S1, . . . , Sa(S)} is called the ratio-chain associated

to S. It is clear that Sa(S) = ∆(F(S),m(S)).

The following result is easy to prove and it appears in [12, Lemma 11].
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Lemma 5.5. With the above notation, it is verified that g(∆(F,m)) = F −
⌊
F

m

⌋
.

Proposition 5.6. With above notation, it is verified that

{g(S) | S ∈ MED(F,m)} =

{
x ∈ N |

⌈
F −m+ 1

2

⌉
+m− 1 ≤ x ≤ F −

⌊
F

m

⌋}
.

Proof. As ∆(F,m) is the minimum of MED(F,m), by applying Lemma 5.5, we

have that F −
⌊
F

m

⌋
= max{g(S) | S ∈ MED(F,m)}. Let p = min{g(S) | S ∈

MED(F,m)} and let T ∈ MED(F,m) such that g(T ) = p. It is obvious that T ∈
Max(MED(F,m)) and so, by Proposition 5.3, we have that p = g(T ) = dF−m+1

2 e+
m − 1. In order to conclude the proof, it suffices to note that if Rat-Cad(T ) =

{T0, T1, . . . , Ta(T )}, then {g(T0), g(T1), . . . , g(Ta(T ))} =

{
x ∈ N |

⌈
F −m+ 1

2

⌉
+

m− 1 ≤ x ≤ F −
⌊
F

m

⌋}
. �

Example 5.7. As a direct application of Proposition 5.6, we have that

{g(S) | S ∈ MED(12, 5)} =

=

{
x ∈ N |

⌈
12− 5 + 1

2

⌉
+ 5− 1 ≤ x ≤ 12−

⌊
12

5

⌋}
= {8, 9, 10}.

Our next aim is to present an algorithm which computes the set {S ∈ MED(F,m) |
g(S) = g}. Observe that by Proposition 5.6, we know that this set is not empty if

and only if
⌈
F−m+1

2

⌉
+m− 1 ≤ g ≤ F −

⌊
F

m

⌋
.

Algorithm 5.8.

Input: Positive integers F , m and g such that m < F , m - F and
⌈
F−m+1

2

⌉
+m−

1 ≤ g ≤ F −
⌊
F

m

⌋
.

Output: {S ∈ MED(F,m) | g(S) = g}.

(1) H = {∆(F,m)}, i = F −
⌊
F

m

⌋
.

(2) If i = g, return H.

(3) For every S ∈ H, compute θ(S) = {x ∈ SG(S) | m < x < r(S) and S ∪
{x} ∈ MED(F,m)}.

(4) H =
⋃
S∈H
{S ∪ {x} | x ∈ θ(S)}, i = i− 1 and go to Step (2).

Next we will show how Algorithm 5.8 works.

Example 5.9. We will compute the set {S ∈ MED(12, 5) | g(S) = 9}, by using

Algorithm 5.8. Observe that 5 < 12, 5 - 12 and
⌈

12−5+1
2

⌉
+ 5− 1 ≤ 9 ≤ 12−

⌊
12

5

⌋
.
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• H = {∆(12, 5)}, i = 10.

• θ(∆(12, 5)) = {9, 11}.
• H = {∆(12, 5) ∪ {9},∆(12, 5) ∪ {11}}, i = 9.

• The Algorithm returns

{S ∈ MED(12, 5) | g(S) = 9} = {∆(12, 5) ∪ {9},∆(12, 5) ∪ {11}}.

6. MED(F,m)-system of generators

A set X is said a MED(F,m)-set, if it verifies the following conditions:

(1) X ∩∆(F,m) = ∅.
(2) There is S ∈ MED(F,m) such that X ⊆ S.

If X is a MED(F,m)-set, then we will denote by MED(F,m)[X] the intersection

of all elements of MED(F,m) containing X. As MED(F,m) is a finite set, by ap-

plying Proposition 2.5, we have that the intersection of elements of MED(F,m) is

again an element of MED(F,m). Hence, we have the following result.

Proposition 6.1. Let X be a MED(F,m)-set. Then MED(F,m)[X] is the smallest

element of MED(F,m) containing X.

If X is a MED(F,m)-set and S = MED(F,m)[X], then we will say that X is

a MED(F,m)-system of generators of S. In addition, if S 6= MED(F,m)[Y ] for all

Y ( X, then X will be called a minimal MED(F,m)[X]-system of generators of S.

Our next aim will be to prove that every element of MED(F,m) admits a unique

minimal MED(F,m)-system of generators.

The following result can be deduced from [16, Proposition 3.12].

Lemma 6.2. Let S be a numerical semigroup. Then S is a MED-semigroup if and

only if x+ y −m(S) ∈ S for all {x, y} ⊆ S\{0}.

Lemma 6.3. If {S, T} ⊆ MED(F,m), S ( T and x = max(T\S), then S ∪ {x} ∈
MED(F,m).

Proof. As x = max(T\S) and S ⊆ T , we have 2x ∈ S and x+S ⊆ S, consequently,

S ∪ {x} is a numerical semigroup with multiplicity m. Moreover, m < x < F and

thus S∪{x} is a numerical semigroup with multiplicity m and Frobenius number F.

To conclude the proof, we will see that S∪{x} is a MED-semigroup. For this, we will

show, by using Lemma 6.2, that if {a, b} ⊆ (S∪{x})\{0}, then a+b−m ∈ S∪{x}.
We distinguish three cases:

(1) If {a, b} ⊆ S, then a+ b−m ∈ S ⊆ S ∪ {x}.
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(2) If a = b = x, then 2x−m ∈ T and 2x−m > x. Therefore, 2x−m ∈ S ⊆
S ∪ {x}.

(3) If a = x and b ∈ S, then x + b − m ∈ T and x + b − m ≥ x. Thus,

x+ b−m ∈ S ∪ {x}. �

Lemma 6.4. If S ∈ MED(F,m), then X = {x ∈ msg(S) | S\{x} ∈ MED(F,m)}
is a MED(F,m)-set and MED(F,m)[X] = S.

Proof. It is clear that X is a MED(F,m)-set and X ⊆ S. Therefore, by Proposition

6.1, we have that MED(F,m)[X] ⊆ S.
If T = MED(F,m)[X] and T ( S, then there is a = min(S\T ). It is easy to

deduce that a ∈ msg(S) and m < a < F. Note that if S = T ∪ {s1 > s2 > · · · >
sn}, then sn = a. By applying repeatedly Lemma 6.3, we have that T , T ∪ {s1},
T ∪{s1, s2}, · · · , T ∪{s1, s2, · · · , sn−1} are elements of MED(F,m). Hence, S\{a} =

T ∪ {s1, s2, · · · , sn−1} ∈ MED(F,m). As a ∈ msg(S) and S\{a} ∈ MED(F,m), we

have a ∈ X. Therefore, a ∈ X ⊆ T , which is absurd. �

We end this section by giving a characterization of the minimal MED(F,m)-

system of generators of an element of MED(F,m).

Proposition 6.5. If S ∈ MED(F,m), then X = {x ∈ msg(S) | S\{x} ∈ MED(F,m)}
is the unique minimal MED(F,m)-system of generators of S.

Proof. By Lemma 6.4, we have X is a MED(F,m)-set and S = MED(F,m)[X]. We

will finish the proof by seeing that if Y is a MED(F,m)-set and S = MED(F,m)[Y ],

then X ⊆ Y. Indeed, if X * Y, then there is x ∈ X\Y. Thus, S\{x} ∈ MED(F,m)

and Y ⊆ S\{x}. Consequently, S = MED(F,m)[Y ] ⊆ S\{x}, which is absurd. �

If S ∈ MED(F,m), then we denote by MED(F,m)msg(S), the minimal MED(F,m)-

system of generators of S. The cardinality of MED(F,m)msg(S) is called the

MED(F,m)-rank of S and it will be denoted by MED(F,m)rank (S).

These concepts will be illustrate in the next example.

Example 6.6. Let S = 〈5, 8, 11, 14, 17〉 ∈ MED(12, 5). It is easy to check that

{x ∈ msg(S) | S\{x} ∈ MED(12, 5)} = {8}. By applying Proposition 6.5, we have

MED(12, 5)msg(S) = {8} and so MED(12, 5)rank (S) = 1.

The above calculations can be performed using the gap order, MEDRank, which

we have implemented:

gap> MEDRank([5,8,11,14,17],12,5);

MEDmsg= [ 8 ]

MEDrank= 1
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7. The elements of MED(F,m) with fixed MED(F,m)-rank

From [12, Proposition 11; and Lemmas 14 and 15], we can deduce the following

proposition.

Proposition 7.1. Let S ∈ MED(F,m). Then the following claims hold:

(1) MED(F,m)rank (S) = 0 if and only if S = ∆(F,m).

(2) If S 6= ∆(F,m), then r(S) ∈ MED(F,m)msg(S).

(3) MED(F,m)rank (S) = 1 if and only if MED(F,m)msg(S) = {r(S)}.

Our next purpose is to describe how we can build all the elements S ∈ MED(F,m)

such that MED(F,m)rank (S) = 1.

Lemma 7.2. If r ∈ Z, m < r < F and F −m /∈ 〈m, r−m〉, then S = 〈m, r−m〉∪
{F −m+ 1,→} is the smallest element of L (F −m,m) containing {r −m}.

Proof. It is clear that S is a numerical semigroup, F(S) = F − m and m ∈ S.

Therefore, S ∈ L (F − m,m). If T ∈ L (F − m,m) and {r − m} ⊆ T, then

〈m, r −m〉 ⊆ T and {F −m+ 1,→} ⊆ T. Thus, S ⊆ T and consequently, S is the

smallest element of L (F −m,m) containing {r −m}. �

With all these results we obtain the following characterization for the elements

of MED(F,m) with MED(F,m)-rank equal to 1.

Proposition 7.3. If r ∈ Z, m < r < F, m - r and F − m /∈ 〈m, r − m〉, then

({m}+ (〈m, r −m〉 ∪ {F −m+ 1,→}))∪{0} is an element belonging to MED(F,m)

with MED(F,m)-rank equal to 1. Moreover, every element of MED(F,m) with

MED(F,m)-rank equal to 1 has this form.

Proof. Let S = 〈m, r−m〉∪{F−m+1,→} and T = ({m}+S)∪{0}. By Lemma 7.2,

we know that S is the smallest element of L (F −m,m) which contains {r−m}. By

applying Proposition 4.1, we deduce that T is the smallest element of MED(F,m)

that contains {r}. Then, by Proposition 6.1, we have that T = MED(F,m)[{r}]
and so MED(F,m)rank (T ) = 1.

Let P ∈ MED(F,m) such that MED(F,m)rank (P ) = 1. Then by Proposition

7.1, we know that P = MED(F,m)[{r(P )}]. It is clear that m < r(P ) < F and

m - r(P ). By Proposition 4.1, there exists L ∈ L (F −m,m) such that P = ({m}+

L)∪{0}. As P is the smallest element of MED(F,m) containing {r(P )}, we deduce,

by applying again Proposition 4.1, that L is the smallest element of L (F −m,m)

containing {r(P ) −m}. Therefore, we conclude that F −m /∈ 〈m, r(P ) −m〉 and

L = 〈m, r(P )−m〉 ∪ {F −m+ 1,→}. �
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In the following example we will illustrate the content of the previous proposition.

Example 7.4. If we consider m = 5, r = 9 and F = 12 in Proposition 7.3, then

({5}+ (〈4, 5〉 ∪ {8,→})) ∪ {0} = 〈5, 9, 13, 16, 17〉 is an element of MED(12, 5) with

MED(12, 5)-rank equal to 1.

Our next purpose will be to describe how the elements of MED(F,m) with

MED(F,m)-rank greater than or equal to two are.

The following result has an immediate proof.

Lemma 7.5. If {n1, · · · , np} ⊆ Z, m < n1 < · · · < np < F and F − m /∈
〈m,n1 −m, · · · , np −m〉, then 〈m,n1 −m, · · · , np −m〉 ∪ {F −m + 1,→} is the

smallest element of L (F −m,m) which contains {n1 −m, · · · , np −m}.

By Propositions 4.1 and 6.1 and Lemma 7.5, we deduce the next result.

Proposition 7.6. If {n1, · · · , np} ⊆ Z, m < n1 < · · · < np < F and F − m /∈
〈m,n1−m, · · · , np−m〉, then ({m}+ (〈m,n1 −m, · · · , np −m〉 ∪ {F −m+ 1,→}))∪
{0} = MED(F,m)[{n1, · · · , np}].

The next lemma has an easy proof.

Lemma 7.7. Let X and Y be MED(F,m)-sets with X ⊆ Y. Then MED(F,m)[X]

⊆ MED(F,m)[Y ].

Lemma 7.8. Let X be a MED(F,m)-set and S = MED(F,m)[X]. Then X is the

minimal MED(F,m)-system of generators of S if and only if x /∈ MED(F,m)[X\{x}]
for every x ∈ X.

Proof. Necessity. If x ∈ MED(F,m)[X\{x}], then every element of MED(F,m)

which contains X\{x}, also contains to X. Therefore, MED(F,m)[X\{x}] =

MED(F,m)[X]. Accordingly X is not the minimal MED-system of generators of

S.

Sufficiency. If X 6= MED(F,m)msg(S), then there is Y ( X such that

MED(F,m)[Y ] = S. Let x ∈ X\Y , then by applying Lemma 7.7, we have

x ∈ MED(F,m)[Y ] ⊆ MED(F,m)[X\{x}]. �

With all this information, we get a new characterization of the minimal MED(F,m)-

system of generators of MED(F,m)[{n1, · · · , np}].

Proposition 7.9. Let {n1, · · · , np} ⊆ Z, m < n1 < · · · < np < F and F −m /∈
〈m,n1 − m, · · · , np − m〉. Then {n1, · · · , np} is the minimal MED(F,m)-system

of generators of MED(F,m)[{n1, · · · , np}] if and only if {n1 −m, · · · , np −m} ⊆
msg (〈m,n1 −m, · · · , np −m〉) .
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Proof. As a direct consequence of Lemma 7.8, we have that {n1, · · · , np} is not the

minimal MED(F,m)-system of generators of MED(F,m)[{n1, · · · , np}] if and only

if, there is i ∈ {1, · · · , p} such that ni ∈ MED(F,m)[{n1, · · · , np}\{ni}]. But, by

applying now Proposition 7.6, we obtain that ni ∈ MED(F,m)[{n1, · · · , np}\{ni}]
if and only if ni ∈ {m}+ 〈m,n1 −m, · · · , ni−1 −m,ni+1 −m, · · · , np −m〉.

Finally, it is clear that ni ∈ {m}+〈m,n1−m, · · · , ni−1−m,ni+1−m, · · · , np−m〉
if and only if ni −m /∈ msg (〈m,n1 −m, · · · , np −m〉) . �

Example 7.10. Taking m = 10 < n1 = 15 < n2 = 17 < F = 21, in Proposi-

tion 7.9, we have F − m = 11 /∈ 〈m,n1 − m,n2 − m〉 = 〈10, 5, 7〉. As {5, 7} ⊆
msg(〈10, 5, 7〉), by Proposition 7.9, we can assert that {15, 17} is the minimal

MED(21, 10)-system of generators of MED(21, 10)[{15, 17}].

As a consequence of Proposition 7.9, next we present a characterization of the

elements of MED(F,m) with MED(F,m)-rank equal to p.

Corollary 7.11. Let {n1, · · · , np} ⊆ Z, m < n1 < · · · < np < F and F − m /∈
〈m,n1−m, · · · , np−m〉 and {n1−m, · · · , np−m} ⊆ msg (〈m,n1 −m, · · · , np −m〉) .
Then MED(F,m)[{n1, · · · , np}] is an element of MED(F,m) with rank equal to p.

Moreover, every element of MED(F,m) with rank equal to p has this form.

Proof. The first part of Corollary follows of Proposition 7.9. Let S be an element

of MED(F,m) such that MED(F,m)rank (S) = p. Then there exists a MED(F,m)-

set, X with cardinality p which verifies that X is the minimal MED(F,m)-system of

generators of S. Suppose that X = {n1 < · · · < np}. Then m < n1 < · · · < np < F,

F −m /∈ 〈m,n1 −m, · · · , np −m〉 and by applying Proposition 7.9, we conclude

that {n1 −m, · · · , np −m} ⊆ msg (〈m,n1 −m, · · · , np −m〉). �

The following result appears in [16, Corollary 3.2].

Lemma 7.12. Let S be a MED-semigroup. Then F(S) = max(msg(S))−m(S).

Proposition 7.13. If S ∈ MED(F,m), then MED(F,m)rank (S) ≤ m− 2.

Proof. By Proposition 6.5, we know that MED(F,m)rank (S) is the least cardi-

nality of the set {x ∈ msg(S) | S\{x} ∈ MED(F,m)}. As e(S) = m, {m,F +

m} ⊆ msg(S), S\{m} /∈ MED(F,m) and S\{F + m} /∈ MED(F,m), we have

MED(F,m)rank (S) ≤ m− 2. �

Remark 7.14. The previous result is also a consequence of [12, Proposition 12],

where it is given an upper bound for R(F,m)(S).
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The following example shows that the bound given in Proposition 7.13 can be

achieved.

Example 7.15. Let S = 〈3, 7, 11〉. Then it is clear that S ∈ MED(8, 3). By ap-

plying Proposition 6.5, we obtain that {7} is the minimal MED(8, 3)-system of

generators of S, and thus MED(8, 3)rank (S) = 1 = m(S)− 2.

The above calculations can be performed using the following gap orders:

gap> IsMEDfm([3,7,11],8,3);

true

gap> MEDRank([3,7,11],8,3);

MEDmsg= [ 7 ]

MEDrank= 1
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Sci. Paris, 222 (1946), 1198-2000.

[3] V. Barucci, D. E. Dobbs and M. Fontana, Maximality properties in numerical

semigroups and applications to one-dimensional analytically irreducible local

domains, Mem. Amer. Math. Soc., 125 (1997), 598 (78 pp).

[4] J. Bertin and P. Carbonne, Semi-groupes d’entiers et application aux branches,

J. Algebra, 49(1) (1977), 81-95.

[5] V. Blanco and J. C. Rosales, The tree of irreducible numerical semigroup with

fixed Frobenius number, Forum Math., 25(6) (2013), 1249-1261.

[6] W. C. Brown and J. Herzog, One dimensional local rings of maximal and

almost maximal length, J. Algebra, 151 (1992), 332-347.

[7] J. Castellanos, A relation between the sequence of multiplicities and the semi-

groups of values of an algebroid curve, J. Pure Appl. Algebra, 43(2) (1986),

119-127.

[8] M. Delgado, P. A. Garcia-Sanchez and J. Morais, NumericalSgps, A pack-

age for numerical semigroups, Version 1.3.1 (2022), Refereed GAP package,

https://gap-packages.github.io/numericalsgps.



THE RATIO-COVARIETY OF NUMERICAL SEMIGROUPS 17

[9] C. Delorme, Sous-monodes d’intersection complte de N, Ann. Scient. cole

Norm. Sup., (4)9 (1976), 145-154.

[10] The GAP group, GAP – Groups, Algorithms, and Programming, Version

4.12.2, 2022, https://www.gap-system.org.

[11] E. Kunz, The value-semigroup of a one-dimensional Gorenstein ring, Proc.

Amer. Math. Soc., 25 (1970), 748-751.
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