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Abstract. This is the first in a series of papers highlighting the applications of

reduced and coreduced modules. Let R be a commutative unital ring and I be

an ideal of R. We show that I-reduced R-modules and I-coreduced R-modules

provide a setting in which the Matlis-Greenless-May (MGM) Equivalence and

the Greenless-May (GM) Duality hold. These two notions have been hitherto

only known to exist in the derived category setting. We realise the I-torsion

and the I-adic completion functors as representable functors and under suitable

conditions compute natural transformations between them and other functors.
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1. Introduction

Let R be a commutative unital ring and I be an ideal of R. The additive

endo functors ΓI : R-Mod → R-Mod, M 7→ ΓI(M) := lim
→

HomR(R/Ik,M) and

ΛI : R-Mod → R-Mod, M 7→ ΛI(M) := lim
←

(M/IkM); called the I-torsion

functor and the I-adic completion functor respectively have been widely studied.

Grothendieck was the first to study the torsion functor in the algebraic geometry

setting of sheaves, [10]. This functor is central to the well known notions of local

cohomology, local duality, [6]; Cousin complexes, [11]; and their generalizations,

[8,21,24]. Sharp in [19] introduced their algebraic avatars. ΛI the dual to the func-

tor ΓI has been used widely to study local homology, see [7,9,18] among others. The

functors ΓI and ΛI and their derived functors were key in [1,4,5,9,16,18,22,25] where

notions such as Greenless-May (GM) Duality and Matlis-Greenless-May (MGM)

Equivalence were studied in different settings.

The author was supported by the International Science Programme through the Eastern Africa

Algebra Research Group and also by the EPSRC GCRF project EP/T001968/1, Capacity building

in Africa via technology-driven research in algebraic and arithmetic geometry (part of the Abram

Gannibal Project).
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The functors ΓI and ΛI are not adjoint to each other. However, under suitable

conditions, their corresponding derived functors

RΓI and LΛI : D(R) → D(R)

where D(R) is the derived category of R-modules are adjoint. This is what is

known as the Greenless-May (GM) Duality. Our first main result, is Theorem 1.1

which shows that in the setting of I-reduced modules and I-coreduced modules,

the functors ΓI and ΛI form an adjoint pair.

Let I be an ideal of a ring R and (R-Mod)I-red (resp. (R-Mod)I-cor) denote a full

subcategory of R-Mod consisting of all I-reduced (resp. I-coreduced) R-modules.

Theorem 1.1. [GM Duality in R-Mod] For any ideal I of a ring R,

(1) The functor

ΓI : (R-Mod)I-red → (R-Mod)I-cor

is idempotent and for any M ∈ (R-Mod)I-red, ΓI(M) ∼= HomR(R/I,M).

(2) The functor

ΛI : (R-Mod)I-cor → (R-Mod)I-red

is idempotent and for any M ∈ (R-Mod)I-cor, ΛI(M) ∼= R/I ⊗M .

(3) For any N ∈ (R-Mod)I-red and M ∈ (R-Mod)I-cor,

HomR(ΛI(M), N) ∼= HomR(M,ΓI(N)).

Let D(R) denote the derived category of the R-module category R-Mod. A

complex M ∈ D(R) is called a derived I-torsion complex if the canonical morphism

RΓI(M) → M is an isomorphism. The complex M is called a derived I-adically

complete complex if the canonical morphism M → LΛI(M) is an isomorphism.

Denote by D(R)I-tor and D(R)I-com the full subcategories of D(R) consisting of

derived I-torsion complexes and derived I-adically complete complexes, respec-

tively. These are triangulated subcategories. One version of the MGM Equivalence

is Theorem 1.2 which appears as Theorem 7.11 in [16]. Recently, its version in the

noncommutative setting was given, see [23].

Theorem 1.2. Let R be a ring, and let I be a weakly proregular ideal in it.

(1) For any M ∈ D(R), RΓI(M) ∈ D(R)I-tor and LΛI(M) ∈ D(R)I-com.

(2) The functor

RΓI : D(R)I-com → D(R)I-tor

is an equivalence, with quasi-inverse LΛI .



APPLICATIONS OF REDUCED AND COREDUCED MODULES I 3

Our second main result is Theorem 1.3 which realises the MGM Equivalence

in the setting of I-reduced and I-coreduced R-modules. An R-module M is I-

torsion (resp. I-complete) if ΓI(M) ∼= M (resp. ΛI(M) ∼= M). The full subcate-

gory of R-Mod consisting of I-torsion (resp. I-complete) R-modules is denoted by

(R-Mod)I-tor (resp. (R-Mod)I-com).

Theorem 1.3. [The MGM Equivalence in R-Mod] Let I be any ideal of a

ring R,

(1) For any M ∈ (R-Mod)I-red,

ΓI(M) ∈ (R-Mod)I-com ∩ (R-Mod)I-cor =: E.

(2) For any M ∈ (R-Mod)I-cor,

ΛI(M) ∈ (R-Mod)I-tor ∩ (R-Mod)I-red =: D.

(3) The functor ΓI : (R-Mod)I-red → (R-Mod)I-cor restricted to D is an equiv-

alence between D and E with quasi-inverse ΛI .

Reduced modules were introduced by Lee and Zhou in [14] and later studied in

[17]. In both papers, the method of study was mainly element-wise. It was however

observed in [20] that “reduced modules” is a categorical property. Therefore, it

is amenable to study by use of category theory. The use of this method to study

reduced modules first appeared in [12] and [13]. In this paper, we continue with this

approach; it allows us to benefit from the powerful machinery of category theory.

The key idea that makes all that we do possible is the fact that the functor ΓI when

restricted to I-reduced R-modules is representable, i.e., for all I-reduced R-modules

M , ΓI(M) ∼= HomR(R/I,M). Dually, for any I-coreduced R-module M , ΛI(M) is

naturally isomorphic to R/I ⊗M .

The paper is organised as follows. It consists of five sections. In Section 2, we

give the basic properties of I-reduced and I-coreduced R-modules (given an ideal

I of R) necessary for the subsequent sections. In Sections 3 and 4, we prove the

GM Duality and the MGM Equivalence respectively. Weakly proregular ideals have

been hitherto known to be the most general condition under which the GM Duality

and the MGM Equivalence hold (although in the derived category setting). Since

in this paper we have another condition of I-reduced and I-coreduced R-modules

serving the same purpose, part of Section 4 aims at comparing the two conditions.

In general, none of the conditions implies the other. The last section; Section 5,

explores more ways (beyond those in [12] for I-reduced R-modules) of realising

the functors ΓI and ΛI as representable functors. Furthermore, we demonstrate
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that doing so is important by utilising the Yoneda Lemma to compute natural

transformations.

2. Basic properties

Definition 2.1. Let I be an ideal of a ring R, M be an R-module and fa be the

endomorphism of M given by m 7→ am for a ∈ R. M is

(1) I-reduced if for every a ∈ I, Ker fa ∼= Ker f2
a ;

(2) I-coreduced if for every a ∈ I, Coker fa ∼= Coker f2
a .

An R-module M is reduced (resp. coreduced) if for every ideal I of R, M is

I-reduced (resp. I-coreduced). A ring R is reduced (resp. coreduced) if and only

if it is reduced (resp. coreduced) as an R-module. Since a ring is reduced if and

only if it has no nonzero nilpotent ideals and it is coreduced if and only if all its

ideals are idempotent, it follows that idempotent ideals dualise having no nonzero

nilpotent ideals.

For any ideal I of a ring R, the class of I-reduced R-modules is quite large.

It contains reduced R-modules which also contain the well studied class of prime

R-modules. Dually, the I-coreduced R-modules contain the class of coreduced R-

modules which in turn contain the second (also called coprime) R-modules.

Proposition 2.2. For any R-module M and an ideal I of R, the following state-

ments are equivalent:

(1) M is I-reduced,

(2) (0 :M I) = (0 :M I2),

(3) HomR(R/I,M) ∼= HomR(R/I2,M),

(4) ΓI(M) ∼= HomR(R/I,M),

(5) IΓI(M) = 0.

Proof. (1) ⇒ (2) Since in general (0 :M I) ⊆ (0 :M I2), let m ∈ (0 :M I2).

Then I2m = 0 and a2m = 0 for all a ∈ I. So, m ∈ (0 :M a2) for all a ∈ I.

Kerf2
a = (0 :M a2) and by hypothesis, Ker fa = Ker f2

a . So, we get m ∈ (0 :M a)

for all a ∈ I and hence m ∈ (0 :M I).

(2) ⇒ (3) This is immediate since HomR(R/I,M) ∼= (0 :M I).

(3) ⇒ (4) By definition, ΓI(M) := lim
→

HomR(R/Ik,M). It follows by state-

ment (3) that HomR(R/Ik,M) ∼= HomR(R/I,M) for all k ∈ Z+. So, ΓI(M) ∼=
HomR(R/I,M).

(4) ⇒ (5) If ΓI(M) ∼= HomR(R/I,M), then IΓI(M) ∼= IHomR(R/I,M) ∼= 0.

(5) ⇒ (1) Since for any a ∈ I, Ker fa ⊆ Ker f2
a , we prove the reverse inclusion.
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Let m ∈ Ker f2
a = (0 :M a2) for all a ∈ I. a2m = 0 and (a)2m = 0 for all a ∈ I,

where (a) is the ideal of R generated by a. This implies that m ∈ Γ(a)(M) for all

a ∈ I and m ∈
⋂
a∈I

Γ(a)(M) = ΓI(M). Therefore, am ∈ Im ⊆ IΓI(M) = 0 for all

a ∈ I and hence m ∈ (0 :M a) = Ker fa for all a ∈ I. □

Proposition 2.3. For any R-module M and an ideal I of R, the following state-

ments are equivalent:

(1) M is I-coreduced,

(2) IM = I2M ,

(3) R/I ⊗M ∼= R/I2 ⊗M ,

(4) ΛI(M) ∼= R/I ⊗M ,

(5) IΛI(M) = 0.

Proof. (1) ⇒ (2) Suppose that M/a2M ∼= M/aM for all a ∈ I. So, a2M = aM

for all a ∈ I. To see this, note that the natural epimorphisms M → M/a2M and

M → M/aM have kernels a2M and aM respectively. The isomorphism M/a2M ∼=
M/aM implies that the submodules a2M and aM of M should coincide for all

a ∈ I. Therefore, I2M = IM .

(2) ⇒ (3) R/I ⊗M ∼= M/IM = M/I2M ∼= R/I2 ⊗M.

(3) ⇒ (4) ΛI(M) := lim
←

(R/Ik ⊗M) ∼= lim
←

(R/I ⊗M) = R/I ⊗M .

(4) ⇒ (5) Given statement (4), we have IΛI(M) ∼= I(R/I ⊗M) ∼= (0⊗M) ∼= 0.

(5) ⇒ (1) 0 ∼= IΛI(M) = I lim
←

(M/IkM) implies that IM = IkM for all k ∈ Z+.

Since a2M ⊆ aM for all a ∈ I, let m ∈ aM for all a ∈ I. Then m ∈ IM = IkM for

all k ∈ Z+. So, m ∈ a2M for all a ∈ I. This establishes the equality a2M = aM

for all a ∈ I. Thus M/aM = M/a2M for all a ∈ I. □

Remark 2.4. Proposition 2.2 holds when in the place of the ideal I of R one has

an element a ∈ R (or the principal ideal aR) in which case M is called a-reduced,

see [12, Proposition 2.2].

Proposition 2.5. Every coreduced ring is reduced.

Proof. If a ring R is coreduced, then every ideal I of R is idempotent since I2R =

IR. If I2 = 0, then I = 0 and R is reduced. □

The converse of Proposition 2.5 is not true in general. The ring of integers is

reduced but it is not coreduced. A coreduced module also need not be reduced.

The Z-module Q/Z is coreduced but it is not reduced.
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Proposition 2.6. Let R be a ring.

(1) For any R-module N and a coreduced (resp. I-coreduced) R-module M , the

R-module HomR(M,N) is reduced (resp. I-reduced).

(2) Let N be an injective cogenerator of R-Mod. If HomR(M,N) is a reduced

(resp. I-reduced) R-module for some M ∈ R-Mod, then M is a coreduced

(resp. I-coreduced) R-module.

(3) Let N be an injective cogenerator R-module. The R-module M is core-

duced (resp. I-coreduced) if and only if HomR(M,N) is a reduced (resp.

I-reduced) R-module.

Proof. We prove the I-reduced and I-coreduced cases. The reduced and coreduced

versions follow immediately.

(1) Let I be an ideal of R and M an I-coreduced R-module. By the Hom-Tensor

duality and Proposition 2.3, we have HomR(R/I,HomR(M,N)) ∼= HomR(R/I ⊗
M,N) ∼= Hom R(R/I2⊗M,N) ∼= HomR(R/I2,HomR(M,N)). By Proposition 2.2,

HomR(M,N) is I-reduced.

(2) Let I be an ideal of R and HomR(M,N) be an I-reduced R-module. By the

Hom-Tensor duality and Proposition 2.2,

HomR(R/I ⊗M,N) ∼= HomR(R/I,HomR(M,N))

∼= HomR(R/I2,HomR(M,N)) ∼= HomR(R/I2 ⊗M,N).

Since N is an injective cogenerator, the functor HomR(−, N) reflects isomorphisms.

So, R/I ⊗M ∼= R/I2 ⊗M and by Proposition 2.3, M is I-coreduced.

(3) This is immediate from (1) and (2) above. □

Proposition 2.7. Let M be an S-R-bimodule and N a left R-module. If J is an

ideal of S and SM is a J-coreduced (resp. coreduced) S-module, then so is the

S-module M ⊗N .

Proof. If J is an ideal of S, then S/J ⊗S (M ⊗R N) ∼= (S/J ⊗S M) ⊗R N ∼=
(S/J2 ⊗S M)⊗R N ∼= S/J2 ⊗S (M ⊗R N). □

Corollary 2.8. Let L be an R-module. If HomR(L,R) is a coreduced R-module,

then so is the R-module HomR(L,M) for any M ∈ R-Mod.

Proof. Follows from Proposition 2.7 and HomR(L,M) ∼= HomR(L,R)⊗M . □

Let I be an ideal of a ring R. We denote by (R-Mod)I-cor (resp. (R-Mod)I-red)

the subcategory of R-Mod consisting of I-coreduced (resp. I-reduced) R-modules.
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Proposition 2.9. For any ideal I of a ring R, we have:

(1) R/I ⊗− and HomR(R/I,−) are idempotent functors from R-Mod to

(R-Mod)I-cor ∩ (R-Mod)I-red.

(2) For any R-module M ,

R/I ⊗HomR(R/I,M) ∼= HomR(R/I,M). (1)

HomR(R/I,R/I ⊗M) ∼= R/I ⊗M. (2)

(3) For any R-module M , the R-modules HomR(R/I,M) and R/I ⊗ M are

both I-torsion and I-complete.

(4) The set A := {HomR(R/I,−), R/I ⊗ −} forms a noncommutative semi-

group where the operation is composition of functors.

Proof. (1) Idempotency holds because

R/I ⊗ (R/I ⊗M) ∼= (R/I ⊗R/I)⊗M ∼= R/I ⊗M

and

HomR(R/I,HomR(R/I,M)) ∼= HomR(R/I ⊗R/I,M) ∼= HomR(R/I,M).

For any R-module M , R/I⊗M ∼= M/IM and HomR(R/I,M) ∼= (0 :M I). Also,

I(M/IM) = 0 and I(0 :M I) = 0. So, the R-modules M/IM and (0 :M I) are

I-coreduced. It is also easy to see that

(0 :(0:MI) I) = (0 :(0:MI) I
2) = (0 :M I)

and

(0̄ :M/IM I) = (0̄ :M/IM I2) = M/IM.

This shows that the R-modules M/IM and (0 :M I) are I-reduced.

(2)

R/I ⊗HomR(R/I,M) ∼=
HomR(R/I,M)

IHomR(R/I,M)
∼=

HomR(R/I,M)

0
∼= HomR(R/I,M).

HomR(R/I,R/I⊗M) ∼= HomR(R/I,M/IM) ∼= (0̄ :M/IM I) = M/IM ∼= R/I⊗M.

(3) The following maps always hold1

HomR(R/I,HomR(R/I,M)) ↪→ ΓI(HomR(R/I,M)) ↪→ HomR(R/I,M) (3)

1↪→ denotes a monomorphism and ↠ denotes an epimorphism.
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HomR(R/I,R/I ⊗M) ↪→ ΓI(R/I ⊗M) ↪→ R/I ⊗M (4)

HomR(R/I,M) ↠ ΛI(HomR(R/I,M)) ↠ R/I ⊗HomR(R/I,M) (5)

R/I ⊗M ↠ ΛI(R/I ⊗M) ↠ R/I ⊗ (R/I ⊗M) (6)

Idempotency of the functors HomR(R/I,−) and R/I ⊗− shows that the maps

in (3) and (6) are all isomorphisms in which case, HomR(R/I,M) and R/I ⊗
M become I-torsion and I-complete respectively. Invariance of R/I ⊗ M and

HomR(R/I,M) under the functor HomR(R/I,−) and R/I ⊗− respectively shows

that the morphisms in (4) and (5) are all isomorphisms. This shows that R/I ⊗M

and HomR(R/I,M) are I-torsion and I-complete respectively.

(4) From (1) and (2) above, we get Figure 1 which shows that the set A is a

noncommutative semigroup.

HomR(R/I,−) R/I ⊗−

HomR(R/I,−) R/I ⊗−

HomR(R/I,−) R/I ⊗−

HomR(R/I,−)

R/I ⊗−

Figure 1. Multiplication table □

Corollary 2.10. Every R-module M has a submodule and a quotient module which

are both I-reduced and I-coreduced as R-modules.

Proof. Immediate from Proposition 2.9(1). They are (0 :M I) and M/IM respec-

tively. □

Corollary 2.11. If M is I-reduced (resp. I-coreduced), then

HomR(R/I,ΓI(M)) ∼= HomR(R/I,M) ∼= ΓI(M)

and

(resp. R/I ⊗ ΛI(M) ∼= R/I ⊗M ∼= ΛI(M)).
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Proof. By Proposition 2.2, ΓI(M) ∼= HomR(R/I,M). So,

HomR(R/I,ΓI(M)) ∼= HomR(R/I,HomR(R/I,M)) ∼= HomR(R/I,M) ∼= ΓI(M).

Also by Proposition 2.3, ΛI(M) ∼= R/I ⊗M and therefore R/I ⊗ ΛI(M) ∼= R/I ⊗
R/I ⊗M ∼= R/I ⊗M ∼= ΛI(M). □

Proposition 2.12. Let I be an ideal of a ring R. An inverse limit of I-reduced

(resp. reduced) R-modules is an I-reduced (resp. reduced) R-module and a direct

limit of I-coreduced (resp. coreduced) R-modules is an I-coreduced (resp. coreduced)

R-module.

Proof. We prove the cases for I-reduced and I-coreduced. The other cases be-

come immediate. It is well known that the functor HomR(R/I,−) (resp. R/I ⊗−)

preserves inverse limits (resp. direct limits). A property possessed by right adjoint

(resp. left adjoint) functors, see for instance [15, V. 5]. So, if each R-moduleMk is I-

reduced, then HomR(R/I, lim
←

Mk) ∼= lim
←

HomR(R/I,Mk) ∼= lim
←

HomR(R/I2,Mk) ∼=
HomR(R/I2, lim

←
Mk) which shows that lim

←
Mk is an I-reduced R-module. Dually,

suppose that each R-module Mk is I-coreduced. R/I⊗ lim
→

Mk
∼= lim
→

(R/I⊗Mk) ∼=
lim
→

(R/I2 ⊗Mk) = R/I2 ⊗ lim
→

Mk so that lim
→

Mk is an I-coreduced R-module. □

Corollary 2.13. Let I be an ideal of R and M be an R-module. M is I-reduced if

and only if so is the R-submodule ΓI(M) of M .

Proof. M is I-reduced if and only if IΓI(M) = 0 (Proposition 2.2). Idempotency

of ΓI implies that IΓI(M) = 0 if and only if IΓI(ΓI(M)) = 0. This is the case if

and only if ΓI(M) is I-reduced (Proposition 2.2). □

By a similar proof, we obtain:

Corollary 2.14. Let I be an ideal of R, M be an R-module and ΛI be an idempotent

functor, then M is I-coreduced if and only if so is ΛI(M).

3. Greenless-May Duality

For an arbitrary ideal I of a ring R and R-modules M and N ,

HomR(ΛI(M), N) ̸∼= HomR(M,ΓI(N)).

So, the functors ΓI and ΛI are not in general adjoint to each other. However, in the

setting of derived categories, we have Theorem 3.1 which is called the Greenless-

May Duality (GM Duality for short). It was first proved by Alonso Tarrio, Jeremias

Lopez and Lipman [1] but it also appears in [16, Theorem 7.1.2].
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Theorem 3.1. [GM-Duality in D(R)] Let I be a weakly proregular ideal of a ring

R and M,N ∈ D(R). Then there is a natural isomorphism in D(R) given by

RHomR(RΓI(M), N) ∼= RHomR(M,LΛI(N)).

This theorem implies that local cohomology is derived left adjoint to local ho-

mology. Let I be an ideal of a ring R and let (R-Mod)I-red (resp. (R-Mod)I-cor)

denote a full subcategory of R-Mod consisting of all I-reduced (resp. I-coreduced)

R-modules.

Definition 3.2. Let I be an ideal of a ring R. An R-module M is I-reduced if

IΓI(M) = 0.

Definition 3.3. Let I be an ideal of a ring R. An R-module M is I-reduced if

IΓI(M) = 0.

Theorem 3.4. [GM Duality in R-Mod] For any ideal I of a ring R,

(1) The functor

ΓI : (R-Mod)I-red → (R-Mod)I-cor

is idempotent and for any M ∈ (R-Mod)I-red, ΓI(M) ∼= HomR(R/I,M).

(2) The functor

ΛI : (R-Mod)I-cor → (R-Mod)I-red

is idempotent and for any M ∈ (R-Mod)I-cor, ΛI(M) ∼= R/I ⊗M .

(3) For any N ∈ (R-Mod)I-red and M ∈ (R-Mod)I-cor,

HomR(ΛI(M), N) ∼= HomR(M,ΓI(N)).

Proof. (1) From Proposition 2.2, ΓI(M) is naturally isomorphic to HomR(R/I,M)

for any I-reduced R-module M . Idempotency is due to Proposition 2.9(1) and the

fact that ΓI(M) ∼= HomR(R/I,M) for all I-reduced R-modules M .

(2) Follows from Proposition 2.3(2). Idempotency is due to Proposition 2.9(1) and

the fact that ΛI(M) ∼= R/I ⊗M for all I-coreduced R-modules M .

(3) Consider the functor ΓI : (R-Mod)I-red → (R-Mod)I-cor. For any module

M ∈ (R-Mod)I-red, ΓI(M) ∼= HomR(R/I,M). However, the functor R/I ⊗ −
is left-adjoint to HomR(R/I,−). By uniqueness of adjoints, the functor ΛI :

(R-Mod)I-cor → (R-Mod)I-red which has the property that for allM ∈ (R-Mod)I-cor,

ΛI(M) ∼= R/I ⊗M is the left adjoint of ΓI . □

Corollary 3.5. If M ∈ (R-Mod)I-red ∩ (R-Mod)I-cor, then ΓI(M) = 0 if and only

if ΛI(M) = 0.
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Proof. By the adjunction in Theorem 3.4, if M = N , we get

HomR(ΛI(M),M) ∼= HomR(M,ΓI(M)).

If ΛI(M) = 0, HomR(M,ΓI(M)) = 0, and every R-homomorphism f : M → ΓI(M)

is a zero homomorphism. Applying ΓI gives ΓI(f) : ΓI(M) → ΓI(ΓI(M)) which

is zero. However, ΓI is idempotent. So ΓI(f) is an isomorphism and therefore

ΓI(M) = 0. Conversely, suppose that ΓI(M) = 0. Then HomR(ΛI(M),M) = 0

and therefore every R-homomorphism g : ΛI(M) → M is zero. It follows that

ΛI(g) : ΛI(ΛI(M)) → ΛI(M) is also a zero R-homomorphism. By idempotency of

ΛI on I-coreduced R-modules ΛI(g) is an isomorphism and hence ΛI(M) = 0. □

Example 3.6. We have the following examples.

(1) If I2 = I, then R-Mod = (R-Mod)I-red = (R-Mod)I-cor.

(2) For any simple R-module M , M ∈ (R-Mod)I-red ∩ (R-Mod)I-cor.

(3) If R is an Artinian ring with an ideal I, then there exists a positive inte-

ger k such that every R-module is both Ik-reduced and Ik-coreduced, i.e.,

R-Mod = (R-Mod)Ik-red ∩ (R-Mod)Ik-cor.

The first two examples are easy to see. Suppose that R is Artinian. There

exists some positive integer k such that Ik = Ik+t for all positive integers t. So,

(0 :M Ik) = (0 :M Ik+t) and M/IkM = M/Ik+tM for all positive integers t.

Accordingly, ΓIk(M) ∼= (0 :M Ik) and ΛIk(M) ∼= M/IkM . So, M is both Ik-

reduced and Ik-coreduced.

Corollary 3.7. Let I be an ideal of a ring R,

(1) For any M ∈ (R-Mod)I-red, ΛI(ΓI(M)) = ΓI(M).

(2) For any M ∈ (R-Mod)I-cor, ΓI(ΛI(M)) = ΛI(M).

Proof. (1) By Theorem 3.4, for any M ∈ (R-Mod)I-red, ΓI(M) ∈ (R-Mod)I-cor

and ΓI(M) ∼= HomR(R/I,M). So,

ΛI(ΓI(M)) ∼= R/I ⊗HomR(R/I,M) ∼= HomR(R/I,M) ∼= ΓI(M).

(2) By Theorem 3.4, for any M ∈ (R-Mod)I-cor, ΛI(M) ∈ (R-Mod)I-red and

ΛI(M) ∼= R/I ⊗ M . It follows that ΓI(ΛI(M)) ∼= HomR(R/I,R/I ⊗ M) ∼=
R/I ⊗M ∼= ΛI(M). □

4. MGM Equivalence

Let R be a ring and D(R) denote the derived category of the abelian category

R-Mod. A complex M ∈ D(R) is called derived I-torsion [16, Definition 3.11] (resp.

derived I-adically complete [16, Definition 3.8]) if the morphism
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σR
M : RΓI(M) → M (resp. τLM : M → LΛI(M))

is an isomorphism, where RΓI and LΛI denote the right derived and left de-

rived functors of ΓI and ΛI respectively. The full subcategory of D(R) consisting

of derived I-torsion (resp. derived I-adically complete) complexes is denoted by

D(R)I-tor (resp. D(R)I-com).

Theorem 4.1. [MGM Equivalence [16, Theorem 7.11]] Let R be a ring, and let

I be a weakly proregular ideal in it.

(1) For any M ∈ D(R), RΓI(M) ∈ D(R)I-tor and LΛI(M) ∈ D(R)I-com.

(2) The functor

RΓI : D(R)I-com → D(R)I-tor

is an equivalence, with quasi-inverse LΛI .

Lemma 4.2. If I is an ideal of a ring R and M an I-reduced (resp. I-coreduced)

R-module, then ΓI(M) (resp. ΛI(M)) is an I-complete (resp. I-torsion) R-module.

Proof. If M is I-reduced, ΓI(M) ∼= HomR(R/I,M) which is both an I-reduced

and I-coreduced R-module by Proposition 2.9. So,

ΛI(ΓI(M)) ∼= R/I ⊗HomR(R/I,M) ∼= HomR(R/I,M) ∼= ΓI(M).

This proves that ΓI(M) is I-complete. If M is I-coreduced, ΛI(M) ∼= R/I ⊗ M

which is also both an I-reduced and I-coreduced R-module by Proposition 2.9. So,

ΓI(ΛI(M)) ∼= HomR(R/I,ΛI(M)) ∼= HomR(R/I,R/I ⊗M) ∼= R/I ⊗M ∼= ΛI(M).

This proves that ΛI(M) is I-torsion. □

Theorem 4.3. [The MGM Equivalence in R-Mod] Let I be any ideal of a

ring R,

(1) For any M ∈ (R-Mod)I-red,

ΓI(M) ∈ (R-Mod)I-com ∩ (R-Mod)I-cor =: E.

(2) For any M ∈ (R-Mod)I-cor,

ΛI(M) ∈ (R-Mod)I-tor ∩ (R-Mod)I-red =: D.

(3) The functor ΓI : (R-Mod)I-red → (R-Mod)I-cor restricted to D is an equiv-

alence between D and E with quasi-inverse ΛI .

(4) If I is an idempotent ideal, then the subcategory (R-Mod)I-com is equivalent

to (R-Mod)I-tor.
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Proof. (1) By Theorem 3.4,M ∈ (R-Mod)I-red implies that ΓI(M) ∈ (R-Mod)I-cor.

If M ∈ (R-Mod)I-red, then by Lemma 4.2, ΓI(M) ∈ (R-Mod)I-com. So, ΓI(M) ∈ E.

(2) By Theorem 3.4, ΛI(M) ∈ (R-Mod)I-red for any M ∈ (R-Mod)I-cor. If M ∈
(R-Mod)I-cor, then by Lemma 4.2, ΛI(M) ∈ (R-Mod)I-tor. So, ΛI(M) ∈ D.

(3) If M ∈ D, then ΓI(M) is I-complete (Lemma 4.2). So ΛI(ΓI(M)) ∼= ΓI(M) ∼=
M since by hypothesis M is I-torsion. On the other hand, if M ∈ E, then ΛI(M)

is I-torsion (Lemma 4.2). So ΓI(ΛI(M)) ∼= ΛI(M) ∼= M since by hypothesis M is

I-complete.

(4) If I2 = I, then R-Mod = (R-Mod)I-red = (R-Mod)I-cor. So, E = (R-Mod)I-com

and D = (R-Mod)I-tor. The rest follows from part (3). □

Remark 4.4. It is tempting to think that D = E is a small subcategory (in the

sense that it contains few modules). However, this is not the case. For any module

M , the R-modules M/IM and (0 :M I) belong to D. In particular, every module

has a submodule and a quotient which is contained in D.

4.1. Comparison with weak proregularity. The conditions: 1) weak proreg-

ularity (which is well studied in the literature) and 2) I-reduced and I-coreduced

modules (being studied in this paper) are both necessary for the GM Duality and

MGM Equivalence to hold. For the former, the aforementioned results hold in the

derived category setting whereas for the later they hold in the module category

setting. It is therefore not unreasonable to compare these two conditions. This

subsection aims at achieving this.

Let r = (r1, · · · , rn) be a sequence of elements of a ring R. To this sequence,

we associate the Koszul complex K(R; r). For each i ≥ 1, let ri be the sequence

(ri1, · · · , rin). There is a corresponding Koszul complex K(R; ri). Recall that an

inverse system of R-modules {Mi}i≥1 is called pro-zero if for every i there is some

j ≥ i such that the R-homomorphism Mj → Mi is zero.

Definition 4.5. A finite sequence r = (r1, · · · , rn) in a ring R is weakly proregular

if for every p < 0 the inverse system of R-modules {Hp(K(R; ri))}i≥1 is pro-zero.

Definition 4.6. An ideal is weakly proregular if it is generated by a weakly proreg-

ular sequence.

If I is an idempotent ideal of a ring R, we know that every R-module is both

I-reduced and I-coreduced. However, I need not be weakly proregular. On the

other hand, every ideal I of a Noetherian ring R is weakly proregular but not all R-

modules in this case are either I-reduced or I-coreduced. Instead, if the R-modules
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are finitely generated and therefore also Noetherian, then there exists a positive

integer k such that all such R-modules are Ik-reduced.

Motivated by [3] where strongly idempotent ideals were defined for an Artin

algebra, strongly idempotent ideals for an arbitrary ring were defined, see [23,

Definition 4.7]. In our setting, we have:

Definition 4.7. An ideal I of a ring R is strongly idempotent if for every i ≥ 1,

TorRi (R/I,R/I) = 0.

Note that an ideal I of a ring R is idempotent precisely when TorR1 (R/I,R/I) =

0. It then follows that, a strongly idempotent ideal is idempotent.

Proposition 4.8. Let I be an idempotent ideal generated by a finite sequence in a

ring R. I is strongly idempotent if and only if it is weakly proregular.

Proof. By [23, Proposition 4.10], an idempotent ideal I is strongly idempotent

if and only if the associated torsion class TI is weakly stable. However, by [22,

Theorem 4.13], TI is weakly stable if and only if I is weakly proregular. □

5. Further representability and applications

Following [18], let ER(M) denote the injective hull of an R-module M and E be

the direct product of the injective hulls ER(R/m) of the R-modules R/m, where

m runs through the set of maximal ideals of R. E is an injective cogenerator of

R-Mod. The general Matlis duality functor is given by D(−) := HomR(−, E).

Proposition 5.1. Let R be a Noetherian ring and M be an R-module. M is reduced

(resp. coreduced) if and only if the R-module D(M) is coreduced (resp. reduced).

Proof. Suppose that M is reduced. By [18, Lemma 1.4.6], for any ideal I of R,

R/I ⊗HomR(M,E) ∼= HomR(HomR(R/I,M), E) ∼= HomR(HomR(R/I2,M), E) ∼=
R/I2⊗HomR(M,E) so that D(M) := HomR(M,E) is coreduced. For the converse,

suppose that the R-module D(M) is coreduced. By [18, Lemma 1.4.6],

HomR(HomR(R/I,M), E) ∼= R/I ⊗HomR(M,E) ∼= R/I2 ⊗HomR(M,E) ∼=
HomR(HomR(R/I2,M), E) for every ideal I of R. Since E is an injective cogener-

ator, we have for every ideal I of R, HomR(R/I,M) ∼= HomR(R/I2,M) and this

shows that M is reduced. The second part is immediate from Proposition 2.6. □

Example 5.2. Let (R,m) be a Gorenstein local ring of dimension d and M be a

finitely generated R-module. For any 0 ≤ i ≤ d, the local cohomology R-module

Hm(M) is reduced (resp. coreduced) if and only if the R-module Extd−iR (M,R) is
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coreduced (resp. reduced). This is immediate from the local duality theorem and

Proposition 5.1.

5.1. Representability of ΓI .

Proposition 5.3. Let I be any ideal of a ring R. For any two R-modules M and

N , where M is I-coreduced we have

ΓI(HomR(M,N)) ∼= HomR(ΛI(M), N) and ΓI(D(M)) ∼= D(ΛI(M)).

Proof. For any I-coreduced R-module M : 1) ΛI(M) ∼= R/I ⊗ M and; 2) the

R-module HomR(M,N) is I-reduced and therefore HomR(R/I,HomR(M,N)) ∼=
ΓI(HomR(M,N)). This together with the Hom-Tensor adjunction, we get

HomR(ΛI(M), N) ∼= HomR(R/I ⊗M,N) ∼= HomR(R/I,HomR(M,N)) ∼=

ΓI(HomR(M,N)).

By taking N = E, the second isomorphism is obtained. □

Corollary 5.4. Let I be any ideal of a ring R, M be an I-coreduced R-module and

N any R-module.

(1) The R-module HomR(ΛI(M), N) is I-torsion.

(2) If M is I-complete, then HomR(M,N) (and hence D(M)) is I-torsion.

(3) If I2 = I, then ΓI(N) ∼= HomR(ΛI(R), N) and ΓI(E) = D(ΛI(R)).

(4) If I2 = I and R is I-complete (resp. ΛI(R) = 0), then N is I-torsion (resp.

I-torsion-free).

Proof. (1) By Proposition 5.3, ΓI(HomR(M,N)) ∼= HomR(ΛI(M), N). Taking

M = ΛI(M) and the fact that the functor ΛI(−) is idempotent on I-coreduced

modules, we get ΓI(HomR(ΛI(M), N)) ∼= HomR(ΛI(M), N).

(2) Immediate from part (1).

(3) If I is idempotent, then R is an I-coreduced R-module. By Proposition 5.3,

ΓI(N) ∼= ΓI(HomR(R,N)) ∼= HomR(ΛI(R), N).

(4) This is immediate from part (3). □

5.2. Representability of ΛI .

Proposition 5.5. Let I be a finitely generated ideal of a ring R, M an I-reduced

R-module and N an injective R-module. We have

ΛI(HomR(M,N)) ∼= HomR(ΓI(M), N) and ΛI(D(M)) ∼= D(ΓI(M)).
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Proof. By the fact that ΓI(M) ∼= HomR(R/I,M) and [18, Lemma 1.4.6], we

have HomR(ΓI(M), N) ∼= HomR(HomR(R/I,M), N) ∼= R/I ⊗ HomR(M,N) ∼=
ΛI(HomR(M,N)), since HomR(M,N) is I-coreduced under the conditions given

in the hypothesis. Let N := E; we get ΛI(HomR(M,E)) ∼= HomR(ΓI(M), E). So

that, ΛI(D(M)) ∼= D(ΓI(M)). □

Corollary 5.6. Let I be a finitely generated ideal of a ring R and N an injective

R-module. If M is an I-reduced R-module, then

(1) the R-modules HomR(ΓI(M), N) and D(ΓI(M)) are I-complete.

(2) M I-torsion implies that HomR(M,N) (and hence D(M)) is I-complete.

(3) If R is an I-reduced R-module, ΛI(N) ∼= HomR(ΓI(R), N) and ΛI(E) ∼=
D(ΓI(R)).

(4) If R is I-reduced as an R-module and I-torsion (resp. ΓI(R) = 0), then N

is I-complete (resp. ΛI(N) = 0).

Proof. (1) By Proposition 5.5, ΛI(HomR(M,N)) ∼= HomR(ΓI(M), N). Taking M

to be the module ΓI(M) and the fact that the functor ΓI(−) is idempotent, we get

ΛI(HomR(ΓI(M), N)) ∼= HomR(ΓI(M), N).

(2) Immediate from part (1).

(3) By Proposition 5.5, ΛI(N) ∼= ΛI(HomR(R,N)) ∼= HomR(ΓI(R), N).

(4) Immediate from part (3). □

Proposition 5.7. If I is an idempotent finitely generated ideal of a ring R, then

the functor ΛI is exact on a full subcategory of injective R-modules.

Proof. By Corollary 5.6, if M is an injective R-module, then

ΛI(M) ∼= HomR(ΓI(R),M),

i.e., on a full subcategory of injectiveR-modules the functors ΛI(−) and HomR(ΓI(R),−)

are isomorphic. So, ΛI is left exact since it is isomorphic to a left exact functor

HomR(ΓI(R),−). However, it is also true that since I2 = I, ΛI(−) ∼= R/I ⊗ −
which is right exact. □

Corollary 5.8. For any finitely generated ideal I of a ring R, the diagram in Figure

2 is commutative. In this diagram, AI (resp. BI) denotes the full subcategory of

R-Mod consisting of I-reduced (resp. I-coreduced) R-modules.

Proof. By Proposition 5.3, ΓI(D(M)) ∼= D(ΛI(M)). This establishes the first

commutative square. The second commutative square is established by Proposition
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· · · AI BI AI BI · · ·D(−) D(−) D(−)

· · · BI AI BI AI · · ·
D(−) D(−) D(−)

ΓI ΛI ΓI ΛI

Figure 2. Commutative diagram I

5.5 which asserts that ΛI(D(M)) ∼= D(ΓI(M)). Repeating this process leads to the

required commutative diagram. □

Corollary 5.9. For any finitely generated idempotent ideal I of a ring R and for

any R-module M , we have

(1) HomR(R/I,D(M)) ∼= D(R/I ⊗M).

(2) R/I ⊗D(M) ∼= D(HomR(R/I,M)).

(3) The following diagram in Figure 3 is commutative.

· · · R-Mod R-Mod R-Mod R-Mod · · ·D(−) D(−) D(−)

· · · R-Mod R-Mod R-Mod R-Mod · · ·
D(−) D(−) D(−)

HomR(R/I,−) R/I ⊗− HomR(R/I,−) R/I ⊗−

Figure 3. Commutative diagram II

5.3. Computation of natural transformations. In this subsection, we demon-

strate that representability of ΓI and ΛI which is facilitated by I-reduced and I-

coreduced modules makes it easy (by use of Yoneda Lemma) to compute natural

transformations from the functors ΓI and ΛI to other functors under some suitable

conditions.

Proposition 5.10. For any ideal I of a ring R, and functors

ΓI : (R-Mod)I-red → (R-Mod)I-cor and I ⊗− : (R-Mod)I-red → Set,

we have Nat(ΓI(−),ΓI(−)) ∼= R/I and Nat (ΓI(−), I ⊗−) ∼= 0.
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Proof. Recall that R/I ∈ (R-Mod)I-red. Since the functor ΓI is representable on

(R-Mod)I-red, Yoneda Lemma asserts that for any functor F : (R-Mod)I-red → Set,

Nat(HomR(R/I,−), F (−)) ∼= F (R/I).

It follows that Nat(ΓI(−),ΓI(−)) ∼= ΓI(R/I) ∼= (0 :R/I I) ∼= R/I. For the second

part, Nat(HomR(R/I,−), I ⊗−) ∼= I ⊗R/I ∼= 0. □

Let R be a finite dimensional algebra over a field k and R-mod a category of all

finitely generated R-modules. Let D := Homk(−, k). The Nakayama functor V is

the composition of two contravariant functors HomR(−, R) and D, i.e.,

V := DHomR(−, R) : R-mod → R-mod.

If R-proj (resp. R-inj) denotes the full subcategory of R-mod consisting of all

projective R-modules (resp. injective R-modules), then the restriction of V on R-

proj defines an equivalence V : R-proj → R-inj between R-proj and R-inj with

quasi-inverse V−1 := HomR(D(R),−), see [2, Definition 2.8 & Proposition 2.10].

Proposition 5.11. Let R be a Noetherian von-Neumann regular finite dimensional

algebra over a field k. If R is self-injective, then for any M ∈ R-inj and functors

ΛI : R-inj → Set and V−1 : R-inj → R-proj, Nat
(
ΛI(M),V−1(M)

) ∼= k.

Proof. By hypothesis, R ∈ R-inj. By [6],ΓI preserves injective modules de-

fined over Noetherian rings. So, ΓI(R) ∈ R-inj. By Corollary 5.6(3), ΛI(M) ∼=
HomR(ΓI(R),M). Since R is Noetherian, there exists a positive integer t such that

ΓI(R) ∼= HomR(R/It, R). We can see that the functor ΛI : R-inj → Set is repre-

sentable. So, given the functor V−1 : R-inj → R-proj, we invoke Yoneda Lemma

to have Nat
(
ΛI(M),V−1(M)

) ∼= Nat
(
HomR(ΓI(R),M),V−1(M)

) ∼= V−1(ΓI(R)).

However, V−1(ΓI(R)) ∼= HomR(D(R),ΓI(R)). Substituting for D(R) and ΓI(R);

and applying Yoneda embedding, we get the following functors

V−1(ΓI(R)) ∼= HomR(Homk(R, k),

HomR(R/It, R)) ∼= Homk(k,R) ∼= k. □

Lemma 5.12. Let I be an ideal of a ring R. If R is a reduced (resp. I-reduced)

R-module, then the full subcategory R-proj of R-Mod which consists of all projective

R-modules has all modules reduced (resp. I-reduced).

Proof. If R is I-reduced, then so is any free R-module; since such a module is

isomorphic to Rn for some positive integer n and I-reduced modules are closed

under taking direct sums. Since every projective R-module is a direct summand of
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a free R-module, it follows that, all projective R-modules in this case are I-reduced.

For the reduced case, the proof is similar. □

Proposition 5.13. Let I be an ideal of a ring R such that R is an I-reduced R-

module and R/I is a projective R-module. Then for any M ∈ R-proj we have

ΓI : R-proj → Set and V : R-proj → R-inj; Nat(ΓI(M),V(M)) ∼= D(0 :R I).

Proof. If M ∈ R-proj, then by Lemma 5.12, it is I-reduced and therefore ΓI(M) ∼=
HomR(R/I,M). The hypothesis satisfies conditions of the Yoneda Lemma. So,

we have Nat(ΓI(M),V(M)) ∼= Nat(HomR(R/I,M),V(M)) ∼= V(R/I). However,

V(R/I) ∼= DHomR(R/I,R) ∼= D(0 :R I). □
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[1] L. Alonso Tarŕıo, A. Jeremı́as López and J. Lipman, Local homology and co-
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