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Abstract. Let R be a ring and n a fixed positive integer. A right R-module M

is called strongly J-n-injective if every R-homomorphism from an n-generated
small submodule of a free right R-module F to M extends to a homomorphism
of F to M ; a right R-module V is said to be strongly J-n-flat, if for every n-
generated small submodule T of a free left R-module F , the canonical map
V ⊗ T → V ⊗ F is monic; a ring R is called left strongly J-n-coherent if ev-
ery n-generated small submodule of a free left R-module is finitely presented;
a ring R is said to be left J-n-semihereditary if every n-generated small left
ideal of R is projective. We study strongly J-n-injective modules, strongly
J-n-flat modules and left strongly J-n-coherent rings. Using the concepts of
strongly J-n-injectivity and strongly J-n-flatness of modules, we also present
some characterizations of strongly J-n-coherent rings and J-n-semihereditary
rings.
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1. Introduction

Throughout this paper, m and n are positive integers unless otherwise specified,
R is an associative ring with identity, I is an ideal of R, J = J(R) is the Jacobson
radical, and all modules considered are unitary.

Recall that a ring R is called left coherent [2,14] (resp., left semihereditary [1])
if every finitely generated left ideal of R is finitely presented (resp., projective).
Left coherent rings, left semihereditary rings and their generalizations have been
studied by many authors. For example, a ring R is said to be left J-coherent
[6] (resp., left J-semihereditary [6]) if every finitely generated left ideal in J(R) is
finitely presented (resp., projective); a ring R is said to be left n-coherent [13] (resp.,
left n-semihereditary [18,19]) if every n-generated left ideal of R is finitely presented
(resp., projective). By [19, Theorem 1], a ring R is left n-semihereditary if and only
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if every n-generated submodule of a projective left R-module is projective. Let I
be an ideal of R. Then according to [20], R is called left I-n-coherent (resp., left
I-n-semihereditary) if every n-generated left ideal in I is finitely presented (resp.,
projective).

In this article, we extend the concept of left J-n-coherent rings to left strongly
J-n-coherent rings. We call a ring R left strongly J-n-coherent if every n-generated
small submodule of a free left R-module is finitely presented, and we call a ring R
left J-n-semihereditary if every n-generated small left ideal of R is projective. To
characterize left strongly J-n-coherent rings, in Section 2 and Section 3, strongly
J-n-injective modules and strongly J-n-flat modules are introduced and studied
respectively. In Section 4 and Section 5, left strongly J-n-coherent rings and left
J-n-semihereditary rings are investigated respectively.

For anyR-moduleM , M∗ denotes HomR(M,R), andM+ denotes HomZ(M,Q/Z),
where Q is the set of rational numbers, and Z is the set of integers. In general, for
a set S, we write Sn for the set of all formal 1 × n matrices whose entries are
elements of S, and Sn for the set of all formal n × 1 matrices whose entries are
elements of S. Let N be a left R-module, X ⊆ Nn and A ⊆ Rn. Then we define
rNn

(A) = {u ∈ Nn : au = 0,∀a ∈ A} and lRn(X) = {a ∈ Rn : ax = 0,∀x ∈ X}.

2. Strongly J-n-injective modules

Recall that a submodule U ′ of a right R-module U is called a pure submodule
of U if the canonical map U ′ ⊗R M → U ⊗R M is a monomorphism for every
left R-module M , equivalently, if the canonical map U ′ ⊗R V → U ⊗R V is a
monomorphism for every finitely presented left R-module V . Let I be an ideal
of R. Then following [21], a left R-module V is said to be I-(m,n)-presented,
if there is an exact sequence of left R-modules 0 → K → Rm → V → 0 with
K an n-generated submodule of Im; a left R-module V is said to be I-finitely
presented, if it is I-(m,n)-presented for a pair of positive integers m,n. In [21],
we extend the concept of pure submodules to I-(m,n)-pure submodules, I-(m,∞)-
pure submodules , I-(∞, n)-pure submodules and I-pure submodules respectively.
Given a right R-module U with submodule U ′, according to [21], U ′ is called I-
(m,n)-pure in U if the canonical map U ′ ⊗R V → U ⊗R V is a monomorphism for
every I-(m,n)-presented left R-module V ; U ′ is said to be I-(m,∞)-pure (resp.,
I-(∞, n)-pure) in U in case U ′ is I-(m,n)-pure in U for all positive integers n (resp.,
m); U ′ is said to be I-pure in U in case U ′ is I-(m,n)-pure in U for all positive
integers m and n. By [21, Theorem 2.4], we have immediately the following two
lemmas.
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Lemma 2.1. Let U ′R ≤ UR. Then the following statements are equivalent:

(1) U ′ is J-(n,∞)-pure in U.
(2) For every finitely generated free right R-module F and each n-generated

small submodule T of F, the canonical map

HomR(F/T,U)→ HomR(F/T,U/U ′)

is surjective.

Lemma 2.2. Let U ′R ≤ UR. Then the following statements are equivalent:

(1) U ′ is J-(∞, n)-pure in U.
(2) For every finitely generated small submodule T of RnR, the canonical map

HomR(Rn/T, U) → HomR(Rn/T, U/U ′) is surjective.

Recall that a right R-module M is called I-(m,n)-injective [21], if every R-
homomorphism from an n-generated submodule T of Im to M extends to one
from Rm to M . A right R-module M is called I-n-injective [20] if it is I-(1, n)-
injective. Inspired by these concepts, we introduce the concept of strongly J-n-
injective modules as follows.

Definition 2.3. A right R-module M is called strongly J-n-injective if every R-
homomorphism from an n-generated small submodule of a free right R-module F
to M extends to a homomorphism of F to M . A right R-module M is called J-FP-
injective if every R-homomorphism from a finitely generated small submodule of a
free right R-module F to M extends to a homomorphism of F to M . A ring R is
called right strongly J-n-injective (resp., right J-FP-injective) if the right R-module
RR is strongly J-n-injective (resp., J-FP-injective).

It is easy to see that a right R-module M is strongly J-n-injective if and only if
it is J-(m,n)-injective for every positive integer m; a right R-module M is J-FP-
injective if and only if it is strongly J-n-injective for every positive integer n.

Theorem 2.4. Let M be a right R-module. Then the following statements are
equivalent:

(1) M is strongly J-n-injective.
(2) Ext1(F/T,M) = 0 for every free right R-module F and every n-generated

small submodule T of F.
(3) Ext1(F/T,M) = 0 for every finitely generated free right R-module F and

every n-generated small submodule T of F.
(4) lMnrRn

{α1, · · · , αm} = Mα1 + · · ·+Mαm for every positive integer m and
any α1, · · · , αm ∈ (J(R))n.
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(5) M is J-(n,∞)-pure in every module containing M.
(6) M is J-(n,∞)-pure in E(M).

Proof. It follows from [21, Theorem 3.2]. �

Corollary 2.5. Every J-(n,∞)-pure submodule of a strongly J-n-injective module
is strongly J-n-injective.

Proof. Let N be a J-(n,∞)-pure submodule of a strongly J-n-injective right R-
module M . For any n-generated small submodule T of a finitely generated free
right R-module F , we have the exact sequence

Hom(F/T,M)→ Hom(F/T,M/N)→ Ext1(F/T,N)→ Ext1(F/T,M) = 0.

Since N is J-(n,∞)-pure in M , by Lemma 2.1, the sequence

Hom(F/T,M)→ Hom(F/T,M/N)→ 0

is exact. Hence Ext1(F/T,N) = 0, and so N is strongly J-n-injective. �

Theorem 2.6. The following statements are equivalent for a ring R:

(1) R is right strongly J-n-injective.
(2) Every finitely generated small submodule T of the left R-module Rn is a left

annihilator of a subset X of Rn.
(3) If rRn(T ) ⊆ rRn(α) for a finitely generated small submodule T of the left

R-module Rn and α ∈ Rn, then α ∈ T .
(4) Rn/T is a torsionless left R-module for every finitely generated small sub-

module T of Rn.
(5) lRnrRn

(T ) = T for every finitely generated small submodule T of the left
R-module Rn.

Proof. (1)⇒ (2) follows from Theorem 2.4(4).
(2)⇔ (4)⇔ (5) follows from [22, Lemma 2.3].
(5)⇒ (3) If rRn

(T ) ⊆ rRn
(α), then α ∈ lRnrRn

(α) ⊆ lRnrRn
(T ) = T by (5).

(3) ⇒ (1) Let F = (RR)m,K = β1R + · · · + βnR be an n-generated small
submodule of F , and f be a right R-homomorphism from K to R. Write

βj = (b1j , · · · , bmj), j = 1, · · · , n;
αi = (bi1, · · · , bin), i = 1, · · · ,m;

α = (f(β1), · · · , f(βn));
T = Rα1 + · · ·+Rαm.

Then T is a small submodule of the left R-module Rn and rRn
(T ) ⊆ rRn

(α).
By (3), α ∈ T , so α = c1α1 + · · · + cmαm for some c1, · · · , cm ∈ R. Now we
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define g : F → R; (r1, · · · , rm) 7→ c1r1 + · · · + cmrm, then it is easy to check that
f(βj) = g(βj), j = 1, · · · , n, and therefore g extends f . �

Recall that a ring R is called semiregular [11] if for any a ∈ R, there exists
e2 = e ∈ aR such that (1 − e)a ∈ J(R). By [11, Theorem B.44], R is semiregular
if and only if R/J(R) is regular and idempotents lift modulo J(R). A right R-
module M is called semiregular if for any m ∈ M , we have M = P ⊕ K, where
P is projective, P ⊆ mR, and mR ∩ K is small in K. It is easy to see that a
ring R is semiregular if and only if the right R-module RR is semiregular. By [11,
Theorem B.51], a module M is semiregular if and only if, for any finitely generated
submodule N of M , we have M = P ⊕ K, where P is projective, P ⊆ N , and
N ∩K is small in K; and by [11, Theorem B.54], direct sums and direct summands
of semiregular modules are semiregular. We recall also that a right R-module M
is called strongly n-injective [22] if every R-homomorphism from an n-generated
submodule of a free right R-module F to M extends to a homomorphism of F to
M .

Proposition 2.7. If R is a semiregular ring, then a right R-module M is strongly
n-injective if and only if it is strongly J-n-injective.

Proof. Necessity is clear. To prove the sufficiency, let N be an n-generated sub-
module of a finitely generated free right R-module F and f : N → M be a right
R-homomorphism. Since R is semiregular, by [11, Lemma B.54], F is semiregular.
So, by [11, Lemma B.51], F = P ⊕K, where P is projective, P ⊆ N and N ∩K is
small in K. Hence F = N + K, N = P ⊕ (N ∩K), and so N ∩K is n-generated
and small in F . Since M is J-n-injective, there exists a homomorphism g : F →M

such that g(x) = f(x) for all x ∈ N ∩K. Now let h : F → M ;x 7→ f(n) + g(k),
where x = n+k, n ∈ N, k ∈ K. Then h is a well-defined left R-homomorphism and
h extends f . �

3. Strongly J-n-flat modules

Recall that a right R-module V is said to be n-flat [13,7], if for every n-generated
left ideal T of R, the canonical map V ⊗ T → V ⊗ R is monic; a right R-module
V is said to be J-flat [6], if for every finitely generated left ideal T in J(R), the
canonical map V ⊗ T → V ⊗R is monic; a right R-module V is said to be J-n-flat
[20], if for every n-generated left ideal T in J(R), the canonical map V ⊗I → V ⊗R
is monic. Inspired by these concepts, we introduce the concepts of strongly J-n-flat
modules and strongly J-flat modules as follows.
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Definition 3.1. A right R-module V is said to be strongly J-n-flat, if for every n-
generated small submodule T of a free left R-module F , the canonical map V ⊗T →
V ⊗ F is monic. A right R-module V is said to be strongly J-flat if it is strongly
J-n-flat for every positive integer n.

Theorem 3.2. For a right R-module V , the following statements are equivalent:

(1) V is strongly J-n-flat.
(2) Tor1(V, F/L) = 0 for every finitely generated free left R-module F and any

n-generated small submodule L of F.
(3) Tor1(V, F/L) = 0 for every free left R-module F and any n-generated small

submodule L of F.
(4) V + is strongly J-n-injective.
(5) If the sequence of right R-modules 0→ U ′ → U → V → 0 is exact, then U ′

is J-(∞, n)-pure in U.
(6) For every finitely generated small submodule T of the right R-module Rn

and any homomorphism f : Rn/T → V , f factors through a finitely gener-
ated free right R-module F, that is, there exist a homomorphism g : Rn/T →
F and a homomorphism h : F → V such that f = hg.

(7) For every finitely generated small submodule T of the right R-module Rn

and any homomorphism f : Rn/T → V , f factors through a finitely gener-
ated projective right R-module P.

(8) For every finitely generated small submodule T of the right R-module Rn, if
g : M → V is an epimorphism, then for any homomorphism f : Rn/T → V ,
there exists a homomorphism h : Rn/T →M such that f = gh.

Proof. (1) ⇔ (2) follows from the exact sequence 0 → Tor1(V, F/L) → V ⊗ L →
V ⊗ F.

(2)⇔ (3), and (6)⇔ (7) are obvious.
(2)⇔ (4) follows from the isomorphism Tor1(M,F/L)+ � Ext1(F/L,M+).
(2)⇒ (5) Let 0→ U ′ → U → V → 0 be an exact sequence of right R-modules.

By (2), the canonical map U ′⊗F/L→ U ⊗F/L is monic for any finitely generated
free left R-module F and any n-generated small submodule L of F , and so U ′ is
J-(∞, n)-pure in U .

(5)⇒ (2) Let 0→ K → F1 → V → 0 be an exact sequence of right R-modules,
where F1 is free. Then by (5), K is J-(∞, n)-pure in F1. So it follows from the
exact sequence

0 = TorR1 (F1, F/L)→ TorR1 (V, F/L)→ K ⊗ F/L→ F1 ⊗ F/L
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that TorR1 (V, F/L) = 0 for every finitely generated free left R-module F and any
n-generated small submodule L of F .

(5)⇒ (6) Let 0→ K → F1 → V → 0 be an exact sequence of right R-modules,
where F1 is free. Then by (5), K is J-(∞, n)-pure in F1. And so, by Lemma 2.2,
we have that the canonical map Hom(Rn/T, F1) → Hom(Rn/T, V ) is surjective
for any finitely generated small submodule T of RnR. This follows that f factors
through a finitely generated free right R-module F since Rn/T is finitely generated.

(6) ⇒ (5) Let 0 → U ′ → U
π→ V → 0 be an exact sequence of right R-modules

with U J-n-flat. Then for any finitely generated small submodule T of RnR and
any homomorphism f : Rn/T → V , by (6), there exist a finitely generated free
module F , two homomorphisms g ∈ HomR(Rn/T, F ) and h ∈ HomR(F, V ) such
that f = hg. Since F is projective, there exists a homomorphism α : F → U such
that h = πα. Thus, αg is a homomorphism from Rn/T to U and f = π(αg). So,
the canonical map HomR(Rn/T, U) → HomR(Rn/T, V ) is surjective, and then the
canonical map HomR(Rn/T, U) → HomR(Rn/T, U/U ′) is surjective. By Lemma
2.2, U ′ is J-(∞, n)-pure in U .

(7) ⇒ (8) Let g : M → V be an epimorphism and f : Rn/T → V be any
homomorphism, where T is a finitely generated small submodule of Rn. By (7), f
factors through a finitely generated projective right R-module P , i.e., there exist
ϕ : Rn/T → P and ψ : F → V such that f = ψϕ. Since P is projective, there
exists a homomorphism θ : P →M such that ψ = gθ. Now write h = θϕ, then h is
a homomorphism from Rn/T to M , and f = ψϕ = g(θϕ) = gh. And so (8) follows.

(8) ⇒ (7) Let F1 be a free module and π : F1 → V be an epimorphism. By
(8), there exists a homomorphism g : Rn/T → F1 such that f = πg. Note that
Im(g) is finitely generated, so there is a finitely generated free module F such that
Im(g) ⊆ F ⊆ F1. Let ι : F → F1 be the inclusion map and h = πι. Then h is a
homomorphism from F to V and f = hg. �

Corollary 3.3. For a right R-module V , the following statements are equivalent:

(1) V is strongly J-flat.
(2) Tor1(V, F/L) = 0 for every finitely generated free left R-module F and any

finitely generated small submodule L of F.
(3) Tor1(V, F/L) = 0 for every free left R-module F and any finitely generated

small submodule L of F.
(4) V + is J-FP-injective.
(5) If the sequence of right R-modules 0→ U ′ → U → V → 0 is exact, then U ′

is J-pure in U.
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(6) For every finitely generated small submodule T of a finitely generated free
right R-module F , any homomorphism f : F/T → V factors through a
finitely generated free right R-module F1, that is, there exist a homomor-
phism g : F/T → F1 and a homomorphism h : F1 → V such that f = hg.

(7) For every finitely generated small submodule T of a free right R-module
F , any homomorphism f : F/T → V factors through a finitely generated
projective right R-module P.

(8) For every finitely generated small submodule T of a free right R-module F , if
g : M → V is an epimorphism, then for any homomorphism f : F/T → V ,
there exists a homomorphism h : F/T →M such that f = gh.

Proposition 3.4. Every J-(n,∞)-pure submodule of a strongly J-n-flat module is
strongly J-n-flat.

Proof. Suppose that VR is strongly J-n-flat, K is J-(n,∞)-pure in V . Let X ∈
Kn, A ∈ Jn×m satisfy XA = 0. Then by the strongly J-n-flatness of V , there exist
positive integer l, U ∈ V l and C ∈ Rl×n such that CA = 0 and X = UC. Since
K is J-(n,∞)-pure in V and hence J-(n, l)-pure, by [21, Theorem 2.4(3)], we have
X = Y C for some Y ∈ Kl. So K is J-(m,n)-flat for any positive integer m by [21,
Theorem 4.2(5)], and hence K is strongly J-n-flat. �

Corollary 3.5. Every J-pure submodule of a strongly J-flat module is strongly
J-flat.

Remark 3.6. From Theorem 3.2, the strongly J-n-flatness of VR can be character-
ized by the strongly J-n-injectivity of V +. On the other hand, by [5, Lemma 2.7(1)],
the sequence Tor1(V +,M) → Ext1(M,V )+ → 0 is exact for all finitely presented
left R-module M , so if V + is strongly J-n-flat, then V is strongly J-n-injective.

Proposition 3.7. If R is a semiregular ring, then a left R-module M is strongly
n-flat if and only if it is strongly J-n-flat.

Proof. Theorem 3.2(4), Proposition 2.7 and [22, Theorem 3.1(4)] give the desired
result. �

4. Strongly J-n-coherent rings

Recall that a ring R is called left (m,n)-coherent [17] if every n-generated sub-
module of Rm is finitely presented; a ring R is called left J-coherent [6] if every
finitely generated left ideal in J(R) is finitely presented; a ring R is called left J-n-
coherent [20] if every n-generated left ideal in J(R) is finitely presented. Inspired
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by these concepts, we introduce the concepts of strongly J-n-coherent rings and
J-(m,n)-coherent rings as follows.

Definition 4.1. A ring R is called left strongly J-n-coherent if every n-generated
small submodule of a free left R-module is finitely presented. A ring R is called
left J-(m,n)-coherent if every n-generated small submodule of RRm is finitely pre-
sented.

Recall that a left R-module A is called 2-presented if there exists an exact se-
quence F2 → F1 → F0 → A → 0 in which every Fi is a finitely generated free
module. It is easy to see that a ring R is left strongly J-n-coherent if and only if
it is left J-(m,n)-coherent for all positive integers m, if and only if every J-(m,n)-
presented left R-module is 2-presented for all positive integers m.

Theorem 4.2. Let R be a ring. Then the following statements are equivalent:

(1) R is a left J-coherent ring.
(2) Every finitely generated small submodule A of a finitely generated free left

R-module F is finitely presented.
(3) Every finitely generated small submodule A of a free left R-module F is

finitely presented.
(4) Every finitely generated small submodule A of a projective left R-module F

is finitely presented.
(5) For every finitely generated free left R-module F and any finitely generated

small submodule A of F , F/A is 2-presented.

Proof. (1) ⇒ (2) Let F = Rm. We prove by induction on m. If m = 1, then
A is a finitely generated left ideal in J(R), by hypothesis, A is finitely presented.
Assume that every finitely generated small submodule of the left R-module Rm−1

is finitely presented. Then for any finitely generated small submodule A of the left
R-module Rm, let B = A ∩ (Re1 ⊕ · · · ⊕Rem−1), where ej ∈ Rm with 1 in the jth
position and 0’s in all other positions. Then each a ∈ A has a unique expression
a = b + rem, where b ∈ (J(R))m−1 ⊕ 0, r ∈ J(R). If ϕ : A → R is defined by
a 7→ r, then there is an exact sequence 0→ B → A

ϕ→ L→ 0, where L = Im(ϕ) is
a finitely generated left ideal in J(R). By hypothesis, L is finitely presented, and
so B is finitely generated. Since B is isomorphic to a small submodule of Rm−1,
the induction hypothesis gives B is finitely presented. Therefore, A is also finitely
presented by [16, 25.1(2)(ii)].

(2)⇒ (1), and (2)⇔ (3)⇔ (4), as well as (2)⇒ (5) are obvious. �
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Remark 4.3. By Theorem 4.2, it is easy to see that R is left J-coherent if and
only if R is left strongly J-n-coherent for each positive integer n.

Theorem 4.4. The following statements are equivalent for a ring R:

(1) R is left strongly J-n-coherent.
(2) If 0→ K

f→ Rn
g→ T is an exact sequence of left R-modules, where T is a

finitely generated small submodule of a free left R-module, then K is finitely
generated.

(3) lRn(X) is a finitely generated submodule of RRn for any finite subset X of
Jn.

(4) For any finitely generated small submodule S of the right R-module Rn, the
dual module (Rn/S)∗ is a finitely generated left R-module.

Proof. (1)⇒ (2) Since R is left strongly J-n-coherent and im(g) is an n-generated
small submodule of a free left R-module, im(g) is finitely presented. Noting that
the sequence 0→ ker(g)→ Rn → im(g)→ 0 is exact, we have that ker(g) is finitely
generated. Thus K � im(f) = ker(g) is finitely generated.

(2) ⇒ (3) Let X = {α1, · · · , αm}. Then we have an exact sequence of left R-
modules 0→ lRn(X)→ Rn

g→ Jm, where g(β) = (βα1, · · · , βαm). By (2), lRn(X)
is a finitely generated left R-module.

(3) ⇒ (1) Let T = Rt1 + · · · + Rtn be an n-generated small submodule of
Rm, where tj = (a1j , · · · , amj)′, j = 1, · · · , n. Write αi = (ai1, · · · , ain)′, i =
1, · · · ,m, X = {α1, · · · , αm}. Then we have an exact sequence of left R-modules
0 → lRn(X) → Rn → T → 0. By (3), lRn(X) is finitely generated, so T is finitely
presented.

(3)⇔ (4) follows from [22, Lemma 4.1]. �

Let F be a class of right R-modules and M a right R-module. Following [9], we
say that a homomorphism ϕ : M → F where F ∈ F is an F-preenvelope of M if for
any morphism f : M → F ′ with F ′ ∈ F , there is a g : F → F ′ such that gϕ = f .
An F-preenvelope ϕ : M → F is said to be an F-envelope if every endomorphism
g : F → F such that gϕ = ϕ is an isomorphism. Dually, we have the definitions of
an F-precover and an F-cover. F-envelopes (F-covers) may not exist in general,
but if they exist, they are unique up to isomorphism.

Theorem 4.5. The following statements are equivalent for a ring R:

(1) R is left strongly J-n-coherent.
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(2) lim−→ Ext1(F/T,Mα) � Ext1(F/T, lim−→Mα) for every n-generated small sub-
module T of a finitely generated free left R-module F and direct system
(Mα)α∈A of left R-modules.

(3) Tor1(
∏
Nα, F/T ) �

∏
Tor1(Nα, F/T ) for any family {Nα} of right R-

modules and any n-generated small submodule T of a finitely generated free
left R-module F.

(4) Any direct product of copies of RR is strongly J-n-flat.
(5) Any direct product of strongly J-n-flat right R-modules is strongly J-n-flat.
(6) Any direct limit of strongly J-n-injective left R-modules is strongly J-n-

injective.
(7) Any direct limit of injective left R-modules is strongly J-n-injective.
(8) A left R-module M is strongly J-n-injective if and only if M+ is strongly

J-n-flat.
(9) A left R-module M is strongly J-n-injective if and only if M++ is strongly

J-n-injective.
(10) A right R-module M is strongly J-n-flat if and only if M++ is strongly

J-n-flat.
(11) For any ring S, Tor1(HomS(B,C), F/T ) � HomS(Ext1(F/T,B), C) for the

situation (R(F/T ),RBS , CS) with F a finitely generated free left R-module
and T an n-generated small submodule of F and CS injective.

(12) Every right R-module has a strongly J-n-flat preenvelope.
(13) For every finitely generated small submodule S of the right R-module Rn,

the right R-module Rn/S has a finitely generated projective preenvelope.

Proof. (1)⇒ (2) follows from [5, Lemma 2.9(2)].
(1)⇒ (3) follows from [5, Lemma 2.10(2)].
(2)⇒ (6)⇒ (7), (3)⇒ (5)⇒ (4) are trivial.
(7) ⇒ (1) Let F be a finitely generated free left R-module and T be an n-

generated small submodule of F , and let (Eα)α∈A be a direct system of injective
left R-modules (with A directed). Then lim−→Eα is strongly J-n-injective by (7), and
so Ext1(F/T, lim−→Mα) = 0. Thus we have a commutative diagram with exact rows:

lim−→Hom(F/T,Eα) −−−−→ lim−→Hom(F,Eα) −−−−→ lim−→Hom(T,Eα) −−−−→ 0yf yg yh
Hom(F/T, lim−→Eα) −−−−→ Hom(F, lim−→Eα) −−−−→ Hom(T, lim−→Eα) −−−−→ 0.
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Since f and g are isomorphism by [16, 25.4(d)], h is an isomorphisms by the Five
Lemma. Now, let (Mα)α∈A be any direct system of left R-modules (with A di-
rected). Then we have a commutative diagram with exact rows:

0 −−−−−→ lim−→Hom(T, Mα) −−−−−→ lim−→Hom(T, E(Mα)) −−−−−→ lim−→Hom(T, E(Mα)/Mα)yφ1

yφ2

yφ3

0 −−−−−→ Hom(T, lim−→Mα) −−−−−→ Hom(T, lim−→E(Mα)) −−−−−→ Hom(T, lim−→E(Mα)/Mα),

where E(Mα) is the injective hull of Mα. Since T is finitely generated, by [16, 24.9],
the maps φ1, φ2 and φ3 are monic. By the above proof, φ2 is an isomorphism. Hence
φ1 is also an isomorphism by Five Lemma again, so T is finitely presented by [16,
25.4(d)] again. Therefore R is left strongly J-n-coherent.

(4) ⇒ (1) Let T be an n-generated small submodule of a finitely generated
free left R-module F . By (4), Tor1(ΠR,F/T ) = 0. Thus we have a commutative
diagram with exact rows:

0 −−−−→ (ΠR)⊗ T −−−−→ (ΠR)⊗ F −−−−→ (ΠR)⊗ F/T −−−−→ 0yf1

yf2

yf3

0 −−−−→ ΠT −−−−→ ΠF −−−−→ Π(F/T ) −−−−→ 0.

Since f2 and f3 are isomorphisms by [16, 25.4(g)], f1 is an isomorphism by the Five
Lemma. So T is finitely presented by [16, 25.4(g)] again. Hence R is left strongly
J-n-coherent.

(5) ⇒ (12) Let N be any right R-module. By [9, Lemma 5.3.12], there is a
cardinal number ℵα dependent on Card(N) and Card(R) such that for any homo-
morphism f : N → F with F strongly J-n-flat, there is a pure submodule S of F
such that f(N) ⊆ S and Card S ≤ ℵα. Thus f has a factorization N → S → F

with S strongly J-n-flat by Proposition 3.3. Now let {ϕβ}β∈B be all such homo-
morphisms ϕβ : N → Sβ with Card Sβ ≤ ℵα and Sβ strongly J-n-flat. Then any
homomorphism N → F with F strongly J-n-flat has a factorization N → Si → F

for some i ∈ B. Thus the homomorphism N → Πβ∈BSβ induced by all ϕβ is a
strongly J-n-flat preenvelope since Πβ∈BSβ is strongly J-n-flat by (5).

(12)⇒ (5) follows from [4, Lemma 1].
(1)⇒ (11) For any finitely generated free left R-module F and each n-generated

small submodule T of F , since R is left strongly J-n-coherent, F/T is 2-presented.
And so (11) follows from [5, Lemma 2.7(2)].

(11) ⇒ (8) Let S = Z, C = Q/Z and B = M . Then Tor1(M+, F/T ) �
Ext1(F/T,M)+ for any n-generated small submodule T of a finitely generated
free left R-module F by (11), and hence (8) holds.
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(8) ⇒ (9) Let M be a left R-module. If M is strongly J-n-injective, then M+

is strongly J-n-flat by (8), and so M++ is strongly J-n-injective by Theorem 3.2.
Conversely, if M++ is strongly J-n-injective, then M , being a pure submodule of
M++ (see [15, Exercise 41, p.48]), is strongly J-n-injective by Corollary 2.5.

(9) ⇒ (10) If M is a strongly J-n-flat right R-module, then M+ is a strongly
J-n-injective left R-module by Theorem 3.2, and so M+++ is strongly J-n-injective
by (9). Thus M++ is strongly J-n-flat by Theorem 3.2 again. Conversely, if M++

is strongly J-n-flat, then M is strongly J-n-flat by Corollary 3.3 as M is a pure
submodule of M++.

(10) ⇒ (5) Let {Nα}α∈A be a family of strongly J-n-flat right R-modules.
Then

⊕
α∈A

Nα is strongly n-flat, and so (
∏
α∈A

N+
α )+ � (

⊕
α∈A

Nα)++ is strongly n-

flat by (10). Since
⊕
α∈A

N+
α is a pure submodule of

∏
α∈A

N+
α by [3, Lemma 1(1)],

(
∏
α∈A

N+
α )+ → (

⊕
α∈A

N+
α )+ → 0 splits, and hence (

⊕
α∈A

N+
α )+ is strongly J-n-flat.

Thus
∏
α∈A

N++
α � (

⊕
α∈A

N+
α )+ is strongly J-n-flat. Since

∏
α∈A

Nα is a pure submodule

of
∏
α∈A

N++
α by [3, Lemma 1(2)],

∏
α∈A

Nα is strongly J-n-flat by Corollary 3.3.

(12) ⇒ (13) Let S be a finitely generated small submodule of the right R-
module Rn. Then by (12), Rn/S has a strongly n-flat preenvelope f : Rn/S → N .
Since N is strongly n-flat, by Theorem 3.2, there exist a free right R-module F ,
a homomorphism g : Rn/S → F and a homomorphism h : F → N such that
f = hg. Now let α : Rn/S → A be any right R-homomorphism. Then there exists
a homomorphism β : N → A such that α = βf . So we have a homomorphism βh

from F to A such that α = (βh)g. Hence, g : Rn/S → F is a finitely generated
projective preenvelope of Rn/S.

(13)⇒ (1) Let S be a finitely generated small submodule of the right R-module
Rn. Then Rn/S has a finitely generated projective preenvelope f : Rn/S → P

by (13). So the sequence Hom(P,R) → Hom(Rn/S,R) → 0 is exact, and hence
(Rn/S)∗ = Hom(Rn/S,R) is finitely generated since P is finitely generated and
projective. Therefore, by Theorem 4.4, R is left strongly J-n-coherent. �

Corollary 4.6. The following statements are equivalent for a ring R:

(1) R is left J-coherent.
(2) lim−→ Ext1(F/T,Mα) � Ext1(F/T, lim−→Mα) for every finitely generated small

submodule T of a finitely generated free left R-module F and a direct system
(Mα)α∈A of left R-modules.
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(3) Tor1(
∏
Nα, F/T ) �

∏
Tor1(Nα, F/T ) for any family {Nα} of right R-

modules and any finitely generated small submodule T of a finitely generated
free left R-module F.

(4) Any direct product of copies of RR is strongly J-flat.
(5) Any direct product of strongly J-flat right R-modules is strongly J-flat.
(6) Any direct limit of J-FP-injective left R-modules is J-FP-injective.
(7) Any direct limit of injective left R-modules is J-FP-injective.
(8) A left R-module M is J-FP-injective if and only if M+ is strongly J-flat.
(9) A left R-module M is J-FP-injective if and only if M++ is J-FP-injective.

(10) A right R-module M is strongly J-flat if and only if M++ is strongly J-flat.
(11) For any ring S, Tor1(HomS(B,C), F/T ) � HomS(Ext1(F/T,B), C) for the

situation (R(F/T ),RBS , CS) with F a finitely generated free left R-module
and T a finitely generated small submodule of F and CS injective.

(12) Every right R-module has a strongly J-flat preenvelope.
(13) For every finitely generated small submodule S of a finitely generated right

R-module F , the right R-module F/S has a finitely generated projective
preenvelope.

Corollary 4.7. Let R be a semiregular ring. Then it is left strongly n-coherent if
and only if it is left strongly J-n-coherent.

Proof. We need only to proof the sufficiency. Let R be left strongly J-n-coherent.
Then by Theorem 4.5(4), any direct product of copies of RR is strongly J-n-flat.
Note that R is a semiregular ring, by Proposition 3.7, any direct product of copies
of RR is strongly n-flat. And so, by [22, Theorem 4.2(4)], R is left strongly n-
coherent. �

Corollary 4.8. Let R be a left strongly J-n-coherent ring. Then every left R-
module has a strongly J-n-injective cover.

Proof. Let 0 → A → B → C → 0 be a pure exact sequence of left R-modules
with B strongly J-n-injective. Then 0 → C+ → B+ → A+ → 0 is split. Since R
is left strongly J-n-coherent, B+ is strongly J-n-flat by Theorem 4.5(8), so C+ is
strongly J-n-flat, and hence C is strongly J-n-injective by Remark 3.4. Thus, the
class of strongly J-n-injective modules is closed under pure quotients, and so by
[10, Theorem 2.5], every left R-module has a strongly J-n-injective cover. �

Proposition 4.9. Let R be a left J-coherent ring. Then every left R-module has
a J-FP-injective cover.

Proof. It is similar to the proof of Corollary 4.8. �
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Corollary 4.10. The following are equivalent for a left strongly J-n-coherent ring
R:

(1) Every strongly J-n-flat right R-module is strongly J-flat.
(2) Every strongly J-n-injective left R-module is J-FP-injective.

In this case, R is left J-coherent.

Proof. (1) ⇒ (2) Let M be any strongly J-n-injective left R-module. Then M+

is strongly J-n-flat by Theorem 4.5(8), and so M+ is strongly J-flat by (1). Thus
M++ is J-FP -injective. Since M is a pure submodule of M++, and a pure submod-
ule of a J-FP -injective module is J-FP -injective, M is strongly J-FP -injective.

(2)⇒ (1) Let M be a strongly J-n-flat right R-module. Then M+ is a strongly
J-n-injective left R-module by Theorem 3.2, and so M+ is J-FP -injective by (2).
Thus M is strongly J-flat.

In this case, any direct product of strongly J-flat right R-modules is strongly
J-flat by Theorem 4.5(5), and so R is left J-coherent by Corollary 4.6. �

Proposition 4.11. The following statements are equivalent for a ring R:

(1) R is left strongly J-n-coherent and RR is strongly J-n-injective.
(2) Every right R-module has a monic strongly J-n-flat preenvelope.
(3) R is left strongly J-n-coherent and every left R-module has an epic strongly

J-n-injective cover.
(4) R is left strongly J-n-coherent and every injective right R-module is strongly

J-n-flat.
(5) R is left strongly J-n-coherent and, for any finitely generated small sub-

module S of the right R-module Rn, Rn/S embeds in a finitely generated
free module.

(6) R is left strongly J-n-coherent and, for any finitely generated small sub-
module S of the right R-module Rn, Rn/S has a monic finitely generated
projective preenvelope.

(7) R is left strongly J-n-coherent and every flat left R-module is strongly J-n-
injective.

Proof. (1)⇒(2) Let M be any right R-module. Then M has a strongly J-n-
flat preenvelope f : M → F by Theorem 4.5(12). Since (RR)+ is a cogenerator,
there exists an exact sequence 0 → M

g→
∏

(RR)+. Since RR is strongly J-n-
injective, by Theorem 4.5,

∏
(RR)+ is strongly J-n-flat, and so there exists a right

R-homomorphism h : F →
∏

(RR)+ such that g = hf , which shows that f is
monic.
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(2)⇒(4) Assume (2) holds. Then R is left strongly J-n-coherent by Theorem
4.5(12). Now, let E be an injective right R-module E. Then E has a monic strongly
J-n-flat preenvelope F , so E is isomorphic to a direct summand of F , and thus E
is strongly J-n-flat.

(4)⇒(1) Since (RR)+ is injective, by (4), it is strongly J-n-flat. Thus RR is
strongly J-n-injective by Theorem 4.5(8).

(1)⇒(3) Let M be a left R-module. Then M has a strongly J-n-injective cover
ϕ : C → M by Corollary 4.8. On the other hand, there is an exact sequence
F

α→ M → 0 with F free. Since RR is strongly J-n-injective by (1), F is strongly
J-n-injective , so there exists a homomorphism β : F → C such that α = ϕβ. This
follows that ϕ is epic.

(3)⇒(1) Let f : N → RR be an epic strongly J-n-injective cover. Then the
projectivity of RR implies that RR is isomorphic to a direct summand of N , and
so RR is strongly J-n-injective.

(1)⇒(5) Let S be any finitely generated small submodule of the right R-module
Rn. Since RR is strongly J-n-injective, by Theorem 2.6(4), M is torsionless. Note
that R is left strongly J-n-coherent, by Theorem 4.6(4), Rn/S embeds in a strongly
J-n-flat right R-module V . And so Rn/S embeds in a finitely generated free right
R-module F by Theorem 3.2(6).

(5)⇒(1) It follows from Theorem 2.6(4).
(2)⇒(6) Clearly, R is left strongly J-n-coherent. Let S be any finitely generated

small submodule of the right R-module Rn. By (2), Rn/S has a monic strongly
J-n-flat preenvelope f : Rn/S → V . And so, by Theorem 3.2(6), f factors through
a finitely generated free right R-module F , that is, there exist a homomorphism
g : Rn/S → F and a homomorphism h : F → V such that f = hg. Now let P be a
projective right R-module and ϕ be a homomorphism from Rn/S to P . Then there
exists a homomorphism θ : V → P such that ϕ = θf . Thus, θh is a homomorphism
from F to P and ϕ = (θh)g. Therefore, g : Rn/S → F is a monic finitely generated
projective preenvelope of Rn/S.

(6)⇒(1) It follows from Theorem 2.6(4).
(4)⇒(7) Let M be a flat left R-module. Then M+ is injective, and so M+ is

strongly J-n-flat by (4). Hence M is strongly J-n-injective by Theorem 4.5(8).
(7)⇒(1) It is obvious. �

Proposition 4.12. The following statements are equivalent for a ring R:

(1) R is left J-coherent and RR is J-FP-injective.
(2) Every right R-module has a monic strongly J-flat preenvelope.
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(3) R is left J-coherent and every left R-module has an epic J-FP-injective
cover.

(4) R is left J-coherent and every injective right R-module is strongly J-flat.
(5) R is left J-coherent and, for any finitely generated small submodule S of a

finitely generated free right R-module F , F/S embeds in a finitely generated
free module.

(6) R is left J-coherent and, for any finitely generated small submodule S of a
finitely generated free right R-module F , F/S has a monic finitely generated
projective preenvelope.

(7) R is left J-coherent and every flat left R-module is J-FP-injective.

Proof. It is similar to the proof of Proposition 4.11. �

Theorem 4.13. The following statements are equivalent for a ring R:

(1) R is left strongly J-n-coherent.
(2) Ext1

R(T,N) = 0 for any n-generated small submodule T of a free left R-
module F and any FP- injective left R-module N.

(3) Ext2
R(F/T,N) = 0 for any finitely generated free left R-module F and its

n-generated small submodule T and any FP-injective left R-module N.
(4) If N is a strongly J-n-injective left R-module, N1 is an FP-injective sub-

module of N, then N/N1 is strongly J-n-injective.
(5) For any FP-injective left R-module N, E(N)/N is strongly J-n-injective.

Proof. (1)⇒ (2) and (4)⇒ (5) are obvious.
(2)⇒ (3) It follows from the isomorphism Ext2

R(F/T,N) � Ext1
R(T,N).

(3)⇒ (4) Let F be a finitely generated free left R-module and T its n-generated
small submodule. The exact sequence 0 → N1 → N → N/N1 → 0 induces the
exactness of the sequence

0 = Ext1(F/T,N)→ Ext1(F/T,N/N1)→ Ext2(F/T,N1) = 0.

Therefore Ext1(F/T,N/N1) = 0, as desired.
(5)⇒ (1) Let F be a finitely generated free left R-module and T its n-generated

small submodule. Then for any FP-injective module N , E(N)/N is strongly J-n-
injective by (5). From the exactness of the two sequences

0 = Ext1(F,N)→ Ext1(T,N)→ Ext2(F/T,N)→ Ext2(F,N) = 0

and

0 = Ext1(F/T, E(N))→ Ext1(F/T, E(N)/N)→ Ext2(F/T, N)→ Ext2(F/T, E(N)) = 0,
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we have
Ext1(T,N) � Ext2(F/T,N) � Ext1(F/T,E(N)/N) = 0,

so Ext1(T,N) = 0. By [8], T is finitely presented. Therefore, R is left strongly
J-n-coherent. �

Corollary 4.14. The following statements are equivalent for a ring R:

(1) R is left J-coherent.
(2) Ext1

R(T,N) = 0 for any finitely generated small submodule T of a free left
R-module F and any FP-injective left R-module N.

(3) Ext2
R(F/T,N) = 0 for any finitely generated free left R-module F and its

finitely generated small submodule T and any FP-injective left R-module N.
(4) If N is a J-FP-injective left R-module, N1 is an FP-injective submodule of

N, then N/N1 is J-FP-injective.
(5) For any FP-injective left R-module N, E(N)/N is J-FP-injective.

5. J-n-semihereditary rings

Definition 5.1. A ring R is said to be left J-n-semihereditary if every n-generated
small left ideal of R is projective.

Theorem 5.2. Let R be a ring. Then the following statements are equivalent:

(1) R is a left J-n-semihereditary ring.
(2) Every n-generated small submodule A of a finitely generated free left R-

module F is projective.
(3) Every n-generated small submodule A of a free left R-module is projective.
(4) If 0 → K → P → V → 0 is exact, where V is a J-finitely presented left

R-module and P is projective, then K is projective.

Proof. (1) ⇒ (2) Let F = Rm. We prove by induction on m. If m = 1, then
A is an n-generated small left ideal of R, by (1), A is projective. Assume that
every n-generated small submodule of the left R-module Rm−1 is projective. Then
for any n-generated small submodule A of the left R-module Rm, let B = A ∩
(Re1 ⊕ · · · ⊕ Rem−1), where ej ∈ Rm with 1 in the jth position and 0’s in all
other positions. Then each a ∈ A has a unique expression a = b + rem, where
b ∈ J(R)m−1, r ∈ J(R). If ϕ : A → R is defined by a 7→ r, then there is an exact
sequence 0→ B → A

ϕ→ L→ 0, where L = Im(ϕ) is an n-generated small left ideal
of R. By (1), L is projective, so A � B ⊕ L and then B is n-generated. Since B is
isomorphic to a small submodule of Rm−1, the induction hypothesis gives B, hence
A, is projective.
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(2)⇒ (1) and (2)⇔ (3) are clear.
(2)⇔ (4) By the Schanuel’s Lemma [12, Theorem 3.62]. �

Corollary 5.3. If R is a left J-semihereditary ring, then every finitely generated
small submodule of a free left R-module is projective.

Theorem 5.4. The following statements are equivalent for a ring R:

(1) R is a left J-n-semihereditary ring.
(2) R is left strongly J-n-coherent and every submodule of a strongly J-n-flat

right R-module is strongly J-n-flat.
(3) R is left strongly J-n-coherent and every right ideal is strongly J-n-flat.
(4) R is left strongly J-n-coherent and every finitely generated right ideal is

strongly J-n-flat.
(5) Every quotient module of a strongly J-n-injective left R-module is strongly

J-n-injective.
(6) Every quotient module of an injective left R-module is strongly J-n-injective.
(7) Every left R-module has a monic strongly J-n-injective cover.
(8) Every right R-module has an epic strongly J-n-flat envelope.
(9) For every finitely generated small submodule of the right R-module Rn,

Rn/S has an epic finitely generated projective envelope.
(10) Every torsionless right R-module is strongly J-n-flat.

Proof. (2)⇒(3)⇒(4), and (5)⇒(6) are trivial.
(1)⇒(2) Assume (1). Then by Theorem 5.2(2), R is left strongly J-n-coherent.

Let A be a submodule of a strongly J-n-flat right R-module B and L an n-generated
small submodule of a finitely generated free left R-module F . Then L is projec-
tive and hence flat. Thus the exactness of the sequence 0 = Tor2(B/A,F ) →
Tor2(B/A,F/L) → Tor1(B/A,L) = 0 implies that Tor2(B/A,F/L) = 0. And
so, from the exactness of the sequence 0 = Tor2(B/A,F/L) → Tor1(A,F/L) →
Tor1(B,F/L) = 0 we have that Tor1(A,F/L) = 0, it shows that A is strongly
n-flat.

(4)⇒(1) Let L be an n-generated small submodule of a finitely generated free
left R-module F . Then L is finitely presented as R is left strongly J-n-coherent.
Let I be any finitely generated right ideal of R. The exact sequence 0→ I → R→
R/I → 0 implies the exact sequence 0 → Tor2(R/I, F/L) → Tor1(I, F/L) = 0
since I is strongly J-n-flat. So Tor2(R/I, F/L) = 0, and hence we obtain an exact
sequence 0 = Tor2(R/I, F/L) → Tor1(R/I, L) → 0. Thus, Tor1(R/I, L) = 0, and
so L is a finitely presented flat left R-module. Therefore, L is projective.
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(1)⇒(5) Let M be a strongly J-n-injective left R-module and N be a submodule
of M . Then for any n-generated small submodule L of a finitely generated free
left R-module F , since L is projective, the exact sequence 0 = Ext1(L,N) →
Ext2(F/L,N) → Ext2(F,N) = 0 implies that Ext2(F/L,N) = 0. Thus the exact
sequence 0 = Ext1(F/L,M) → Ext1(F/L, M/N) → Ext2(F/L,N) = 0 implies
that Ext1(F/L,M/N) = 0. Therefore, M/N is strongly J-n-injective.

(6)⇒(1) Let L be an n-generated small submodule of a finitely generated free
left R-module F . Then for any left R-module M , by (6), E(M)/M is strongly J-
n-injective , and so Ext1(F/L,E(M)/M) = 0. Thus, the exactness of the sequence
0 = Ext1(F/L,E(M)/M) → Ext2(F/L,M)→ Ext2(F/L,E(M)) = 0 implies that
Ext2(F/L,M) = 0. Hence, the exactness of the sequence 0 = Ext1(F,M) →
Ext1(L,M) → Ext2(F/L,M) = 0 implies that Ext1(L,M) = 0, this shows that L
is projective, as required.

(5)⇒(7) Since R is left strongly J-n-coherent by (2), for any left R-module M ,
there is a strongly J-n-injective cover f : E →M by Corollary 4.8. Note that im(f)
is strongly J-n-injective by (5), and f : E →M is a strongly J-n-injective precover,
so for the inclusion map i : im(f) → M , there is a homomorphism g : im(f) → E

such that i = fg. Hence f = f(gf). Observing that f : E → M is a strongly
J-n-injective cover and gf is an endomorphism of E, gf is an automorphism of E,
and thus f : E →M is a monic strongly J-n-injective cover.

(7)⇒(5) Let M be a strongly J-n-injective left R-module and N be a submodule
of M . By (7), M/N has a monic strongly J-n-injective cover f : E → M/N . Let
π : M → M/N be the natural epimorphism. Then there exists a homomorphism
g : M → E such that π = fg. Thus f is an isomorphism, and therefore M/N � E

is strongly J-n-injective.
(2)⇔(8) Since the class of strongly J-n-flat right R-modules is closed under direct

summands and isomorphisms, so by [4, Theorem 2], the class of strongly J-n-flat
right R-modules is closed under direct product and submodules if and only if every
right R-module has an epic strongly J-n-flat envelope.

(8)⇒(9) Let M = Rn/S, where S is a finitely generated small submodule of Rn.
Then by (8), M has an epic strongly J-n-flat envelope f : M → N . By Theorem
3.2(6), f factors through a finitely generated free right R-module F , that is, there
exist g : M → F and h : F → N such that f = hg. Since F is strongly J-n-flat,
there exists ϕ : N → F such that g = ϕf . So f = (hϕ)f , and hence hϕ = 1 since
f is epic. Hence, N is isomorphic to a direct summand of F , and thus N is finitely
generated projective. Therefore, f : M → N is a finitely generated projective
envelope of M .
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(9)⇒(2) Clearly R is left strongly J-n-coherent by Theorem 4.5(13). Now sup-
pose that A is a submodule of a strongly J-n-flat right R-module B and ι : A→ B

is the inclusion. Let L be a finitely generated small submodule of RnR. Then for any
homomorphism f : Rn/L → A, ιf factors through a finitely generated free right
R-module F by Theorem 3.2(6). So there exists homomorphism g : Rn/L→ F and
h : F → B such that ιf = hg. By (9), Rn/L has an epic finitely generated pro-
jective envelope α : Rn/L → P . So there exists a homomorphism β : P → F such
that g = βα. It is easy to see that Ker(α) ⊆ Ker(f). Now we define γ : P → A

by γ(x) = f(y), where x = α(y), then γ is a right R-homomorphism and f = γα.
Therefore, A is strongly J-n-flat by Theorem 3.2(6).

(2)⇒(10) Let M be a torsionless right R-module. Then there exists an exact
sequence 0 → M →

∏
RR. By (2), R is left strongly J-n-coherent and every sub-

module of a strongly J-n-flat right R-module is strongly J-n-flat, so M is strongly
J-n-flat by Theorem 4.6(4).

(10)⇒(3) Assume (10). Then
∏
RR is strongly J-n-flat, and hence R is left

strongly J-n-coherent by Theorem 4.5(4). Moreover, every right ideal of R is tor-
sionless and so is strongly J-n-flat. �

Corollary 5.5. The following statements are equivalent for a ring R:

(1) R is a left J-semihereditary ring.
(2) R is left J-coherent and submodules of strongly J-flat right R-modules are

strongly J-flat.
(3) R is left J-coherent and every right ideal is strongly J-flat.
(4) R is left strongly J-coherent and every finitely generated right ideal is

strongly J-flat.
(5) Every quotient module of a J-FP-injective left R-module is J-FP-injective.
(6) Every quotient module of an injective left R-module is J-FP-injective.
(7) Every left R-module has a monic J-FP-injective cover.
(8) Every right R-module has an epic strongly J-flat envelope.
(9) For every finitely generated small submodule S of a free right R-module F ,

F/S has an epic finitely generated projective envelope.
(10) Every torsionless right R-module is strongly J-flat.

Corollary 5.6. Let R be a semiregular ring. Then it is left n-semihereditary if and
only if it is left J-n-semihereditary.

Proof. We need only to prove the sufficiency. Suppose R is left J-n-semihereditary,
then by Theorem 5.4(6), every quotient module of an injective left R-module is
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strongly J-n-injective. Since R is semiregular, every strongly J-n-injective left R-
module is strongly n-injective by Proposition 2.7. So every quotient module of an
injective left R-module is strongly n-injective and hence n-injective. Hence, by [17,
Theorem 3(2)], R is left n-semihereditary. �
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