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ABSTRACT. In this paper we investigate certain normalized versions Sy r(x),
gkp(ac) of Chebyshev polynomials of the second kind and the fourth kind over
a field F of positive characteristic. Under the assumption that (char F,2m +
1) = 1, we show that §myp(x) has no multiple roots in any one of its split-
ting fields. The same is true if we replace 2m + 1 by 2m and §m,p(x)
by Spm—1,r(x). As an application, for any commutative ring R which is a
Z[1/n, 2 cos(2m/n), uT'/?]-algebra, we construct an explicit cellular basis for
the Hecke algebra associated to the dihedral groups I2(n) of order 2n and
defined over R by using linear combinations of some Kazhdan-Lusztig bases

with coefficients given by certain evaluations of §k’R(x) or S r(x).
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1. Introduction

The Chebyshev polynomials are a sequence of important orthogonal polynomials
over Z which are related to de Moivre’s formula and which can be defined recur-
sively. They have found many important applications in diverse areas of mathemat-
ics such as ordinary and partial differential equations, analysis and approximation
theory. In past three decades these polynomials also come up in several places in
nearby areas of representation theory. For example, they appear in the criterion
for semisimplicity of Temperley-Lieb and Jones algebras [4], [5], in giving the di-
mension of a centralizer algebra of a Temperley-Lieb algebra, and in calculating
the decomposition of a Brauer algebra module into Temperley-Lieb algebra mod-
ules [2], and in constructing irreducible representations of the semisimple Hecke
algebra associated to the dihedral groups [3]. However, it seems to us that all of

these applications only use property of Chebyshev polynomials over the complex
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numbers field (or any field of characteristic 0). To the best of our knowledge, the
property of Chebyshev polynomials over field of positive characteristic are not well-
studied and exploited in the literatures before. In this paper we shall study some of
their properties for the normalized versions Sy (z) := Uy (2/2), Sn(z) := Wy (2/2)
of Chebyshev polynomials of the second kind and of the fourth kind over certain
fields of positive characteristic, where U, (z) and W,,(z) are the Chebyshev polyno-
mials of the second kind and of the fourth kind respectively. As an application, we
shall construct an explicit cellular basis for the Hecke algebra H, r(W,,) associated
to the dihedral group W, := Is(n) of order 2n over any commutative ring R which
is a Z[1,2cos(2), u*1/?]-algebra.

The content is organised as follows. In Section 2 we investigate the Chebyshev
polynomials over fields of positive characteristic. We show (in Lemmas 2.8 and 2.9)
that under the assumption that (char F,2m + 1) = 1 (respectively, (char F,2m) =
1), the normalised Chebyshev polynomial §m7 r(z) of the fourth kind (respectively,
Sm—1,r(x) of the second kind) has no multiple roots over any one of its splitting
fields. As a result, we show that for any n € Nand 1 < j <1 < [(n —1)/2],
2cos(2lm/n) — 2cos(2jm/n) is invertible in Z[1,2cos(2%)]. In Section 3, we apply
these results to construct a cellular basis of the Hecke algebra associated to the

dihedral group W,, := Iz(n) of order 2n. We show (in Lemmas 2.10 and 2.11)

27
n

that for any commutative ring R which is a Z[2,2 cos(2F), u*!/2]-algebra, certain

linear combinations of some Kazhdan—Lusztig bases can form a cellular basis of the
Hecke algebra Hy gr(W,,) over R, see Theorems 3.14 and 3.22. The coefficients of
each Kazhdan—Lusztig bases are given by a scalar multiple of some evaluation of

certain explicit Chebyshev polynomials.

2. Chebyshev polynomials over fields of positive characteristic

The purpose of this section is to study certain normalised Chebyshev polynomials

over fields of positive characteristic. Let x be an indeterminate over Z.

Definition 2.1. The Chebyshev polynomials {T(z)}r>o of the first kind are de-

fined recursively by:
To(z) :=1, Ti(z) =z, Tp1(x) = 22Tk (x) — Tp—1(x), VEk > 1.

The Chebyshev polynomials {Uy(z)}r>0 of the second kind are defined recursively
by:

Uo(z) :==1, Uy(x) :=2x, Ugy1(x) :=22Uk(x) — Ug_1(z), Yk > 1.
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The Chebyshev polynomials {Wj(z)}r>0 of the fourth kind are defined recursively
by:
Wo(z) :=1, Wi(x) =2z + 1, Wip1(z) := 22Wi(x) — Wi_1(x), Vk > 1.
Definition 2.2. For each k > 0, we define
Sp(x) := Up(2/2), Si(z) := Wi(z/2).

We shall call Sy(z), Si(z) the normalized Chebyshev polynomials of the second
kind and of the fourth kind respectively.

One can check that Sy(z) =1, 51(z) = = and
Sk+1(z) == xSk (x) — Sk-1(2); (1)
while So(z) = 1,51(z) = z + 1 and
Ses () = 28 (2) — Sy (). 2)
Furthermore, for any k > 0, Ty(z), Ug(z), Sk(x), Sk (z) € Z[z] C Clz], and

Si(x) = ¥ 4 lower terms, Si(z) = 2* + lower terms,

Uy (z) = 2%2* + lower terms.
Lemma 2.3. [8, (1.15),(1.18),(2.30c),(2.30d)] For any integer k > 1, we have that
Si(@) = Wi(2/2) = Up(z/2) + Up—1(2/2) = Si(x) + Sk—1 (@),
while for any m > 0, Wy, (222 — 1) = Uy ().

Lemma 2.4. [8, (2.30a),(2.30c),(2.30d)] For any k > 0, we have that Si(—2) =
Ur(—1) = (=1)*(k 4+ 1), and

Sk(0) = (=12, Ui (0) = (1), Ti(0) = (-1)*.

Let R be a commutative ring. For any f(z) € Z[z], we denote by fr(z) the
image of f(x) in R[x] under the natural homomorphism Z[z] — R[z]. We set

Th.r(x) == (Te)r(@), Ukr(z) = (Us)r(@), Sk.r() = (Sk)r(), Skr(r) = (Sk)r(2).
Lemma 2.5. For any integer k > 1, we have that
gk,R(fE) = Sk_LR(:E) + Sk,R(I).

For each f(z) = Y. ;2" € Rz], let f'(z) := ¢ ia;a"~" € R[z] be the

formal derivative of f(x).
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Lemma 2.6. [1,8] Let k € Z=° and F be an arbitrary field. We have that
Ti1,p(2) = (k+ DUk, p(2), Tisz,p(z) =aTi,r(z) — (1 - 2?)Upp(2),
(k + )Tkt (2) — 2Uk,p(z) = (2% = YU p(2).
Lemma 2.7. Let k € Z='. Then
(4-2%)8,(2) = (0 + D)S-1(2) — 181 () + Su(a)
= (2n+1)S,_1(z) + (1 — nz)S, ().
In particular, if F is a field with char F = 2 and m € N, then
— 228h, 1 5 (@) = —Sami2,p(2) + Somar,p (@),
— 2285, () = Som-1,7(x) + Sam,p(2).
Proof. By [8, Chapter 2, Exercise 15],
2(1 — 2)U (x) = (n + 2)Up_1(2) — nUpy1(2).

Now the lemma follows from the above equality, (2) and the fact that S,(z) =
Un(z/2) and S, (z) = 3U,(z/2). O

The Chebyshev polynomials over the complex numbers field C have many nice

properties. For example, it is well-known that for any integer £ > 1,

(1) Sk(2cosf) = W;
(2) the roots of the polynomial S;_1(x) in C are
2(:08‘%T7 j=1,2,--- k—1;

(3) the roots of the polynomial Sy(z) := Sk (z) + Sk_1(z) in C are

The following lemma gives a positive characteristic analogue of the property c)

for the Chebyshev polynomials over fields of positive characteristic.

Lemma 2.8. Let I be an arbitrary field and k € Z=° such that either char F = 0
or char F' is coprime to 2k + 1. Then the polynomial §kp(1') over F' has k-distinct

roots in any one of its splitting field.

Proof. If k£ = 0, then gkp(fﬂ) = z 4+ 1 has a unique root —1. So there is nothing
to prove. Henceforth we assume that & > 1.

We first assume that char F' # 2. Then 2 - 1 is invertible in F. By Lemma 2.3,
§kp(a:) = Wi, r(z/2). To prove the lemma, it suffices to show that Wy, p(z) over
F has k-distinct roots in any one of its splitting field.
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By Lemma 2.3, Wy, (222 — 1) = Usy p(z) and Wy p(—1) = Usg, p(0) = £1. It
follows that 4z is coprime to Usy, p(z) = Wi, #(22% — 1) in F[z]. Therefore,

(Wi,p(z), Wi p(x)) = 1 if and only if (Usk,r(x), Uy p(2)) = 1.

As aresult, we see that to prove the lemma, it suffices to show that the F-polynomial
Usk, r(x) has 2k-distinct roots in any one of its splitting field.
By Lemma 2.6, we have that

(2k + D)Topq1 p(x) — 2Usg p(z) = (x2 - I)UQ’k,F(x).

By assumption, (2k+1)-1r # 0in F'. Therefore, we can deduce that (Usk, r(z), Uy, (7))
is a factor of (Tog+1,r(x), Usk,r(z)). By Lemma 2.6,

Togyo.r(x) = 2Topt1.r(z) — (1 — 2*)Usp ().

It follows that (Tort1 7 (), Usk,r(z)) and hence (Ugg, r(z), Uékf(x)) is a factor of

(Tog 12,7 (), Torg1,r(x)).
On the other hand, by definition, for any m > 1,

Tt r(x) = 22T p(x) — Te1,r ().

It follows that (Ty+1,7(2), T, r(x)) is always a factor of (T}, r(z), Tm—1,7(2)).

Inductively, we can deduce that (Ty,41,7(x), T, r(x)) is a factor of
(Th p(z), To,r(z)) = (z,1) = 1.

This proves that (Th41,7(x), T, r(x)) = 1 for any m > 0. As a result, we can
deduce that (Tax12,7(2), Tog+1,7 (7)) = 1 and hence (Usk,r(z), Uy, p(x)) = 1. This
implies that Usg, p(x) has 2k-distinet roots in any splitting field of Usk p(x), as
required.

Now assume that char F' = 2. Suppose that & = 2m + 1 is an odd integer.
Applying Lemma 2.7, we can deduce that (:ngH’F(x), §2m+1,p(a:)) is a factor of
(§2m+27p(x), §2m+17F($)). By (1) and an easy induction on m, it is easy to see
that

(Samy2,7(2), Sami1, 7 (7)) = (Somi1,1(2), Sam,p(x)) = -+ = (S2,p(x), S1 ¢ (2))
=@ +r—1l,z+1)=1.
In other words, (§§m+1’F(x),§gm+1,p(J§)) =1. So §2m+17p(ac) has no multiple

roots. If kK = 2m is an even integer, the lemma follows from Lemma 2.7 and a

similar argument. (I
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Lemma 2.9. Let F be an arbitrary field and k € Z=' such that either char F = 0 or
char F' is coprime to 2k. Then the polynomial Sk_1,r(x) over F has (k—1)-distinct

roots in any one of its splitting field.

Proof. If k =1 then Sk_1 p(z) = 1 and there is nothing to prove. If k = 2, then
Sk—1,7(z) = x has a unique root 0 as required. Henceforth we assume that k > 3.

By assumption, 2-1p is invertible in F. By definition, Sk_1,r(x) = Ux_1,r(x/2).
To prove the lemma, it suffices to show that Uy_; p(z) over F has (k — 1)-distinct
roots in any one of its splitting field.

By Lemma 2.6, we have that
kT, p(2) — 2Uk-1,p(2) = (2° = 1)Uj_y p(@).

By assumption, k-1p # 0in F'. Therefore, we can deduce that (Uy_1, (), U,’f_LF(x))
is a factor of (T, p(z),Ukx—1,7(z)). By Lemma 2.6,

Tk+1,F(x) = ZETk,F(I) - (1 - 172)Uk_17p(1‘).

It follows that (T, #(z), Ug—1,7 (7)) and hence (Ux—1,7(2),U;_; p(z)) is a factor of

(Thes1,7 (@), T, (2))-
On the other hand, by definition, for any m > 1,

Tot1,7(x) := 22T, p(x) — The1 r(2).

It follows that (Ty+1,7(2), T, r(x)) is always a factor of (T}, r(z), Tm—1,7(2)).

Inductively, we can deduce that (Ty,41,7(x), T, r(x)) is a factor of
(T1,r(2), To,r(x)) = (z,1) = L.

This proves that (Th41,7(x), T, r(x)) = 1 for any m > 0. As a result, we can
deduce that (Ty41,r(7), Tk, r(z)) = 1 and hence (Ux—1,7(z),U;_; p(z)) = 1. This
implies that U,_1, r(x) has (k—1)-distinct roots in any splitting field of Ux_1 p(z),

as required. This completes the proof of the lemma. (Il

Henceforth, we set

A :=7Z[1/n,2cos(27/n)]. (3)

Lemma 2.10. Suppose that n = 2m + 1. Then for any 1 < k <1 < m, we have
that 2 cos(2km/n) — 2 cos(2lm/n) is invertible in A. Furthermore,

m

[T 2+ 2cos(2jm/n)) = 1.

Jj=1

In particular, for each 1 < j <m, 2+ 2cos(2jm/2m + 1) is invertible in A.
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Proof. Suppose that 2cos(2kw/n) — 2cos(2lr/n) is not invertible in A for some
1 <k <1< m. Let mbea maximal ideal of A which contains 2 cos(2kw/n) —
2cos(2lm/n). Let k := A/m be the residue field and 7 be the canonical homomor-
phism A — A/m = k. By construction, we see that 2m + 1 is invertible in k.
Applying Lemma 2.8, we can deduce that gm,k(x) has no multiple roots. On the
other hand, it is clear that

H x — 7(2cos(2jm/n))).

j=1
It follows that the elements in {7(2cos(2j7/n))|1 < j < m} must be pairwise dis-
tinct. In particular, 7(2 cos(2km/n)—2 cos(2lm/n)) = 7(2 cos(2km /n))—7(2 cos(2lm /n))
is nonzero for any 1 < k <[ < m, which is a contradiction because 2 cos(2kw/n) —
2cos(2lm/n) € m. This proves that 2cos(2kmw/n) — 2cos(2l7/n) is invertible in A
for any 1 < k <1 < m. It remains to prove the second half of the lemma.

For each 1 < j < m, 2 + 2cos(2jm/n) = (2cos(jm/n))%. Since cos(jm/n) =
—cos((n — j)m/n), it follows that

(H 2cos(jm/n) ) (H 2cos(2jm/(2m + 1))) =1,

where the last equality follows because {2 cos(2j7/(2m+1))|1 < j < m} are all the
roots of the monic polynomial Sy, () and S,,(0) = (—1)[™/2 by Lemma 2.4. This

completes the proof of the lemma. |

Lemma 2.11. Suppose that n = 2m. Then for any 1 < k <1 < m — 1, we have
that 2 cos(2km/n) — 2 cos(2lm/n) is invertible in A. Furthermore,

3

(2 + 2cos(2jm/n)) = m.

Il
=

J

IN

In particular, for each 1 < j <m —1, 2+ 2cos(2jm/2m) is invertible in A.

Proof. The first half of the lemma can be proved in a similar way as the proof of
Lemma 2.10. It remains to prove the second half of the lemma.
Since {2 cos(2j7/(2m))|1 < j < m—1} are all the roots of the monic polynomial

Sm—1(x), we can deduce that

m—1
H (z — 2cos(2jm/(2m))).

j=1
It follows that

m—1
I 2+ 2cos(2jn/n)) = (—1)" ' Spo1(=2) = (1) (=1)"'m = m,
j=1



144 JUN HU AND YABO WU

as required, where the second last equality follows from Lemma 2.4. ([l

3. Cellular basis of H, p(WW,,)

In this section we shall use the main result of the last section to construct an ex-
plicit cellular basis of the Hecke algebras H, r(W,,) associated to the dihedral group
W, = Iy(n) over any commutative ring R which is a Z[1/n,2 cos(27/n), u*1/?]-
algebra.

We first briefly recall some well-known basic knowledge about the Kazhdan-
Lusztig basis and Kazhdan—Lusztig polynomials for the Hecke algebras H, (W)
associated to a Coxeter group W.

Let u'/? be an indeterminate over Z and A := Z[u'/? u~/?]. Let (W, S) be
Coxeter system with length function ¢(?) and H, (W) be the associated Iwahori—
Hecke algebra over A with Hecke parameter w. By definition, H, (W) is a free A-
module with an A-basis {Ty, }wew. The multiplication rule of H, (W) is determined
by:

Ty, if I(sw) > I(w),
T.Ty = o TwTs = (TsTy-1)",
Ul + (u— 1T, if l(sw) < l(w).
where s € S, w € W, and “¢” is the anti-isomorphism of H, (W) which is defined
on generators by T, := T,,—1 for any w € W.

Let a — @ be the involution of the ring A which is defined by u!/2 = uw~1/2. This

extends to an involution h ~ h of the ring H, (W), defined by
Z ATy = Z aT,,T;_ll.
weW wew

Kazhdan and Lusztig proved (in [7]) that for each w € W there exists a unique
element C,, € H, (W) such that C,, = C,, and

Cyp = Z (—1)‘3(3’)“(“’)ué(w)/Qu_ay)Py,wTy,
y<w

where P,., € A is a polynomial on u of degree < I (¢(w) —4(y) — 1) for y < w,

P, =1, and “<” is the Bruhat partial order on W. Furthermore, {C\,|w € W}
forms an A-basis of H,(W) and is called the Kazhdan-Lusztig basis of H, (W),
and the polynomial P, ., (u) is the well-known Kazhdan-Lusztig polynomial. For
any field F which is an A-algebra with u!/? specialized to ¢'/2 € F, let H, p(W)
be the Iwahori—-Hecke algebra associated to W which is defined over F' and with
Hecke parameter g. Then the elements in the set {7, ® 4 1p|w € W} (respectively,
in the set {Cy, ®a 1plw € W}) form an F-basis of Hy p(W). In the past decades
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these bases and polynomials have played important roles in many aspects of modern
representation theory, cf. [6] and [7].
We now recall the definition of finite dihedral group.

Definition 3.1. Let W,, := I3(n) be the finite dihedral group of order 2n, which

is presented by the generators: s,t, and the following relations:

s2=t*=1, (st)"=1.

Let H,(W,) be the corresponding Iwahori-Hecke algebra over A with Hecke
parameter u. As an A-algebra, H,(W,,) has a presentation with generators T, Ty

and the following relations:
Ts+1)(Ts—u)=0, (Ti+1)(Tt—u)=0, (TsT)" = (T:T,)".

It is well-known that H, (W) is a free A-module with an A-basis {Ty,|w € I2(n)}.
For any field F which is an A-algebra with u!/? specialized to ¢'/? € F, we shall
often abbreviate T,, ® 4 1 and C,, ®4 1r as T, and C,, respectively.

The following result seems to be well-known to experts. For completeness, we

add a proof here.

Lemma 3.2. Lety, we W,. Then P, , =1 for ally < w. In particular,
Cu = u 2T, 4 37 (1)t ) )20 /2~ )2,
w>yeW,
Proof. We use induction on ¢(w) to prove Py, = 1. If {(w) = 0, then y < w
implies that y = w = 1 and hence P, ., = P, = 1 in this case.

Suppose that P, ,, = 1 holds for any y < w and any w € W, with £(w) < k. Now
assume that w € W,, and {(w) = k. Let y < w. We want to show that P, ,, = 1.
Since W,, = Iz(n) is generated by {s,t}. Without loss of generality, we can assume
that w = sv > v. By [7, 2.2.¢],

Py =u"" Py, +uPy, — Z (2, v)ulI == 2 2 p

y<z<v,52<z
where ¢ = 1 if sy < y; or ¢ = 0 if sy > y, and “<” is as defined in [7, Definition
1.2]. Note that y < w = sv implies that either y < v or sy < v. Therefore there

are three possibilities:

Case 1. y ;E v, sy < v. Since w = sv is of the form stst-- -, it follows that this
case happens if and only if y = sv = w. Thus P, ., = Py =1 as required.

Case 2. y < v, sy ;ﬁ v. Since w = sv is of the form stst- - -, it follows that this
case happens if and only if y = v. Thus P, ., = P, 4w = Psw,w = 1 by [7, Lemma
2.6(iii)], as required.
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Case 3. y < v, sy < v. Since w = sv is of the form stst-- -, it follows that this
case happens if and only if y < tv < v. By induction hypothesis, P, , = 1 for any
z < w, hence z = tv is the unique element in W,, such that y < z < v, sz < z and

w(z,v) # 0 and the definition of u(z,v). In this case, p(z,v) = 1. Hence
Pyw=1+u—u=1.

This completes the proof of the lemma. O

Lemma 3.3. Let w € Is(n). If w & {1,t}, then we have that

—Cw, if sw < w,
7.0, w f
uCly 4+ u'2Cy + u'2Chyy,  if sw > w.
If w =1, then T,C, = uCy + u'/2C,. If w = t, then T,Cy = uCy + u/?Cy. The

same is true if we interchange the role of s and t.

Proof. By definition, Cy = u~ /2T, — u!/2. Tt follows that T,C, = uC; + u'/2C,.
Similarly,

Cst =u Ty — Ty — T} + u.
It follows that

T.C, —u'/2Cy; = Ts(u_l/QTt — ul/z) — ul/z(u_lTSt —Ts — Ty 4+ u) = uCh,

as required.
Now let w & {1,t}. Suppose that sw > w. By [7, (2.3.a)],
T,Chp = uCly + u'/?Cyyy + u'/? Z w(z,w)Cy,
s
where p(z,w) is defined to be the leading coefficient of the polynomial P, ,,(u) and
deg P, ,, = (L(w) — £(z) — 1)/2.

Note that our assumption w & {1,t} ensures that {z € W,|z < w,sz < z} # 0.
Let z € W, such that z < w and sz < z. In particular, z # 1. Since W,, is the
dihedral group with generating set {s,t} and P,, = 1 by Lemma 3.2, it follows
(cf. |7, Lemma 2.6(iii)]) that our assumption forces that p(z,w) = 1, w = ¢tz and

hence z = tw as required. (Il
Let i := y/—1 € C. Then ¢ := exp(27i/n) € C is a primitive n-th root of unity
in C, and
7+ ¢ =2cos(2jm/n) €C, VjeEL.
We set K := Q[2cos(2r/n)](u'/?). Let Trr(H, x(W,)) be the set of isomorphism

classes of irreducible H,, g (W,,)-modules.
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Lemma 3.4. (see [3]) The Hecke algebra H,, (W) is split semisimple. Further-
more, if n is even, then Irr(H, x(W,,)) consists of the following four one-dimension

representations and (n — 2)/2 two-dimensional representations:
pél) s Ty = u, Ty — u, p(()2) Ty — —1, Ty — u,

pgg) Ty —u, Ty — —1, p§)4) Ty — —1, Ty — —1,

-1 0 u 1 .. n—2
pj:Ts— ) , Ty — , 1< < ——.
2u + 2ucos(2jm/n) w 0 -1 2

If n is odd, then Irr(H, x(W,)) consists of the following two one-dimension

representations and (n — 1)/2 two-dimensional representations:

p Ty, Toou, 8 Toes =1, Tyes —1,

-1 0 u 1 o on—1
Pj- T@ = . ’ Tt = ) 1 S J S a8
2u + 2ucos(2jm/n)  w 0 -1 2

In [5], Graham and Lehrer introduced the notions of cellular bases and cellular
algebras which capture the common feature of many important examples (includ-
ing the Kazhdan-Lusztig basis and the Murphy basis for the type A Iwahori-Hecke
algebras). A cellular structure on an algebra enables one to obtain a general de-
scription and systematic understanding of its irreducible representations and block
theory by some unified linear algebra argument, which is very useful especially in
the non-semisimple situation. It turns out that many important algebras in Lie
theory fit in the framework of cellular algebras, see [5] and [9].

In the remaining part of this section, we shall use the main result of the last
section to construct an explicit cellular basis of the Hecke algebras H, r(W,,) as-
sociated to the dihedral group W,, = I3(n) over any commutative ring R which is
a Z[1/n,2cos(2r/n),u*'/?]-algebra. Our bases will be some linear combinations
of certain Kazhdan—Lusztig bases with coefficients given by evaluation of some ex-
plicit Chebyshev polynomials. Our construction is motivated by the work in [3],
where Fakiolas gave a decomposition of the regular module of the semisimple Hecke
algebra H, (W) over the field Q[cos(m/n)](u'/?) into a direct sum of irreducible

submodules. First, let’s recall the definition of cellular algebras.

Definition 3.5. (see [5]) Let R be a commutative domain and A be an R-algebra
which is free as an R-module. Let (A, >) be a finite poset. Suppose that for each
A € A there is a finite indexing set T'(A), and for each pair (s,t) with s,t € T'(X)

there is an element ¢, € A such that the elements in the following set

{C:{\t

AeAands, te T(\)}
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form an R-basis of A.

The basis {¢3, | A € A and s,t € T(\)} is called a cellular basis of A if

(C1) the R-linear map * : A — A determined by (c_f,‘ty = ¢, for all A € A and
all s,t € T'(\), is an algebra anti-isomorphism of A; and

(C2) for any A € A, s,b € T(\) and a € A, there exists an element r, € R such
that for all t € T'(\)

acd = Z rocpy (mod A7),
bET(N)

where A~ denotes the R-submodule of A spanned by the elements in the subset
{cio |\ <peAandu,0eT(u)}.

If the R-algebra A has a cellular basis over R then A is called a cellular algebra

over R.

Assumption 3.6. Let R be a commutative ring such that there is a ring ho-
momorphism from 0 : Z[1/n,2cos(2r/n),ut/?] — R. We set ¢'/? = 0(u'/?),
pj = 0(2cos(2jm/n)) for each 1 < j <[(n—1)/2].

For any commutative ring R, we use R* to denote the set of invertible elements
in R.

Corollary 3.7. With the Assumption 3.6 in mind, we have that p, — p; € R* for
any 1 < j <1< [(n—1)/2]. Furthermore, 2+p; € R* for any1 < j < [(n—1)/2].

Proof. This follows directly from Lemmas 2.10 and 2.11. (]

We are going to construct an explicit cellular basis for the Hecke algebra H, r(W),)
over R associated to W,, = Iz(n). We shall consider the case when n = 2m+ 1 and

the case when n = 2m separately.

Case 1: Suppose that n = 2m + 1. In this case, by our assumption, Lemma 2.10
and Corollary 3.7,

m m
Sm,R(m):H x_pj ) H 2+p]
j=1 j=1
where p1,--- , pm are pairwise distinct.

Definition 3.8. [3, Section 4] For any integers 1 <k <m —1and 1 <j <m, we
define

o) = Sor(p) =1, afly = Sk r(p;) = Sk.r(p)) + Sk-1.2(p))-
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By definition, we have that a(j ) € R for any j, k. Furthermore, applying (1) and
the fact that Sp, .rR(p;j) =0 we can get that a(J) 1 =0and

a9 = Spm1.8(0;) + Sm-2.0;) = Sm-1.81D;) + PjSm—-1.8(0;) — Sm.r(P;)
= (2+p;)Sm—1,r(P))-

For each 2 < k < m — 1, by definition we have that
af) +al)| = Si_am(p;) + Sk.r(p)) + 2Sk-1.r(0)) = (B + 2)Sk—1,r(p))-
The same equality still holds when k£ = 1.

Definition 3.9. (compare [3, Section 4]) For each 1 < j < m, we define

Uj = Zaij)C(st)k—ls € Hq’R(Wn),
k=1
m—1
vj = (agg) + a,(fll)C’(ts)k + a C(ts)m € Hq R(W )

E
I

1

Lemma 3.10. With the notations as above, the elements in the set {uj,v;|1 <
Jj < m} are R-linearly independent in H, r(W,,) and form an R-basis of the space
spanned by {Cgpyr—14, Cgyr|l <k <m}.

Proof. Let

T
X = (ul, U, *y Um, V1, V2, ---,vm) ,

T
Y = (Cs’ Cstsa S C(st)""*l.w Ctsa C(ts)2, ceey C(ts)m) .

Then we can write X = DY, where

N C R ()
a§2) af) aﬁ%) 0
N I R R o o 0
0 0 o 0 aPta® WD iad . g® hal) O
0 0 - 0 a®4e? <2) 4o o @ 1 a@  ®
0 0 - 0 am™yal™ o™ ya™m . g;n)l +alm el
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where
agl) aél) agrll)
2 2 2
||
agm) agm) a,(qin)
(1) (1) a§1)+aé1) g) 1+a(1) afﬁ)
()—i-a 2) aéQ)—&-a:(f) (2) L ta (2) a1(721)
B:= ) )
agm) + agm) agm) + aém) 5:1)1 + a( m) agﬁn)

It is easy to see that det D = det A - det B and det B = det A. Therefore, to prove

the lemma, it suffices to show that det(B) is invertible in R.
By the discussion above Lemma 3.9, we have that for any 1 < k£ < m, a,(j) +

() (pj +2)Sk—1,r(p;). Therefore, we can get that

A1 =
det B
p+2 Pi+2)p1 o (P +2)Sm2r(P1)  (p1+2)Sm-1,r(P1)
det p2+2 (p2+2)p2 -+ (P2+2)Sm—2,r(P2) (P2 +2)Sm-1,r(P2)
=de
Pm + 2 (pm + 2)pm co (pm + Q)Sm—Z,R(pm) (pm + Q)Sm—l,R(pm)
1 P1 te S’rn—Q,R(pl) Sm—l,R(pl)
P2 Sm—z,R(pz) Sm—l,R(pQ)

(ﬁp]+2)det

1 Pm Sm72,R(pm) Smfl,R(pm)

Since Sy (z) = z¥ + lower degree terms, it follows from an easy induction that

1 p1 -+ Sm—2r(P1) Sm-1,r(P1) 1 p1 - ppt
p2 - Sm-2r(p2) Sm-1r(p2) 1 py - pyt
det B = det ) ) = det . ) )
L pm - Sm-2r(Pm) Sm-1.r(pm) L pm - Pt
= II @ —p)er,
1<i<j<m
where the first step follows from Lemma 2.10. This completes the proof of the
O

lemma.
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Definition 3.11. (compare [3, Section 4]) For each 1 < j < m, we define

ak C(ts)k 14 € H (W ),

QH‘
H
g

-1
zj 1= ( (]) ,(CJJZI)O(St)k + a%)C(St)m S Hq,R(Wn).

>
Il
—

Lemma 3.12. With the notations as above, the elements in the set {t;,z;|1 <
Jj < m} are R-linearly independent in H, r(W,,) and form an R-basis of the space
spanned by {Cgyr-1¢, Crspyr|l <k <mj.

Proof. This follows from a similar argument used in the proof of Lemma 3.10 by

interchanging the role of s and ¢. (]

Since n = 2m + 1, by Lemma 3.4 the set Irr(H, x(W,)) consists of two one-

dimensional representations and m two-dimensional representations as follows:

(1):TS»—>u, T — u,

Ty -1, T,

-1 0 u 1 .
pj i Ts— ) , Ty — , 1<j53<m.
2u + 2ucos(2jm/n) wu 0 -1

Set A :={0,00,1,2,--- ,m} which is in bijection ¢ with Irr(H,, x(W,)) via the
following correspondence:

(1) ()

0= po 0 py, Jrrp, V1I<j<m.

We define 0 < j < oo for any 1 < j < m. Thus we can define a partial order “=<”
on A by

A S A=por A< p.

Definition 3.13. Let A € A := {0,00,1,2,--- ,m} and set T(A) = {1,2,--- ,dx},
where dy = dim(¢(X)). If A =0, then ¢(\) = p(() ) and we define m11 =C; =1.
If A = oo, then +(\) = pff) and we define

mgio) = Cwo = C(st)ms = C(ts)mt-
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If A = j for some 1 < j < m, then ¢(\) = p; is a two-dimensional representation.

In this case, we define

m:(le) L= U; = Za;cj)C(st)k—ls,
k=1

mg) == ( (ag) + az(i)r )Ctsyx + a%)c(ts)m),

k=1
. m71 . .
miy =z = ( (a7 + ag)))Copp + agﬂ)c(st)”‘)v
k=1

mgQ) L= (2 +pj)tj = (2 +pj) Za,(j)C(ts)kflt.
k=1

For each A € A, let H;:IA;z and Hil/}a be the R-submodule of Hy r(W,,) generated
by the elements in the set {m,%) [u,0 € T(p), A\ < p € A} and the set {mﬁ’é) [u,0 €
T(n), A = p € A} respectively. Recall that “«” is the anti-isomorphism of H, r(W,,)

which is defined on generators by T, = T,-: for all w € Iz(n).

Theorem 3.14. Suppose that n = 2m+ 1. We keep the Assumption 3.6 on R and
n and the Definition 3.13. Then

1) for any XA € A, s,t € T(\), we have that (mgi‘))* = mg‘);

2) the elements in the set {mi/t\) | A€ A,s,t € T(\)} are R-linearly indepen-
dent and form an R-basis of Hy r(Wp,);

3) with the data of the anti-isomorphism “«”, the poset (A, =), and the set
T(X) for each X € A, the set {mgi‘)} forms a cellular basis of Hy r(Wy,).

Proof. 1) follows from the definition and a direct verification. Since
{C(St)k—ls, C(ts)k|1 <k< m} (] {C(ts)k—1t7 C(st)k Il <k< m} U {Cl, Cwo}

is a basis of Hy r(W,,), 2) follows from Lemmas 3.10, 3.12, and Corollary 3.7.

It remains to prove 3). To this end, it suffices to verify the cellular axiom C2)
in Definition 3.5.

Let j € A,s € T(j). To verify the cellular axiom C2), it suffices to show that for
each u € T'(j), there exist r, 7, € R, such that for any t € T'(j),

T,m{) = Z rem™ (mod H;{%)7 TymY) = Z rim (mod H;ﬁ)
ueT(4) ueT(j)
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If j € {0,00}, then T'(j) = {1}, and the above statement clearly holds. In fact,

we have that

Ton) = T.C1 = qCy +¢"/*C. = qmlY) (mod HY),
Ttmgq) =TiC, = qCy +¢'/*C; = qm:(t(i) (mod H!ZIO?> ’
Tsmgio) = Tsc’wo = _C'LUO = _mg?O)7

Ttmgio) = TthO = 7C’LU() = fmﬁo)

Henceforth, we assume that j € {1,2,--- ,;m}.
By Lemma 3.3 we have that

m

Tsmgjl) = TS Z (Z,](CJ)C(St)k—ls = — ZaiC(st)k—ls = —mgjl),
k=1 k=1

and

= Tt Z aiC(st)kfls
k=1

TS i,
k=2
= qCe +"7Cua +)_ay) (qc(st)kfls +q"2Cegyr + ql/QC(ts)k’l)
k=2
- 71 . . .
= qmg_]l) + q1/2( (a](g) + a;(j_,)_l)c(ts)k + as;]z)c(ts)"”)
1

3

=
Il

= qmi) +q"*my),

and

=T ( > (e + 0l Cae + an;)C@s)m)

k=1
m—1 ) ) )

- _(Z (a +a ) Clusye + aﬁ)C(ts)’")
k=1

- 7m§jl)a

as required.
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Next, we want to compute T m(] ) By definition, we have that

Tsmg)
m—1
= T( D (@ + af2)1)Cluaye + 0 Cloopn )
k=1
m—1
= Q< (ag) + ak+1)0(ts)k + f %)C(ts)m) +¢*%al9) Cyy + ¢? ((a(lj) + a(Qj))C's
k=1
m—2
+ Z ak '+ 2ak+1 +ak+2)C(st)’“ + () +2a%))0(st)’”’1s)
k=1
m—2
= qmgjl) + q1/2011(%)cw0 + q1/2 (( (7) Cs + Z 2 + 2al(€jJ21 k+2)C(st)k
k=1

+ (a%)—l + 2“%))0(%)’”*18)

m—1
= g + "2 (@ +a§)C + > (af + 20{0), +afly)Clans ) (mod (HF)).
k=1

We claim that a(lj) + agj) =(2+p; )a(lj), and foreach 1 <k <m—1,
ay) + 20 +ailly = 2+ pi)aly.

Once this is proved, we shall get that

Tom$) = gm) +¢"/%2 + pj)m{) (mod (H3)), (4)

and we are done.
In fact, by Definition 3.8 and the paragraph above Definition 3.9, we have that
(j) + a(J) =2+4+p;=2+pj)a a\?. Furthermore, for each 1 <k <m —1,

o+ 20, + o = o +oi2) + G + o
= (2+p;)Sk-1,8(pj) + (2+p;)Sk.r(P;) = (2+ p;)(Se-1.r(P;) + Sk, (P)))
=(2 +Pj)a§£1»
as required. As a consequence, we get (4). Thus we have that
Tonl) = ), Ton) = )
Ttmgjl) _ qm(J) + q1/2 ),

Tom) = gm) + ¢"/22 + p;)m{) (mod (HH)).



CHEBYSHEV POLYNOMIALS 155
Note that by definition m{2), m{) can be obtained from m$’), m{?) by inter-
Y 125 Mgy 51, myy by inter
changing the role of s,¢. By a symmetric argument, we can also get that
Tont) = -, L) = -,

Tomg) = qmg) +q*/*(2 + p;)m'y|

Ttmg) = qmg) + ql/ngé) (mod (H;f%)) .

Comparing these equalities, we verified the Cellular Axiom (C2). Thus this com-

pletes the proof of the theorem. O

Now we consider the construction of cellular basis of H, gr(W,,) in the case when
n = 2m.
Case 2: Suppose that n = 2m. In this case, by our assumption, Lemma 2.11 and
Corollary 3.7,

m—1 m—1
Sm-rr@) = [[@=p), [[@+p)=m,
j=1 j=1
where p1, -, pm_1 are pairwise distinct.

Definition 3.15. [3, Section 4] For any integers 1 <k <m—1land1<j<m-—1,

we define
A9 — g V-1 aW_g )
ay O,R(pj) y Qg k—l,R(p])-

We also set &gj) = d%) =0.

Definition 3.16. (compare [3, Section 4]) For each 1 < j < m — 1, we define

3

u; = (&](gj) + &221)0(5&’“5 € Hq,R(Wn)a
k=0
i =" (@) +2aY) +al),)Cugpn € Hyn(Wa),
k=0
m—1 ) )
t;- = ((AJ,](CJ) + (Alg_’)_l)C(ts)kt S Hq’R(Wn),
k=0
2= 3" @Y +2aY), +aY),)Craperr € Hy r(Wh).

=
Il
o
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Since n = 2m, by Lemma 3.4 the set Irr(H, x(W,)) consists of four one-

dimensional representations and m two-dimensional representations as follows:

pél)iTgl—)u, Ty — u, péQ):Ts»—)—l, T — u,

p(()B) Ty —u, Ty — —1, pé4) T — —1, Ty — —1,

-1 0 u 1 .
pjTs— ) , Ty , 1<73<m-1.
2u + 2ucos(2jw/n)  wu 0 -1

Set A := {04,0_,004,00_,1,2,--- ;m—1} which is in bijection ¢ with Irr(H,, x (W,,))

via the following correspondence:

1 2 3 4
O—Hpé)7 0+'_>pé)7 OO—HPé)a OO+Hp(())a

j o, V1<j<m.

We define 0 <04 < j <o0o_ < ooy forany 1 < j <m — 1. Thus we can define a
partial order “<” on A by

A S A=por A< p.
Definition 3.17. Let A € A :={04,0_,004,00_,1,2,--- ;m — 1} and set T'(\) =
{1,2,--- ,dy}, where dy = dim(:(\)). If A = 0_, then t(A) = p\" and we define

m(ﬁ*) = Cl =1.
If A =04, then ¢(\) = p((J2) and we define

If A =o00_, then ¢(\) = pff” and we define

If A =004, then ¢(A) = ,084) and we define

(c04)

myq = Cyy = C(st)m = C(ts)m~
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If X =j for some 1 < j <m — 1, then ¢t(\) = p; is a two-dimensional represen-

tation. In this case, we define

m—1
) =it = 5 @0 + a9 )l
k=0
m—2 ) ) )
mgal) - v; - ( (d;(f) + 2&1(f+)1 + d&)z)c‘(ts)w),
k=0
m—1
méé) (2 —l—pj t = 2—|—pJ Z (j) I(cj—i)-l C(ts)k’tu
k=0
m—2
m%) = Z; = < ( ) + 2&2,3_,')_1 + d](gj_ig)c(st)k+1>~
k=0

For each A € A, let H*g and Ht)‘ be the R-submodule of Hy r(W,,) generated
by the elements in the set {mw) lu,0 € T(p), A < p € A} and the set {mffé) lu,v €

T(p), A = p € A} respectively. Recall that “«” is the anti-isomorphism of H, r(W,,)
which is defined on generators by T.; = T,,-1 for all w € Izr(n).

We set b(()j) ::0—!—&@ =1and forany 1 <k <m—1,

b =0+ = Sk 1 k(p)) + Skr(py).

Lemma 3.18. With the notations as above, the elements in the set {m(OH m11)|1 <
j < m — 1} are R-linearly independent in H, r(W,) and form an R-basis of the
space spanned by {C(s)rs]0 <k <m —1}.

Proof. By definition, we have that

(mgl +) mgll) m(121)7 7m(171n_1)) = (OS,CStSW "C(st)m'*ls))Bv

where
1 2 m—1
1 S P
1 2 —1
o A T I
1 2 m—1
B = 1 bV P i)
O A e

It suffices to show that det B € R*.
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Fork=m—-1m-2,---

,1, we add the kth row of B to the k 4 1th row of B
and thus get that

1 p(D) b o i)
0 b 4 pD B @ L D pme)
det B=det |0 b7 +b" b8 b p{m D gpim Y
1 1 2 2 m—1 m—1
0 bSn)—l + bgn)—2 bgn)—l + bgn)—Q e b'En—l ) + bgn—Q )

By definition, b5 + 0% = 1+ a{) + 4y =1+ So.r(p;) + S1.r(p;) = 2 + p;
Applying (1), b + b, = (2+p;)Sk.r(p;) for all 1 < k <m — 2. Tt follows that
2+p1 2+p2 2+pm—l

(2 + p1)S1,r(p1) (2+p2)S1,r(p2) -+ (24 Pm-1)51,r(Pm-1)
det B = det . . .

(24 p1)Sm—-2,r(p1) (2+p2)Sm—2,r(p2) (24 pm-1)Sm—2,8(Pm-1)

1 1 e 1

m—1 S1,r(p1) S1,r(p2) S1,r(Pm—1)
= (H(2+pj))det . . . .

j=1 . :

Sm—2,8(P1) Sm-2,r(P2) -+ Sm—2,R(Pm-1)
1 1 e 1
S1,r(p1) S1,r(p2) S1,r(Pm—1)

= mdet . . .

Sm—2,r(P1) Sm—2r(p2) Sm—2,R(Pm—-1)

On the other hand, by the definition of Sy g(x), we know that Sy r(z) = 2 +

lower terms and Si g(x) = z. By an easy induction on k, we can deduce that

1 1 . 1
Sl,R(pl) Sl,R(pQ) ce Sl,R(Pm—l)
det . . . .
Sm—2,r(P1) Sm-2,(P2) -+ Sm-2,8(Dm-1)
1 1 1
D1 b2 0 Pm—1
—det | P} P o= I (i —p)eR”,
} : 1<i<j<m—1
O R it

where the last inequality follows from Corollary 3.7.
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By Assumption 3.6, m € R*. Therefore, we can conclude that det B € R*. This

completes the proof of the lemma. (I

Lemma 3.19. The elements in the set {mg)ﬂ < j < m — 1} are R-linearly
independent in Hy p(Wy) and form an R-basis of the space spanned by {Cgpr|1 <
E<m-—1}.

Proof. It suffices to show that {zg|1 < j < m — 1} are R-linearly independent in
Hy r(Wp,) and form an R-basis of the space spanned by {C (x|l <k <m —1}.
By definition, for each 1 < 57 < m — 1, we have that

m—2 m—2

Z; = Z (b,ij) + b,(g_,')_l)C(st)kJrl = Z (2 +pj)5k(pj)0(st)k+l.
k=0 k=0

It follows that

(lev Z;a to 7Z;n—1) = (Cstv C(st)z, T C(st)m_l))Pa

where
2+ p1 (2+p1)S1,r(p1) (2+p1)Sm—2,r(P1)
P 2+p2 (24 p2)S1,r(p2) - (2 + p2)Sm—2,r(P2)
2 +pm71 (2 +pm71)Sl,R(pmfl) e (2 + pmfl)Smsz(pmfl)

It suffices to show that det P € R*. As in the proof of Lemma 3.19, we can
deduce that

m—1
detP:(H(?—i—pj)) H (pj—pi) =m H (pj —pi) € R™,
j=1 1<i<j<m—1 1<i<j<m—1
as required. This completes the proof of the lemma. (I

Interchanging the role of s,t in the proof of the above lemma we can get the

following results.

Lemma 3.20. The elements in the set {mﬁo_),m%)ﬂ < j < m-—1} are R-
linearly independent in Hy r(W,) and form an R-basis of the space spanned by
{C(ts)ktlo S k S m — 1}.

Lemma 3.21. The elements in the set {mgl)|1 < j < m — 1} are R-linearly
independent in Hy p(Wy) and form an R-basis of the space spanned by {Cex|1 <
kE<m-—1}.

Theorem 3.22. Suppose that n = 2m. We keep the Assumption 3.6 on R and n
and the Definition 3.17. Then
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1) forany A € A, s,t € T(\), we have that (mgi‘))* = m&\);

2) the elements in the set {mii) | A€ A,s,t € T(\)} are R-linearly indepen-
dent and form an R-basis of Hy r(Wp);

3) with the data of the anti-isomorphism “«”, the poset (A, =), and the set
T(\) for each X € A, the set {mgi‘)} forms a cellular basis of Hy r(Wy,).

Proof. 1) follows from the definition and a direct verification. Since
{Clapyrsl0 <k <m — 13 U{Cayre|0 <k <m — 1} U{Crgpr|l <k <m —1}
U{Cuor|l <k <m —1} U{Cy, Cuy }
is a basis of Hy r(W,,), 2) follows from Lemmas 3.18, 3.19, 3.20, and 3.21.

It remains to prove 3). To this end, it suffices to verify the cellular axiom C2)
in Definition 3.5.

Let j € A,s € T'(j). To verify the cellular axiom C2), it suffices to show that for
each u € T'(j), there exist ry, 7, € R, such that for any t € T(j),

Tsmg) = Z rumijt) (mod H;f%% Ttmg) Z rflmfﬂ) (mod H;{%).
ueT(j) ueT(j)

If j € {04,001}, then T'(j) = {1}, and the above statement clearly holds. In
fact, by Lemmas 3.18 and 3.20, we have that

Tsm(lof) =T,Cy = qC1 + ¢*/?C, = qmﬁ*) (mod H;?{) ;
Ty = 1,01 = qC1 + ¢"/2Cy = g (mod H ),
T = TyCuy = —Cuyy = —m{T+,
Ty = T,y = —Cay = —mi.
By Lemma 3.3, we have that

0 — 0
Tomil” = T Y (~ 1)1 Cppey = —m{$7,
k=1

and

m

Tm$H =T (-1 Clapr-ty = TiCs + T1 Y (=1L Cupyens
k=1 k=2

m
= qCs + ¢"?Cys + Z(—l)k_l (4C (stye—15 + @2 Clasyr + q2Clrgyr-1)
k=2

— qmqur) + (_1)m—1q1/20w0

= qmg(i” (mod HZ?{’) .
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Similarly, Ttm(Oo ) =T, E;n:l(—l)k_lc(ts)kqt = —mﬁo’), and

TomiY ™) =T, 3 (-1 gty = TuCr + Ty Y (=1)F1Cgy1s
k=2

= qC; + ¢**Cy + z:(—l)k_1 (¢Csyr-1¢ + @ 2Clanye + @2 Capye—)
k=2

= g+ (<) 2,
= qmgio ) (mod H;;O_) .

Henceforth, we assume that j € {1,2,--- ,m — 1}. By Lemma 3.3, we have that

ngjl = Z C(St)k 1g +O(st)’“ ) —m(ﬂ),

k=1
and
m—1 m—1
Tm) =T, > (@ af) + /) Clayes = TiCs + T, Z(a,(j) +af) ) Clayes
k=0 k=1
m—1 ]
= qCs + ¢"/*Cys + Z bé”(q%t)ks + "2 Cigyers + ¢ *Cigyr)
k=1
m—2 )
_ qmg + q1/2 Z b(J) + bggjll)c(ts)’“‘*'l + q1/2&5i)_10w0
k=0
_ qm(J) 1/2m( + q1/2d£i),10w0
= iy + 4" (mod 7).
while Tym$) = T, Y2 (6 +2ay) | + ay),)Crpapeer = —m), and

T méjl = TS Z G\ + 2ak+1 ](CJJ22>C(tS)k+1
k=0

3
to

= qm$) + ¢*/* ( i +2a), + a)))(Cayrens + Clanyis)

=
Il
,\,o

3

= qm$) + ¢'/? wﬂbgﬁﬂwm+Qmm

b
I
o

3
|
N

=qm$) +¢"* Y (p; + 2)Sk,r(Pj)(Cstyrtrs + Crsryrs)
=(

b

m—1
= qm( % + q1/2 p + 2 Z j) O(st)ks + C(st)’“_ls)
k=1

_ qm(J) + ql/z(pj + 2)7715]1)
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Interchanging the role of s and ¢, we can also get that
Tint) = ),
Tsméé) = qm%) + q1/2(2 +pj)mg) (mod H;j;-i) ,
Tumiy = —miy

o) = om) + ).
Comparing these equalities, we verified the Cellular Axiom (C2). Thus this com-

pletes the proof of the theorem. O

Corollary 3.23. Suppose that R = F is a field which satisfies the Assumption 3.6.
Then the Hecke algebra H, p(W,,) associated to the dihedral group I>(n) of order

2n is split over F'.

Proof. This follows from Theorems 3.14, 3.22, and general theory of cellular alge-
bra [5]. O

Acknowledgment. The authors would like to thank the referee for the valuable

suggestions and comments.

References

[1] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions, with
Formulas, Graphs, and Mathematical Tables, Dover Publications, Inc., New
York, 1966.

[2] G. Benkart and D. Moon, Tensor product representations of Temperley-Lieb
algebras and Chebyshev polynomials, in: Representations of Algebras and Re-
lated Topics, in: Fields Inst. Commun., Amer. Math. Soc., Providence, RI, 45
(2005), 57-80.

[3] A. P. Fakiolas, The Lusztig isomorphism for Hecke algebras of dihedral type,
J. Algebra, 126(2) (1989), 466-492.

[4] F. M. Goodman, P. de la Harpe and V. F. R. Jones, Coxeter Graphs and
Towers of Algebras, Mathematical Sciences Research Institute Publications,
14, Springer-Verlag, New York, 1989.

[5] J.J. Graham and G. I. Lehrer, Cellular algebras, Invent. Math., 123(1) (1996),
1-34.

[6] J. E. Humphreys, Reflection Groups and Coxeter Groups, Cambridge Studies
in Advanced Mathematics, 29, Cambridge Univ. Press, Cambridge, UK, 1990.

[7] D. Kazhdan and G. Lusztig, Representations of Coxzeter groups and Hecke
algebras, Invent. Math., 53(2) (1979), 165-184.



CHEBYSHEV POLYNOMIALS 163

[8] J. C. Mason and D. C. Handscomb, Chebyshev Polynomials, Chapman &
Hall/CRC, Boca Raton, FL, 2003.

[9] E. Murphy, The representations of Hecke algebras of type A,, J. Algebra,
173(1) (1995), 97-121.

Jun Hu (Corresponding Author) and Yabo Wu

School of Mathematics and Statistics

Beijing Institute of Technology

Beijing, 100081, P.R. China

emails: junhu303@qq.com (J. Hu)
15032910290@Q163.com (Y. Wu)



