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ABSTRACT. Let GR(p",m) denote the Galois ring of characteristic p” and
cardinality p""™ seen as a free module of rank m over the integer ring Z,r. A
general formula for the sum of the homogeneous weights of the p”-ary images
of elements of GR(p”, m) under any basis is derived in terms of the parameters
of GR(p",m). By using a Vandermonde matrix over GR(p", m) with respect
to the generalized Frobenius automorphism, a constructive proof that every
basis of GR(p", m) has a unique dual basis is given. It is shown that a basis
is self-dual if and only if its automorphism matrix is orthogonal, and that a

basis is normal if and only if its automorphism matrix is symmetric.
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1. Introduction

This paper is motivated by the code-theoretic problem of finding the homo-
geneous bounds on the p"-ary image of a linear block code over the Galois ring
GR(p",m) with respect to any basis over Z,-, as proposed in [9] but which con-
structed distance-optimal Z,--codes in terms only of the polynomial basis. It is
interesting to consider other bases as well, such as the dual and normal bases, and
observe the changes, if any, in the properties of the image codes. The main purpose
of this paper is to provide the theory for the existence and uniqueness of the dual
basis, and to characterize self-dual basis and normal basis of GR(p",m), seen as a
unitary module over the integer ring Zi,-, respectively in terms of the orthogonal
and symmetric property of a square m x m matrix, the so-called automorphism
matrix, obtained through the action of the generalized Frobenius automorphism on
the given basis of GR(p”, m). Although the code-theoretic implication of a change
in basis of GR(p", m) is the subject of another paper, we present some preliminary

results in this present work.
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Firstly a general formula for the sum of the homogeneous weights of the p"-
ary images of elements of the Galois ring GR(p",m) under any basis over Z,-
is derived in terms of the parameters of GR(p",m). This useful result, which
extends an earlier specific formula for Galois fields, has immediate application in
any linear block code over GR(p",m). It is shown here that every basis of the
Galois ring GR(p", m) over Z, has a unique dual basis following the method in [6]
which constructs the dual using matrix algebra involving the generalized Frobenius
automorphism. It is proved that a basis of GR(p", m) over Z,- is self-dual if and
only if its automorphism matrix is orthogonal. The notion of normal bases is also
generalized from the classical case for Galois fields. Equivalent conditions for a
basis of GR(p", m) over Z,- to be normal are given.

The material is organized as follows: Section 2 gives a thorough set of prelim-
inaries and basic definitions while Section 3 discusses the main results. Several

illustrative examples are provided.

2. Preliminaries and definitions

An overview of Galois fields and Galois rings, the Frobenius automorphism and
the trace function, is presented in this section. For further treatment of these topics
the reader is referred to [4], [5], [9] and [10].

2.1. Galois fields and Galois rings. Let p be a prime number and » > 1 an
integer. Consider the ring Z,- of integers modulo p". When r = 1 the ring Z,
with p elements is a field and is usually denoted by F,. Let Z,-[z] be the ring of
polynomials in the indeterminate x with coefficients in Z-.

The Galois field with p™ elements, denoted F,m, is a field extension F,[a] of F),
by a root a of an irreducible polynomial m(z) of degree m in Fp[z]. Thus every

element z of F,m can be expressed uniquely as a polynomial in « of the form
z=ap+aja+asd®+ ...+ am_ 1™t (1)

with degree at most m — 1 with the coefficients a; coming from F,, and hence
can also be written as an m-tuple (ag, a1, ...,amn—1) in IE‘;". Elements of F,» may
also be described as residue classes of the polynomials in = with coefficients in F),
reduced modulo w(x). When m = 1 we again have the prime field F),.

The canonical projection homomorphism p : Z,» — F, is the mod-p reduction
map, and can be extended naturally as a map from Z,- [x] onto F,[x]. This extended
map is a ring homomorphism with kernel (p) = Z,-[z]p = {f(z)p | f(z) € Z,-[x]}.

Let g(x) be a monic polynomial of degree m > 1 in Z,-[z]. If p(g(z)) is ir-

reducible in Fp[z], then g(x) is said to be monic basic irreducible. If p(g(z)) is
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primitive in F,[z], then g(x) is said to be monic basic primitive. Clearly, monic
basic primitive polynomials in Z,-[x] are monic basic irreducible.

In the general sense, a Galois ring is a finite commutative local ring with identity
1 # 0 such that the set of zero divisors together with the zero element forms the
unique maximal principal ideal (pl) for some prime number p. The residue class
ring Zyr[z]/(h(x)), where h(z) is a monic basic irreducible polynomial of degree m
in Zy-[z], is a Galois ring with characteristic p” and cardinality p"”. The elements

of Z,-[z]/(h(x)) are residue classes of the form
ao+ a1z + ... 4 am_12™ " + (h(x)) (2)

where a; € Z,-. The identity is 1 4+ (h(x)) and the zero element is (h(z)). The
principal ideal (p[1+ (h(x))]) = (p+ (h(x))) consists of all the zero divisors and the
zero element, and is the only maximal ideal.

If degh(xz) = 1 then Zy,-[z]/(h(x)) is the ring Z,-. If r = 1, the canonical

homomorphism u becomes the identity map and

Zpr (2] /(M) = Fp[z]/(h(x)) &= Fym.

Now let w = z + (h(z)), then h(w) = 0 and every element z of Z,-[z]/(h(x)) can

be expressed uniquely in the form
z=ag+aw+ ...+ am_jw™ ! (3)

where a; € Z,~. We can thus think of Z,-[z]/(h(x)) as a Galois extension Z,-[w]
of Z,r by w. The elements take the additive representation (3), a generalization of
(1) for Fpm. Since any two Galois rings of the same characteristic and the same
cardinality are isomorphic, we simply use the notation GR(p",m) for any Galois
ring with characteristic p” and cardinality p™.

The Galois ring R = GR(p",m) is a finite chain ring of length r, its ideals p'R

with p("=9™ elements are linearly ordered by inclusion,
{0}=pRCp " '"RcC...CPRCR (4)

The quotient ring R/pR = Fpm is the residue field of R. There exists a nonzero
element £ of order p™ — 1, which is a root of a unique monic basic primitive poly-
nomial h(x) of degree m over Z, and dividing z?" =1 — 1 in Z,-[z]. Consider the
set

T={0,1,¢¢&,...,&" %} (5)
of Téichmuller representatives. In this case, every element z of GR(p",m) has a

unique mutiplicative or p-adic representation as follows

z=zo+pu+piat... +p 5 (6)
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where z; € 7. We have that z is a unit if and only if 2y # 0, and z is a zero
divisor or 0 if and only if zg = 0. The units form a multiplicative group of order
(p™ — 1)p("=™ which is a direct product (w) x &, where (w) is a cyclic group of
order p™ — 1 that is isomorphic to Zym_1 and € = {1+ 7 | 7 € (p)} is a group of
order p("=D™_ Let pu(€) = a. It can be shown that « is a primitive element in Fpm,
and thus (7)) = Fpm. The p-adic representation in (6) is a generalization of the
power representation of an element of Fym.

We realize that the Galois ring R = Z,-[w] is a free module of rank m over Z,-
with the set

Pr(w) = {1,w,w?, ..., w™ 1 (7)
as a free basis, as seen in (3). The set P,,(w) is called the standard or polynomial
basis of R. The ring Z,- satisfies the invariant dimension property, hence any other
basis of R, if it exists, will have cardinality m.

Recall that a nonempty subset X of R is linearly independent provided that for
distinct z1, z2,..., 2, € X and r; € Zyr, 121 + 7272 + ... + 1T, = 0 implies that
r; = 0 for every 4. If X is linearly independent and spans R, that is, every element
of R can be written as a linear combination of elements of X over Z,-, then X
is called a basis of R over the base ring, in this case, Z,-. It should be remarked
that, in general, a unitary module over a ring with identity does not always possess
a basis. If it does, then the module is called a free module and the basis is called

specifically a free basis. The rank is just the cardinality of the basis.

2.2. Generalized Frobenius automorphism and trace. The generalized Frobe-
nius map f on the Galois ring R = GR(p", m) is defined by
2= P TR (8)
where z has the p-adic representation given in (6). The map f satisfies the following
properties.
(i) f is a ring automorphism of R.
(ii) f fixes every element of Z,,-.

(ili) f is of order m and generates the cyclic Galois group of R over Z-.
When r = 1, the automorphism f reduces to the usual Frobenius automorphism
on F,m defined by z +— 2P.
The generalized trace map T' from R down to Z,- is given by
T(z) PNEP I LT A (9)
and satisfies the following properties.

(i) T is surjective and R/ kerT = Zr.
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(ii) T takes on each value of Z,~ equally often p"(™~1) times.
(ili) T(a+B) =T(a) + T(B) for all a, f € R.
(iv) T(Aa) = AXT(av) for all X € Zyr, 0 € R.
(v) T(af) = (T(a))! =T(a) for all « € R.
Again when r = 1 the generalized trace map T reduces to the classical trace map
t:Fpm — F, defined by

HB) =B+ BP+8 +.. + 8. (10)

2.3. Homogeneous weight on GR(p",m). Let R be a finite ring with identity
1 #£ 0, and T be the multiplicative group of unit complex numbers. The group T is a
one-dimensional torus. A character of R (considered as an additive abelian group) is
a group homomorphism y : R — T. The set of all characters R (called the character
module of R) is a right (resp. left) R-module whose group operation is pointwise
multiplication of characters and scalar multiplication is given by x"(x) = x(rz)
(resp. "x(x) = x(ar)). A character x of R is called a right (resp. left) generating

"X) is an

character if the mapping ¢ : R — R given by ¢(r) = x" (resp. o(r) =
isomorphism of right (resp. left) R-modules. The ring R is called Frobenius if and
only if R admits a right or a left generating character, or alternatively, if and only
if R~ R as right or left R-modules. It is known that for finite rings, a character x
on R is a right generating character if and only if it is a left generating character.
Further x is a right generating character if and only if ker x contains no non-zero
right ideals.

Let R be the set of real numbers. We define a homogeneous weight on an
arbitrary finite ring R with identity in the sense of [3]. Let Rz denote the principal

(left) ideal generated by = € R.

Definition 2.1. A weight function w : R — R on a finite ring R is called (left)

homogeneous if w(0) = 0 and the following is true.
(i) If Rz = Ry, then w(x) = w(y) for all z,y € R.
(ii) There exists a real number I' > 0 such that
Z w(y) =T |Rz|, for allz € R\ {0} . (11)
yERx
Right homogeneous weights are defined accordingly. If a weight is both left
homogeneous and right homogeneous, we call it simply as a homogeneous weight.
The constant T' in (11) is called the average value of w. A homogeneous weight
is said to be normalized if its average value is 1. We can normalize the weight w

in Definition 2.1 by replacing it with w = I'"'w [7]. The weight w is extended
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naturally to R", the free module of rank n consisting of n-tuples of elements from
R, via w(z) = Z;:Ol w(z;) for z = (20,21,.-.,2n-1) € R™ The homogeneous
distance metric 6 : R® x R™ — R is defined by §(z,y) = w(z — y), for z,y € R™.

It was proved in [4] that, if R is Frobenius with generating character x, then

every homogeneous weight w on R can be expressed in terms of x as follows.

w(z) =T [1— > xl(au) (12)

1
|RX|
ue R
where R* is the group of units of R.

For the Galois ring GR(p", m) we apply the following homogeneous weight given

in [2] for finite chain rings.

0 ifx=0
whom(m) = pm(r_l) lf T € (pr_l) \ {0} (13)
(p™ — 1)p™(7=2)  otherwise

where (p™~') is the principal ideal generated by the element p"~* of GR(p", m).
Since the Galois ring GR(p",m) is a commutative Frobenius ring with identity
whose generating character is x(z) = P71, where ¢ = exp(2mi/p") for z =
ZZ_OI bw?, the weight (13) can be derived from (12). The group of units of
GR(p",m) has cardinality p™(" =D (p™ — 1) and it easy to compute from (11) that

its average value is equal to
I = (an _ l)pnt(r—2) (14)

which is its minimum non-zero value. When r = 1, we have I" = (p™ — 1)/p™ and
Whon 15 just the usual Hamming weight wyan on Fpm. When m = 1, the average

value is I' = (p — 1)p"~2 for the integer ring Z,-.

2.4. Codes over GR(p",m) and homogeneous bounds. A block code C of
length n over an arbitrary finite ring R is a nonempty subset of R”. The code C
is called right (resp. left) R-linear if C' is a right (resp. left) R-submodule of R".
If C' is both left R-linear and right R-linear, we simply call C' a linear block code
over R. A k x n matrix over R is called a generator matrixz of a linear block code
C if the rows span C and no proper subset of the rows generates C.

Let the set By, = {Bo, 81, ..., Bm—1} be a basis of the Galois ring R over Z,-, and
C be a linear block code of length n over R. We consider the map 7: R — Z;
given in [9] and defined by

T(Z) = (a()valv"'aam—l) (15)
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for z = apfo +a1B1 + ...+ am-1Bm-1 € R, a; € Zyp~. This map is a bijection and

can be extended coordinate-wise to R™. Thus, if ¢ € C and ¢ = (¢, ¢1,. .., Cn—1),
-1

c; = Z;TL:O aijﬁj, aij € me then

7(€) = (@005 - - -+ A0, m—15-++»Gn—1,05- - - On—1,m—1) (16)

in Z". The image 7(C) of C' under 7 with respect to B, is called the p"-ary image
of C, and is obtained by simply substituting each element of R by the m-tuple of
its coordinates over C'. It is easy to prove that 7(C) is a linear block code of length
mn over Z,-. For the degenerate case m = 1, the block code C is a code over
Zy,- and the map 7 is the identity map on C. We equip 7(C') with a homogeneous
distance metric with respect to the weight wpe, as given in (13).

The following two theorems from [9] show how the minimum Hamming weight
of C provides a bound for the minimum homogeneous distance of the p"-ary image

of C' under any chosen basis of the alphabet ring GR(p", m) over Z,r.

Theorem 2.2 (Solé and Sison, 2007). Let C be a linear block code of length n over
R = GR(p",m) with minimum Hamming distance d, and 7(C) be the p"-ary image
of C with respect to any basis of R over Zyr with minimum homogeneous distance
6. Then

Id<dé<p'md. (17)

The image code 7(C) is Type a if 6 = p"~*d,(c), where d-(C) is the Hamming
distance of 7(C). The upper bound in (17) is further sharpened below.

Theorem 2.3 (Solé and Sison, 2007). Let B be a linear block code of length n over
R = GR(p", m) with minimum Hamming distance d, C, the subcode of C' generated
by a codeword x with wy(x) = d, and ¢ the minimum homogeneous distance of the

p"-ary image of C with respect to any basis of R over Z,-. Then

|Ca|
0 < | ———Tmd]| . 1
< | s
Moreover, if C,, is free, then
(p _ 1)p7"m,+r—2md
< . 1
0= { prm—1 19)

The paper [9] has in fact exhibited a Type « linear block code over Z, that also
meets the upper bound in (19). This quaternary code given in Example 4.3 of [9]
is obtained via 7 with respect to the polynomial basis of GR(4,2) over Z,.

The following lemma from [1] is quite useful in the succeeding discussion.
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Lemma 2.4 (Constantinescu, Heise and Honold, 1996). For any linear block code
C C Zy» we have
whom(C)
||

where wyon(C) is the sum of the homogeneous weights of all codewords of C, and

=T |{i | m(C) # 0}

m; is the projection from Zy. onto the i-th coordinate.

3. Results and discussion

3.1. Sum of weights. Initially we derive a simple formula for the sum of the
homogeneous weights of the p™-ary images of elements of the Galois ring GR(p", m)
under any basis over Z,r, in terms only of the parameters of GR(p", m). We denote
by whon(S) the sum of the homogeneous weights of the elements of a non-empty set
S, that is,
whom<S) = Z whom(x) . (20)
zeSs

Proposition 3.1. For any basis By, = {Bo, B1,---,Bm-1} of GR(p",m) over Z,-
we have

D wnen(r(@)) =mlp— 1)p (21)

z€GR(p™,m)

Proof. Let S = {z | z € GR(p",m)}. Then 7(S) is a linear block code over Z, of
length m and cardinality p™™. Applying Lemma 2.4 to 7(S) gives us

Waon(7(5))
— = =T - w,s(7(9)) .
()]
Therefore we have wyon(7(S5)) = |7(5)| - T' - ws(S). The value of I is given in (14),
and the support size wy(7(S)) of 7(S) is m. Using the notation in (20), the result

follows. 0

Proposition 3.1 gives the simple corollary below which is used to prove the bound
of Rabizzoni in [8, Theorem 1]. The bound of Rabizzoni is generalized to Galois

ring codes in Theorem 2.3.

Corollary 3.2. For any basis By, = {50, 1,-..,Bm-1} of Fpm over F,, we have

Z Wyan(T(2)) = m(p — )p™ 1.

z€F,m

Proof. The Galois ring GR(p,m) is the Galois field F,m, and the homogeneous
weight Wyon given in (13) is the Hamming weight wyan on Fp with I' = (p—1)/p. O
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3.2. Dual and normal bases. Denote by Mat,,(R) the ring of m X m matrices
over the Galois ring R = GR(p", m). It is known that a matrix A in Mat,,(R) is
nonsingular (or invertible) if and only if det A is a unit in R. We also use the usual
notation |A| for the determinant of A. The matrix A is symmetric if and only if
A = At and is orthogonal if and only if AA* = A*A = I, where A? is the transpose
of A and [ is the identity matrix. We propose the following definition.

Definition 3.3. Two bases {a1,ag,...,a,} and {B1,Be, ..., Bm} of GR(p",m)
over Z,- are said to be dual if T(8;c;) = d;5, where 0;; is the Kronecker delta.

Lemma 3.4. Given the Galois ring R = GR(p", m) with polynomial basis Py, (w).
The matriz Q € Mat,,(R) given by

1 1 1 1
W wf wa wfnb71
Q= ¥ W) (W) (W)™
wm—1 (wm—l)f (wm—1)f2 (wm—l)f’”’l

is monsingular.

Proof. By the definition of the generalized Frobenius automorphism (8), it easy

to show that (wj)fi = (wpi)j fori,7 =0,1,...,m — 1. Hence,

1 1 1 1
w wP WP wp™
Q= 2 (wP)? WPH2 . (w2
wm—1 (wp)mfl (wpz)mfl o (wp”L’I)mfl

which is a Vandermonde matrix whose determinant is
m—1 m ) )
det 0= ] J[ @ - (22)
=1 i=j+1

Each factor in this product is a unit of R so that det {2 is a unit in R. O

Lemma 3.5. Let {f;} = {51,51,...,Bm} be a basis of GR(p",m) over Zy,-. The
matrix
f r? ot
61 B 1 .. i
B 8L B . BT
B _ .2 2 2 2 . (23)

2 m—1
B Bl Bl ... Bl
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is invertible.

Proof. Express the polynomial basis P,,(w) in (7) in terms of the basis {3;} as

follows.
1 a11 a2 ... Gy b1
w as1 az2 ... Q2m 52
w? =| a3 a3z ... azm B3
Wm_l aml1 Am2 ... OGmm Bm

where A = (a;;) is a nonsingular matrix over Z,-. We compute the matrix prod-
uct AB. The fact that the Frobenius automorphism f fixes each a;; implies that
AB is the Vandermonde matrix 2. Hence by Lemma 3.4, det AB is a unit in R.
Consequently, det B is a unit in R. d

We shall call the matrix B the automorphism matriz of GR(p",m) relative to
the basis {5, }.

Corollary 3.6. (det B)? is a unit in Zyr.

Proof. It can be shown that

T(B)  T(BiB2) ... T(BifBm)

T(B2p1)  T(B3) - T(B2Bm)

BB' = (24)

which is a matrix over Z,-. It follows that (det B)? is an element of Z,-. By

Lemma 3.5, we get the result. O

Of course, det B is not necessarily a unit in the base ring Z,-, although it is a

unit in GR(p", m) according to Lemma 3.5. Please see Example 3.8.
Theorem 3.7. Every basis of GR(p", m) over Zy» has a unique dual.

Proof. We show the proof for m = 3 without loss of essential generality. Let

{B1, B2, B3} be a basis, and consider the automorphism matrix

f 2

fr B Bi

2

B=| 5 B3 B

2
Bs B B
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which is nonsingular by Lemma 3.5. Let adj B = (b;;) where b;; = (—1)"7|Bj;].
Then
Al A2 A3
adiB=|[ X A A\
MDA A
where Ay = 848 — B 8L, No =B L —B{BL", and s = BB — B B so that
B~! = |B|~! adj B. Note that
T(BiA1) T(Bir2) T(BiAs)
BB~ =|B[7" | T(B:A1) T(Bora) T(BaAs) |- (25)
T(BsA1) T(BsA2) T(BsAs)
We claim that the set {|B|™*A1,|B|™' A2, |B| "' A3} is the unique dual of {3;}. To
prove this, it is sufficient to show that {\1, A3, A3} is linearly independent. Let
Zle riAi = 0, where r; € Zy-. For By, k =1,2,3, we get Z§=1 riBrA; = 0. Then
applying the generalized trace gives Z?:l r;T(BkA;) = 0. It follows from (25) that
0=r -T(BpAr) =11 =rg. O
Example 3.8. The polynomial basis of GR(4,2) over Z4 is the set {1,w} where

14w+ w? = 0. The automorphism matrix is

1 1
B:
w 34+ 3w

with determinant 3 + 2w which is a unit in GR(4,2). Observe that (3 + 2w)? = 1

is a unit in Z4. The inverse
Bl 3+w 1+2w
243w 342w
gives {3+ w, 1+ 2w} as the dual of the polynomial basis.

Example 3.9. The polynomial basis of GR(4, 3) over Z, is the set {1,w,w?} where
w is the root of the basic primitive polynomial 2% + 222 + = — 1 over Z4. The

automorphism matrix is given by

1 1 1
B = w w? Wt
w? Wt ow

with determinant 3. The inverse is given by
wH3w?  w+3wt w?+ 3w
Bl'=] 0?43 3w4+w? 3w+w?

wr+ 3w 3w+ w?r w4+ 3w?



BASES, AUTOMORPHISM MATRIX OF THE GALOIS RING GR(p",m) OVER Z,~ 217

so that {3 4+ 2w + 2w?, 2 + 2w + w?, 2 + w + 2w?} is the dual basis.

Example 3.10. The dual of the polynomial basis of Zg[w], where w is the root of
the basic primitive polynomial 7+ 5z + 622 + 22 over Zg, is the set {3 + 6w + 6w?,
6 + 2w + 5w?, 6 + bw + 2w?}.

3.3. Automorphism matrix. We apply Definition 3.3 for the notion of a self-

dual basis.

Definition 3.11. A basis {81, 52,...,08m} of GR(p",m) over Zy,- is self-dual if

T(BiBj) = dij-

Definition 3.12. A normal basis of GR(p", m) over Z,- is a basis of the form
{a,af,af2,...,afm_l}

where « € GR(p",m) and f is the generalized Frobenius automorphism given in

(8). In this case we say that « generates the basis.
We have the following immediate results.

Theorem 3.13. Let {8} be a basis of GR(p", m) over Z, with automorphism
matriz B. Then B is orthogonal if and only if {5;} is self-dual.

Proof. From (24) we get BB' =1 < T(8;3;) = d;j. O
Theorem 3.14. Let {§;} be a basis of GR(p",m) over Z,» with automorphism

matriz B. Then the following statements are equivalent.

(1) The basis {B;} is a normal basis.
(ii) The automorphism matriz B is a symmetric matriz.

(ili) The Frobenius automorphism f is the m-cycle given by

B1+> B2, B2+ B3, ..., Bm > B1.

Proof. This equivalence is evident from the construction of the automorphism

matrix in (23). The basis B,, = {f;} is normal < 3 generates B,,, that is,
_ pf _pf _ pf? _pf _ pf? _ pf _pfmt —_pf

BZ—ﬁuﬁS-BQ —/61 7ﬂ3_182 —61 a"'a/BWL—l—Bm—Q_ 1 aﬁm—ﬂm_1—
m—1

i Bl = pf" = By © B is symmetric < f is the m-cycle By — B2, >

ﬂSa"'aBm'_)ﬁl- O
Example 3.15. The set By = {w,w? = 3+ 3w} is a normal basis Zs[z]/(z? +z+1)

over Z4. The automorphism matrix relative to this basis is given by

w 3+ 3w
34+ 3w w

which is not orthogonal, hence By is not self-dual. However B is symmetric.
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Example 3.16. The set B3 = {1+w, 1+w?, 3+3w+3w?} of GR(4,3) = Z4[z]/(x3+
222 4+ x + 3) is a self-dual normal basis since the automorphism matrix is both

orthogonal and symmetric.

3.4. Image codes under various bases. Using the above results, we are able to
write MAGMA algorithms to generate the dual and normal bases of GR(p", m) at
bounded values of the parameters p,r and m, to derive the automorphism matrix
and test whether it is orthogonal or symmetric.

If G is the generator matrix of a rate-k/n linear block code C over GR(p", m), it
can be shown that the generator matrix of the p”-ary image of C with respect to the
basis {8; }1, is an mk xmn matrix over Z,- that is formed row-wise by the 7-images
of B;G. It is not always the case that the p"-ary images under different bases are the
same, and certain conditions in which the p"-ary images are distance-invariant are
investigated. Consequently, new Z,--codes endowed with a homogeneous metric
that are optimal with respect to the bounds (17) or (19) can be constructed.

For instance, let us consider the code C in Example 4.3 of [9]. Let P be the
polynomial basis and D the dual basis of GR(4,2). Although 7p(C) is derived
from the same code C, the quaternary image 7p(C) is not equal to 7p(C) and is
an entirely new rate-4/12 linear block code over Z4 with 256 codewords. However,
the distances are preserved. The Lee distance is d;, = 8 and the Hamming distance
is dp,(c) = 4, making this new quaternary code a Type « and a Rabizzoni-optimal
code as well. Therefore, a suitable change in basis of GR(p", m) over Z, can give
rise to another distance-optimal code over Z,- derived from the same linear block

code over GR(p",m). The relation between the image codes can be studied further.
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