INTERNATIONAL
ELECTRONC JOURNAL OF
ALGEBRA

INTERNATIONAL ELECTRONIC JOURNAL OF ALGEBRA
VOLUME 32 (2022) 101-128
DOI: 10.24330/ieja.1096895

THE EFFECT OF S-ACCR ON INTERMEDIATE RINGS
BETWEEN CERTAIN PAIRS OF RINGS

S. Visweswaran

Received: 16 June 2021; Revised: 22 December 2021; Accepted: 26 January 2022
Communicated by Abdullah Harmanci

ABSTRACT. The rings considered in this article are commutative with identity
and the modules are assumed to be unitary. If R is a subring of a ring T,
then it is assumed that R contains the identity element of 7. Let S be a
multiplicatively closed subset (m.c. subset) of a ring R. In this paper, we
consider the concept of S-accr, the generalization by Hamed and Hizem of the
notion of (accr) in module theory given by Lu. We say that R satisfies (accr) if
the increasing sequence of residuals of the form (I :r B) C (I :g B?) C (I :r
B3) C --- is stationary for any ideal I of R and for any finitely generated ideal
B of R. Focusing on certain pairs of rings R C T, the aim of this paper is
to study whether S-accr on each intermediate ring A between R and T for a
suitable m.c. subset S of A (depending on A) implies that A satisfies (accr)

for each such A.
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1. Introduction

The rings considered in this article are commutative with identity. Modules
considered are assumed to be modules over commutative rings and are unitary. Let
M be a module over a ring R. Recall from [10, Definition 1] that M is said to
satisfy (acer) (respectively, (accr®)) if the increasing sequence of residuals of the
form (N :pr B) € (N :pp B%) C (N :pr B?) C --- terminates for every submodule
N of M and for every finitely generated (respectively, principal) ideal B of R. We
use the abbreviation accr for ascending chain condition on residuals. A ring R is
said to satisfy (accr) (respectively, (accr®)) if it does as a module over itself. For
interesting and inspiring theorems proved on rings and modules satisfying (acer),
one can refer [10, 11]. If R is a subring of a ring T, then it is assumed that R
contains the identity element of T. We say that (R, T) is an accr pair (respectively,

acer* pair) if A satisfies (accr) (respectively, (acer®)) for each subring A of T with
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R C A. We use the abbreviation ACCRP (respectively, ACCR*P) for accr pair
(respectively, accr® pair). It was proved in [10, Theorem 1] that for any module M
over a ring R, the two properties (accr) and (accr*) are equivalent. Hence, for any
subring R of a ring T, (R, T) is an ACCRP if and only if (R, T) is an ACCR*P.

Let M be module over a ring R. Let S be a multiplicatively closed subset (m.c.
subset) of R. We use f.g. for finitely generated. Recall from [1] that M is said to be
S-finite if there exist s € S and a f.g. submodule N of M such that sM C N C M.
Recall that M is called S-Noetherian if every submodule of M is S-finite [1]. A ring
R is said to be S-Noetherian if it is S-Noetherian as an R-module. In [1], Anderson
and Dumitrescu stated and proved S-variant of Cohen’s Theorem and Eakin-Nagata
Theorem (see [1, Corollaries 5 and 7]). With certain suitable hypotheses, they also
investigated the transfer of S-Noetherian property to the ring of polynomials and
the ring of formal power series (see [1, Propositions 9 and 10]).

Let M be a module over a ring R. Let S be a m.c. subset of R. Recall from
[6, Definition 2.1(1)] that an increasing sequence of submodules of M, N; C Ny C
N3 C --- is said to be S-stationary if there exist s € S and k € N such that
sN; C Ny for all j > k. In [6], Hamed and Hizem generalized (accr) condition by
introducing the definition of rings and modules satisfying S-accr condition. Recall
from [6, Definition 3.1] that a module M is said to satisfy S-accr (respectively,
S-accr*) if the increasing sequence of residuals of the form (N :pr B) C (N
B?) C (N :p B3) C --- is S-stationary for any submodule N of M and for any
f.g. (respectively, principal) ideal B of R. The ring R is said to satisfy S-accr
(respectively, S-accr*) if it does as an R-module. Several interesting results on
modules satisfying S-accr were proved in [6]. It was shown in [6, Proposition 3.1]
that for any R-module M, the properties S-accr and S-accr® are equivalent. Let
N be a submodule of an R-module M. It was proved in [6, Theorem 3.2] that M
satisfies S-accr if and only if NV and % satisfy S-accr. Let M be a f.g. module over
R. If R satisfies S-accr, then it was shown in [6, Theorem 3.3] that M satisfies S-
accr. If S is finite, then it was proved in [6, Theorem 3.4] that the polynomial ring
R[X] in one variable X over R satisfies S-accr if and only if R is an S-Noetherian
ring.

Let R C T be rings. In [15], certain pairs of rings R C T were characterized
such that (R, T) is an accr pair. The aim of this article is to determine whether A
satisfies S-accr for each intermediate ring A between R and T for a suitable m.c.

subset S of A (depending on A) implies that (R,T') is an accr pair.
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Let M be a module over a ring R. Recall from [3, Exercise 23, page 295] that
M is said to be a Laskerian R-module if M is a f.g. R-module and every proper
submodule of M is a finite intersection of primary submodules of M. R is said to
be a Laskerian ring if R is Laskerian as an R-module.

Let N be a p-primary submodule of an R-module M. N is said to be strongly
primary if there exists a positive integer k& such that p*M C N. A f.g. R-module
M is said to be a strongly Laskerian R-module if every proper submodule of M is a
finite intersection of strongly primary submodules of M. R is said to be a strongly
Laskerian ring if R is strongly Laskerian as an R-module [3, Exercise 28, page 298].

Several interesting and inspiring theorems were proved on Laskerian (respec-
tively, strongly Laskerian) rings by Heinzer and Lantz in [8].

Let P be a property of rings. Let R be a subring of a ring T. We say that (R, T)
is a P pair if A satisfies the property P for each intermediate ring A between R
and T. Let S be a m.c. subset of R. We say that (R,T) is an S-P pair if A
satisfies the property S-P for each intermediate ring A between R and T. We use
the abbreviation NP (respectively, S-NP) for Noetherian pair (respectively, for S-
Noetherian pair). The abbreviation LP (respectively, SLP) is used for Laskerian
pair (respectively, for strongly Laskerian pair). We use the abbreviation S-ACCRP
(respectively, S-ACCR*P) for S-accr pair (respectively, for S-accr* pair). By [6,
Proposition 3.1], it follows that for any subring R of a ring T’ and any m.c. subset
Sof R, (R,T) is an S-ACCRP if and only if (R,T) is an S-ACCR*P.

For a ring R, let Spec(R) denote the set of all prime ideals of R and let Max(R)
denote the set of all maximal ideals of R. If S is a m.c. subset of R, then we assume
that 0 ¢ S. This article consists of five sections including the introduction. We
denote by R[X] (respectively, R[[X]]) the polynomial ring (respectively, the power
series ring) in one variable X over R. In Section 2, we discuss the effect of S-accr
on each intermediate ring A between R and R[X] for a suitable m.c. subset S of A
(depending on A) on the (accr) property of the intermediate rings between R and
R[X]. It is proved in Theorem 2.7 that the following statements are equivalent:
(1) (R, R[X]) is an SLP; (2)(R, R[X]) is an LP; (3) (R, R[X]) is an ACCRP; (4)
For any p € Spec(R) and for any r € R\p, the ring R + (1 + rX)R[X] satisfies
Sy-accr, where S, = {r" | n € NU{0}}; and (5) R is Artinian. For a m.c. subset
S of a ring R, the concept of S-primary (respectively, S-strongly primary) ideals
of R was introduced in [16] and also, the concept of S-Laskerian (respectively, S-
strongly Laskerian) rings was introduced and studied in [16]. (The details of such

a study is given in Remark 2.2 of this article.) The concept of S-strong accr* was
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introduced and studied in [17]. We use the abbreviation S-LP (respectively, S-
SLP) for S-Laskerian pair (respectively, for S-strongly Laskerian pair). For a ring
R, it is proved in Proposition 2.8 that the statements (1) to (5) of Theorem 2.7 are
equivalent to each one of the following statements: (1’) For any p € Spec(R) and
for any r € R\p, the ring R+ (1 4+ rX)R[X] is S,-strongly Laskerian; (2') For any
p € Spec(R) and for any r € R\p, the ring R+ (1 + rX)R[X] is S,-Laskerian; and
(3') For any p € Spec(R) and for any r € R\p, the ring R+ (1 + rX)R[X] satisfies
S,-strong accr*.

Let R be a ring and let S be a m.c. subset of R. Let f : R — S™!R denote
the usual homomorphism of rings defined by f(r) = 7. For any ideal I of R, the
ideal f~1(S~I) is called the saturation of I with respect to S and is denoted by
either Sats(I) or S(I). Let R be a subring of a ring T. We denote the collection
{A| A is a subring of T with R C A} by [R,T].

We denote the nilradical of a ring R by nil(R). A ring R is said to be reduced
if nil(R) = (0). Let S be a m.c. subset of a ring R. We use the abbreviation
S-SACCR*P for S-strong accr® pair. It is shown in Theorem 2.9 that the following
statements are equivalent: (1) (R, R[X]) is an S-SLP; (2) (R, R[X]) is an S-LP; (3)
(R, R[X]) is an S-SACCR*P and for any A € [R, R[X]] and for any ideal I of A,
there exists s € S (depending on I) such that S(I) = (I :4 s); (4) (R, R[X]) is an
S-ACCRP and for any A € [R, R[X]] and for any ideal I of A, there exists s € S
(depending on I) such that S(I) = (I :4 s); and (5) S™'R is Artinian and for any
A € [R, R[X]] and for any ideal I of A, there exists s € S (depending on I) such
that S(I) = (I :4 s). Moreover, if R is reduced, then it is proved in Theorem 2.9
that the above statements (1) to (5) are equivalent to the following statement (6)
(R, R[X]) is an S-NP.

Whenever a set A is a subset of a set B and A # B, we denote it by A C B. Let
R C T be rings. Let X be an indeterminate over 7. Let S = {X" | n € NU{0}}.
It is clear that S is a m.c. subset of R + XT[X] (respectively, R + XT[[X]]).
In Section 3, necessary and sufficient conditions are determined in order that (R +
XT[X],T[X]) (respectively, (R+ XT[[X]], T[[X]])) to be an S-ACCRP. It is proved
in Theorem 3.6 that the following statements are equivalent: (1) (R+XT[X], T[X])
(respectively, (R + XT[[X]],T[[X]])) is an S-SLP; (2) (R + XT[X],T[X]) (re-
spectively, (R + XT[[X]],T[[X]])) is an S-LP; (3) (R + XT[X],T[X]) (respec-
tively, (R + XT[[X]], T[[X]])) is an S-SACCR*P; (4) (R + XT[X],T[X]) (respec-
tively, (R + XT[[X]],T[[X]])) is an S-ACCRP; (5) T[X] (respectively, T[[X]])
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satisfies S-accr; (6) T is Noetherian; and (7) (R + XT[X],T[X]) (respectively,
(R+ XTI[[X]],T[[X]])) is an S-NP.

Let Fy C F, be fields. Let n > 1 and let for any field F, F[X,...,X,] (respec-
tively, F[[X1,...,X,]]) denote the polynomial (respectively, the power series) ring
in n variables Xy,..., X, over F. It is convenient to denote Fy[X1,...,X,] by R
and Fy[Xq,...,X,] by T. In Section 4 of this article, for some m.c. subsets S of
R, necessary and sufficient conditions are determined in order that an S-ACCRP
(R,T) to be an ACCRP. Let n = 1. Let f(X;) € R\Fy. Let S = {f(X1)™ |
m € NU {0}}. Tt is proved in Proposition 4.2 that the following statements are
equivalent: (1) (R,T) is an LP; (2) (R, T) is an S-LP; (3) (R,T) is an ACCRP; (4)
(R,T) is an S-ACCRP; (5) F5 is an algebraic extension of F} ; and (6) T is integral
over R. Let n > 2. Let S = {X | m € NU{0}}. It is shown in Proposition 4.3
that the following statements are equivalent: (1) (R, T) is an SLP; (2) (R, T) is an
LP; (3) (R,T) is an ACCRP; (4) (R,T) is an S-ACCRP; (5) F3 is a finite algebraic
extension of Fy; and (6) (R,T) is an NP. It is proved in Proposition 4.4 that the
statements (1) to (6) of Proposition 4.3 are equivalent to each one of the following
statements: (1') (R,T) is an S-SLP; (2') (R,T) is an S-LP; and (3') (R, T) is an
S-SACCR*P. Let us denote Fy[[X1,...,X,]] by A and F[[X4,...,X,]] by B. Let
n=1. Let S = {X]" | m € NU{0}}. It is proved in Proposition 4.5 that the follow-
ing statements are equivalent: (1) (A4, B) is an LP; (2) (A4, B) is an S-LP; (3) (A, B)
is an ACCRP; (4) (A, B) is an S-ACCRP; (5) B is algebraic over A; and (6) B is
integral over A. If char(F}) = 0, then it is deduced in Corollary 4.6 that (A, B) is
an ACCRP if and only if (A, B) is an NP. Let n > 2. Let S = {X]" | m € NU{0}}.
It is shown in Theorem 4.7 that the following statements are equivalent: (1) (A, B)
is an SLP; (2) (A4, B) is an LP; (3) (A, B) is an ACCRP; (4) (4, B) is an S-ACCRP;
(5) Fy is a finite algebraic extension of Fi; and (6) (4, B) is an NP. It is proved in
Proposition 4.8 that the statements (1) to (6) of Theorem 4.7 are equivalent to each
one of the following statements: (1') (A, B) is an S-SLP; (2') (4, B) is an S-LP;
and (3') (A, B) is an S-SACCR*P.

Let R be a Noetherian domain which is not a field. Let S be a m.c. subset of
R. Tt is proved in Theorem 5.1 that the following statements are equivalent: (1)
(R,S7'R) is an SLP; (2) (R,S7'R) is an LP; (1) (R,S7!R) is an ACCRP; (4)
(R,S7'R) is {s" | n € NU{0}}-ACCRP for each s € S such that s is not a unit
of R; (5) S C C, where C is the set of all elements of R which are contained in
no m € Maz(R) with heightm > 2; and (6) (R,S™'R) is an NP. For a ring T,
we denote the group of units of T' by U(T') and the set of all non-units of T' by
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NU(T). With the same hypotheses as in the statement of Theorem 5.1, it is shown
in Proposition 5.2 that the statements (1) to (6) of Theorem 5.1 are equivalent to
each one of the following statements: (1’) (R, S~!R) is an {s" | n € NU {0} }-SLP
for each s € SN NU(R); (2') (R,S7'R) is an {s" | n € NU {0}}-LP for each
s € SNNU(R); and (3') (R,S™'R) is an {s" | n € NU {0}}-SACCR*P for each
se€ SNNU(R).

2. The effect of S-accr on intermediate rings between R and R[X]

Let R be a ring. The aim of this section is to determine whether A satisfies
S-accr for a suitable m.c. subset S of A (S depends on A) for each A € [R, R[X]]
implies that (R, R[X]) is an ACCRP. Let T = R[X] or R[[X]]. We first verify in
Proposition 2.1 that T satisfies Sx-accr with Sx = {X™ | n € NU{0}} if and only
if R is Noetherian.

Proposition 2.1. Let R be a ring and let T = R[X] or R[[X]]. The following
statements are equivalent:

(1) T is strongly Laskerian.

(2) T is Laskerian.
(3) T satisfies (accr).
(4) T satisfies S-accr for each m.c. subset S of T.
(5) T satisfies Sx-accr, where Sx = {X" | n € NU{0}}.
(6)

6) R is Noetherian.

Proof. (1) = (2) This is clear, since any strongly Laskerian ring is Laskerian.

(2) = (3) As T is Laskerian, we obtain from [10, Proposition 3] that T" satisfies
(accr).

(3) = (4) This is clear, since if a ring A satisfies (accr), then A satisfies S-accr for
any m.c. subset S of A.

(4) = (5) This is clear, since Sx = {X" | n € NU{0}} is a m.c. subset of T
(5) = (6) The proof proceeds along the same lines as the proof of [11, Theorem

2] except for some slight modifications. Let [y C I; C I C --- be an increasing
sequence of ideals of R. Let I be the ideal of R[X] consisting of all f(X) € R[X] of
the form f(X) =", a; X" for some n > 0 with a; € I; for each i € {0,...,n} in
the case T = R[X] and in the case T = R[[X]], let I be the ideal of T consisting of
all f(X) € R[[X]] of the form f(X) =72 a;X* with a; € I; for each i € NU{0}.
By assumption T satisfies Sx-accr. Therefore, the increasing sequence of ideals
of T, (I :7 X) C (I :7 X?) C (I :p X3) C --- is Sx-stationary. Hence, there



THE EFFECT OF S-ACCR ON INTERMEDIATE RINGS BETWEEN CERTAIN PAIRS 107

exist s € Sx and k € N such that s(I :p X7) C (I :p X*) for all j > k. We
can assume that s = X" for some n € N. Thus X"(I v X’) C (I :7 XF)
for all j > k. Let m > 1. Let a € I, k4m. Then a € (I :7 X"TF+™) and
from X"(I :p X"HEtm) C (I :7 X*), we get that aX"t* € I. Tt follows from
the definition of I that a € I, ;. This proves that I, ix4+m € I+, and hence,
Lnik+m = Ingk. This is true for all m > 1. This shows that any increasing

sequence of ideals of R is stationary and therefore, R is Noetherian.

(6) = (1) We are assuming that R is Noetherian. Hence, we obtain from Hilbert’s
Basis Theorem [2, Theorem 7.5] that R[X] is Noetherian and we obtain from [9,
Theorem 71] that R[[X]] is Noetherian. Since any Noetherian ring is strongly
Laskerian (see [2, Theorem 7.13 and Proposition 7.14]), we get that T is strongly

Laskerian. O

Remark 2.2. Let S be a m.c. subset of a ring R. Motivated by the work on S-
prime ideals of a ring in [7], the concept of S-primary ideals of a ring was introduced
and studied in [16]. Let q be an ideal of R with q NS = (). Recall from [16] that
q is an S-primary ideal of R if the following condition holds: there exists s € S
such that for all a,b € R with ab € q, either sa € q or sb € ,/q. If in addition,
there exist s € S and n € N such that s'(/q)" C g, then q is said to be an
S-strongly primary ideal of R. (In [16], an S-strongly primary ideal was referred to
as a strongly S-primary ideal.) Some basic properties of S-primary (respectively,
S-strongly primary) ideals of a ring were proved in [16]. Also, the concept of S-
Laskerian rings was introduced and studied in [16]. Let I be an ideal of R such
that TN S = 0. Recall from [16, Introduction to Section 3] that I is said to be
S-decomposable (respectively, S-strongly decomposable) if I is a finite intersection
of S-primary (respectively, S-strongly primary) ideals of R. (In [16], an S-strongly
decomposable ideal was referred to as a strongly S-decomposable ideal.) Also, recall
from [16] that R is said to be S-Laskerian (respectively, S-strongly Laskerian) if
each proper ideal I of R, either I NS # () or there exists s € S such that (I :g s)
is S-decomposable (respectively, S-strongly decomposable). (In [16], an S-strongly
Laskerian ring was referred to as a strongly S-Laskerian ring.) It was verified in
[16, Introduction to Section 3] that any Laskerian (respectively, strongly Laskerian)

ring is S-Laskerian (respectively, S-strongly Laskerian).

Recall from [17] that a ring R is said to satisfy strong accr* if for any ideal T
of R and for any sequence < a, > of elements of R, the increasing sequence of
residuals of the form (I :g a1) C (I :g a1a2) C (I :g ajasaz) C - -+ terminates. Let
S be a m.c. subset of R. Recall from [17] that R is said to satisfy S-strong accr* if
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for any ideal I of R and for any sequence < a,, > of elements of R, the increasing
sequence of residuals of the form (I :g a1) C (I :g a1az) C (I :g ajagaz) C --- is

S-stationary.

Proposition 2.3. Let R, T be as in the statement of Proposition 2.1. The state-
ments (1) to (6) of Proposition 2.1 are equivalent to each one of the following
statements:

(1) T is Sx-strongly Laskerian, where Sx = {X™ | n € NU{0}}.

(2") T is Sx-Laskerian.

(3") T satisfies Sx-strong accr*.

Proof. If A is any Laskerian (respectively, strongly Laskerian) ring, then A is S-
Laskerian (respectively, S-strongly Laskerian) for any m.c. subset S of A. There-
fore, (1) = (1’) and (2) = (2/).

(1) = (3') As T is Sx-strongly Laskerian by assumption, it follows from [16,
Corollary 3.9(2)] that T satisfies Sx-strong accr*.

(3') = (1) If a ring A satisfies S-strong accr* for some m.c. subset S of A, then
it is clear that A satisfies S-accr* and so, A satisfies S-accr by [6, Proposition
3.1]. Hence, if (3') holds, then it follows that T satisfies Sx-accr and so, (5) of
Proposition 2.1 holds. Therefore, (1) of Proposition 2.1 holds.

(2") = (2) As T is Sx-Laskerian, we obtain from [16, Corollary 3.9(1)] that T
satisfies Sx-accr* and so, T satisfies Sx-accr. Therefore, (5) of Proposition 2.1
holds and so, (2) of Proposition 2.1 holds. O

Proposition 2.4. Let r be a non-zero-divisor of a ring R. Let S, = {r" | n €
NU{0}}. Consider the following statements:

(1) (R, R[X]) is an ACCRP.

(2) (R,R|X)) is an S,-ACCRP.

(3) A=R+ (14 rX)R[X] satisfies Sy-accr.

(4) r €e U(R) and R is Noetherian.
Then (1) = (2) = (3) < (4).

Proof. It is clear that S, is a m.c. subset of R and hence, for each A € [R, R[X]].
(1) = (2) This is clear, since if a ring A satisfies (accr), then it satisfies S-accr for

any m.c. subset S of A.

(2) = (3) This is clear, since A = R+ (1 4+ rX)R[X] € [R, R[X]].

(3) = (4) We are assuming that A = R+ (1 +rX)R[X] satisfies S,-accr. We prove
r € U(R) by using the arguments found in the proof of [15, Proposition 1.3]. Let
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us denote the ideal A(1+ rX) of A by I. Since A satisfies S,-accr, we obtain that
the increasing sequence of ideals of A, (I 14 7) € (I 14 72) C (I iy 13) C ---
is S,-stationary. Hence, it follows that there exist s € S,. and k£ € N such that
s(I 4 rj) C (I :a rk) for all j > k. We can assume that s = r" for some
n € N. Now, as I = A(1 4+ 7X) and (1 + rX)X"T*+1 X € A, we get that
(14 7rX)XHr+L € (114 rHFHL). Therefore, r (1 +rX) X"+ € (I :4 %), This
implies that 7" (1 + rX)X"*+1pk — (1 4+ rX)a for some a € A. Since there is
no non-zero y € R such that (1 + rX)y = 0, it follows from McCoy’s Theorem
[12, Theorem 2| that 1 + rX is a non-zero-divisor of R[X]. Hence, we obtain that
Ptk XnHhtl — g € A AspntRoLX R = (14 p X)pnth—l xntk _pntk xnth+l and
(1 4 rX)pnth-lxnth pntk xntk+l ¢ A it follows that r"TF=1 X"+ ¢ A, From
probhm2xntk=l = (1 4 pX)pntho2xmAkolgndkolyndk s we  get that
prtk=2xntk=1 c A Proceeding like this, we obtain that X € A. Therefore,
X =y+ 1 +rX)f(X) for some y € R and f(X) € R[X]. Since r is a non-zero-
divisor of R, it follows that f(X) € R\{0}. By comparing the coefficient of X on
both sides of X =y + (14 rX)f(X), we obtain that 1 € Rr and so, » € U(R). In
such a case, from rX € A and 7= € A, we get that X € A. Therefore, A = R[X]
satisfies S,-accr. It follows from r € U(R), the properties S,-accr and (accr) are
equivalent. Therefore, R[X] satisfies (accr) and so, we obtain from [11, Theorem 2]
that R is Noetherian.

(4) = (3) By (4), r € U(R). It is observed in the proof of (3) = (4) of this
proposition that A = R+ (1 +rX)R[X] = R[X]. By (4) R is Noetherian and so,
R[X] is Noetherian. Therefore, R[X] satisfies (accr). As r € U(R), Sy-accr is the

same as (accr). O

We provide Example 2.5(1) to illustrate that (4) = (3) of Proposition 2.4 can
fail to hold if we drop the assumption that R is Noetherian in the statement (4).
We provide Example 2.5(2) to illustrate that (3) = (2) of Proposition 2.4 can fail
to hold. We say that a ring R is quasiocal if R has a unique maximal ideal. A

Noetherian quasilocal ring is referred to as a local ring.

Example 2.5. (1) Let V be an infinite dimensional vector space over a field
K. Let R = K(+)V be the ring obtained by using Nagata’s principle of
idealization. Then each non-zero-divisor of R is a unit in R but (3) of
Proposition 2.4 does not hold.

(2) Let K be a field. Let T = K[[X,Y]] and let ] = TX?+TXY. Let R = L.

Then each non-zero-divisor of R is a unit in R and the statement (3) of
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Proposition 2.4 holds for R but the statement (2) of Proposition 2.4 does
not hold for R.

Proof. (1) Let m = (0)(+)V. It is clear that m € Maz(R). From m? is the zero
ideal of R, it follows that R is quasilocal with m as its unique maximal ideal. From
m = Z(R), we obtain that any non-zero-divisor of R is a unit in R. Let r be any
non-zero-divisor of R. Let A = R+ (14 rX)R[X]. It is clear that A = R[X].
By assumption, V' is an infinite dimensional vector space over K and so, R is not
Noetherian. Therefore, we obtain from [11, Theorem 2] that R[X] does not satisfy
(accr). Since r € U(R), the property Sy-accr coincides with (accr). Hence, we get
that R[X] does not satisfy S,-accr.

(2) It follows from [2, Exercise 5(iv), page 11] that m = TX + TY is the unique
maximal ideal of T". Hence, 7 is the unique maximal ideal of R = % Let m € m.
Then m = 1 X + t2Y for some t1,t; € T. Notice that X ¢ I = TX?2 + TXY
and (m + I)(X + 1) = t;X? + t2XY + 1 = 0+ I. This shows that % C Z(R)
and so, Z(R) = 7. From R\(}) = U(R), we get that each non-zero divisor
of R is a unit in R. We know from [9, Theorem 71] that T' is Noetherian and
so, R = % is Noetherian. Let R[Z] be the polynomial ring in one variable Z
over R. Let r be any non-zero-divisor of R. Let A = R+ (1 +rZ)R[Z]. Since
r € U(R), it follows that A = R[Z]. Since R is Noetherian, we obtain that R[Z]
is Noetherian and so, A = R[Z] satisfies (accr). Hence, A satisfies S,-accr, where
Sy = {r" | n € NU{0}}. Thus the statement (3) of Proposition 2.4 holds. Notice
that £X € Spec(R)\Maz(R) and so, we obtain from [2, Proposition 8.1] that R is
not Artinian. Hence, we obtain from (1) = (2) of [15, Theorem 1.1] that (R, R[Z])
is not an ACCRP. Equivalently, (R, R[Z]) is not an S,-ACCRP. Therefore, the

statement (2) of Proposition 2.4 does not hold. O

Lemma 2.6. Let R, T be rings. Let ¢ : R — T be a homomorphism of rings such
that ¢ is onto. If S is a m.c. subset of R such that ¢(s) # 0 for each s € S, then
S ={é(s) | s €S} isam.c. subset of T. Moreover, if R satisfies S-accr, then T

satisfies S-accr.

Proof. It can be easily verified that S is a m.c. subset of T. Assume that R satisfies
S-accr.  As the properties S-accr and S-accr* are equivalent by [6, Proposition
3.1], it is enough to show that the increasing sequence of ideals of T of the form
(A:ipt) C(A:p t?) C(A:r t3) C -+ is S-stationary for any ideal A of T and for
any element ¢ € T'. Since ¢ is onto, there exist an ideal J of R with J D ker(¢) and
r € R such that A = ¢(J) and t = ¢(r). As R satisfies S-accr, there exist s € S and
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k € N such that s(J :g 77) C (J :g 7¥) for all j > k. Let j > k. Let ¢ € (A :p 7).
Then t' = ¢(r') for some 7’ € R. From t't? € ¢(J) and J D ker(¢), it follows
that 77 € J and so, s’ € (J :g r*). Hence, ¢(s)p(r')(¢(r))* € ¢(J) = A. This
shows that ¢(s)t’ € (A :7 t*). Therefore, we obtain that there exist ¢(s) € S and
k € N such that ¢(s)(A :p t7) C (A :p t¥) for all j > k. This proves that T satisfies
S-accr. ]

The Krull dimension of a ring R is simply referred to as the dimension of R and
is denoted by dim R.

Theorem 2.7. Let R be a ring. The following statements are equivalent:

(1) (R,R[X]) is an SLP.

(2) (R,R[X]) is an LP.

(3) (R,R[X]) is an ACCRP.

(4) For any p € Spec(R) and for any r € R\p, the ring R+ (1 + rX)R[X]

satisfies Sy-accr, where S, = {r"™ | n € NU{0}}.
(5) R is Artinian.

Proof. (1) = (2) This is clear, since any strongly Laskerian ring is Laskerian.

(2) = (3) It follows from (2) and [10, Proposition 3] that (R, R[X]) is an ACCRP.
(3) = (4) Let p € Spec(R) and let € R\p. The ring R+ (1+rX)R[X] € [R, R[X]]
and so by (3), R+ (1+rX)R[X] satisfies (accr). Hence, R+ (14 rX)R[X] satisfies
Sr-accr.

(4) = (5) Let p € Spec(R). Notice that 1 € R\p. By (4), R+ (1 + X)R[X]
satisfies Sj-accr. It is clear that R+ (1 + X )R[X] = R[X]. Therefore, we get that
R[X] satisfies Si-accr. As Si-acer and (accr) are equivalent, we obtain from [11,
Theorem 2] that R is Noetherian. Let p € Spec(R) and let ¢ be a non-zero element
of %. Let r € R be such that ¢t = r + p. From t # 0 + p, it follows that r ¢ p.
Let ¢ : R[X] — %[X] be the homomorphism of rings defined by ¢(>.1" ,r; X") =
S o(ri+p) X" It is clear that ¢ is an onto homomorphism of rings. Let us denote
the subring R+ (1 + rX)R[X] of R[X] by A. By assumption, A satisfies S,-accr.
For an element a € R, we denote a + p by a@. From ¢(A) = % + 1+ ?X)%[X]
and ¢(S,) = {7" | n € NU{0}} = Sr. As A satisfies S,-accr, we obtain from
Lemma 2.6 that ¢(A) satisfies Sy-accr. Since % is an integral domain, it follows
that ¢ = 7 is a non-zero-divisor of %. From ¢(A) satisfies Sy-accr, we obtain from
(3) = (4) of Proposition 2.4 that ¢ = 7 is a unit in %. This shows that each non-zero

R

element of % is a unit in v and so, % is a field. Therefore, p € Max(R). Hence,
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Spec(R) = Max(R) and so, dimR = 0. Thus R is Noetherian and dimR = 0.
Therefore, we obtain from [2, Theorem 8.5] that R is Artinian.
(5) = (1) This is (2) = (3) of [15, Theorem 1.1]. O

Proposition 2.8. For any ring R, the statements (1) to (5) of Theorem 2.7 are
equivalent to each one of the following statements:
(') For any p € Spec(R) and for any r € R\p, the ring R+ (1 + rX)R[X] is
Sy-strongly Laskerian, where S, = {r"™ | n € NU{0}}.
(2") For any p € Spec(R) and for any r € R\p, the ring R+ (1 +rX)R[X] is
S,.-Laskerian.
(3') For any p € Spec(R) and for any r € R\p, the ring R + (1 + rX)R[X]

satisfies Sy.-strong accr*.

Proof. This proposition can be proved using arguments similar to those that are

used in the proof of Proposition 2.3. (]

Let R be a subring of a ring 7. Let S be a m.c. subset of R. We say that
(R,T) is an S-Laskerian pair (respectively, S-strongly Laskerian pair) if A is S-
Laskerian (respectively, S-strongly Laskerian) for each A € [R,T]. We use the
abbreviation S-LP (respectively, S-SLP) for S-Laskerian pair (respectively, for S-
strongly Laskerian pair). We use the abbreviation S-SACCR*P for S-strong accr*

pair.

Theorem 2.9. Let S be a m.c. subset of a ring R. The following statements are
equivalent:
(1) (R, R[X]) is an S-SLP.
(2) (R,R[X]) is an S-LP.
(3) (R,R[X]) is an S-SACCR*P and for any A € [R, R[X]] and for any given
ideal I of A, there exists s € S (depending on I) such that S(I) = (I :4 s).
(4) (R,R[X]) is an S-ACCRP and for any A € [R, R[X]] and for any given
ideal I of A, there exists s € S (depending on I) such that S(I) = (I :4 s).
(5) STIR is Artinian and for any A € [R, R[X]] and for any given ideal I of
A, there ezists s € S (depending on I) such that S(I) = (I :4 s).
Moreover, if R is reduced, then the above equivalent statements (1) to (5)

are equivalent to the following statement:
(6) (R,R[X]) is an S-NP.

Proof. (1) = (2) This is clear, since any S-strongly Laskerian ring is S-Laskerian.
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(1) = (3) We know from [16, Corollary 3.9(2)] that any S-strongly Laskerian ring
satisfies S-strong accr*. Thus if (1) holds, then (R, R[X]) is an S-SACCR*P. Let
A € [R,R[X]]. Let I be an ideal of A. If INS # 0, then S(I) = A= (I :4 s) for
any s € INS. If INS =0, then it follows from (1) = (2) of [16, Proposition 3.2]
that there exists s € S (depending on I) such that S(I) = (I :4 s).

(3) = (4) Let A € [R, R[X]]. As A satisfies S-strong accr®, it follows that A satisfies
S-accr* and so, A satisfies S-acer by [6, Proposition 3.1]. Therefore, (R, R[X]) is
an S-ACCRP. The rest of the assertion stated in (4) follows immediately from (3).
(4) = (5) Let A be any subring of R[X] such that R C A. By hypothesis, A
satisfies S-accr. Hence, it is clear that A satisfies S-accr*. As A satisfies S-accr®,
we obtain from [6, Example 3.1(3)] that S~!A satisfies (accr*). Let B be a subring
of ST'R[X] = (S7'R)[X] such that S~'R C B. Then B = S~!A for some subring
A of R[X] such that R C A. Hence, B = S™'A satisfies (accr*). This shows
that (S™1R, (S7!R)[X]) is an ACCRP. Therefore, it follows from (1) = (2) of [15,
Theorem 1.1] that S™!R is Artinian. Let A € [R, R[X]]. By (4), for any given ideal
I of A, there exists s € S (depending on I) such that S(I) = (I :4 s).

(5) = (1) Since ST!R is Artinian, we know from (2) = (3) of [15, Theorem 1.1] that
(S7IR,(S7'R)[X]) is an SLP. Let A € [R, R[X]]. From S™}(R[X]) = (ST'R)[X],
we get that S7'A € [STIR, (S7'R)[X]]. Hence, S~'A is strongly Laskerian. By
(5), for any ideal I of A, there exists s € S (depending on I) such that S(I) = (I :g
s). Hence, we obtain from (2) = (1) of [16, Proposition 3.2] that A is S-strongly
Laskerian. This proves that (R, R[X]) is an S-SLP.

(2) = (4) This can be proved using arguments similar to those that are used in
the proof of (1) = (3) of this theorem with the help of [16, Corollary 3.9(1)], [6,
Proposition 3.1], and (1) = (2) of [16, Proposition 3.2].

Assume that R is reduced and the statement (1) holds. We know from (1) =
(5) of this theorem that S~!R is Artinian. As R is reduced by assumption, it
follows that S~'R is reduced. Since a local Artinian reduced ring is a field, we
obtain from [2, Theorem 8.7] that S~!R is isomorphic to a finite direct product
of fields. It follows from (3) = (2) of [5, Theorem 2.3] that (S~'R,(S™'R)[X])
is an NP. Let A € [R, R[X]]. As S7Y(R[X]) = (S7!R)[X], we get that 1A €
[STIR, (S7'R)[X]] and so, S~!A is Noetherian. It is already noted in the proof of
(1) = (3) of this theorem that for any A € [R, R[X]] and for any ideal I of A, there
exists s € S (depending on I) such that S(I) = (I :4 s). Hence, we obtain from [1,
Proposition 2(f)] that A is S-Noetherian. This shows that (R, R[X]) is an S-NP.
This proves (1) = (6).
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(6) = (1) Assume that (6) holds. Let A € [R, R[X]]. Then A is S-Noetherian. We
know from [16, Corollary 3.3] that any S-Noetherian ring (it can be non-reduced)
is S-strongly Laskerian. Therefore, A is S-strongly Laskerian. Hence, we obtain
that (R, R[X]) is an S-SLP. Notice that the proof of (6) = (1) does not need the

assumption that R is reduced. ([

In Example 2.10, we provide an integral domain D and a m.c. subset S of D
such that S~1D is Artinian but (D, D[X]) is not an S-ACCRP.

Example 2.10. Let p be a prime number and let D = Z,z. Let S = {p" | n €
NU{0}}. Then S7!D = Q but (D, D[X]) is not an S-ACCRP.

Proof. It is well-known that D = Z,z is a local one-dimensional domain with
pD as its unique maximal ideal. Notice that S = {p" | n € NU {0}} is a m.c.
subset of D and S™'D = Q. Thus S™!D is a field and hence, it is Artinian. Let
A= D+ (1+pX)D[X]. Since p is a non-zero-divisor of D but not a unit of D, we
obtain from (3) = (4) of Proposition 2.4 that A does not satisfy S-accr. Therefore,
(D, D[X]) is not an S-ACCRP. O

We provide Example 2.11 to illustrate that (1) = (6) of Theorem 2.9 can fail to
hold if R is not reduced.

Example 2.11. Let R = Z4 and let S = {1}. Then (R, R[X]) is an S-SLP but
(R, R[X]) is not an S-NP.

Proof. Notice that R = Z4 is Artinian. Hence, we obtain from (2) = (3) of [15,
Theorem 1.1] that (R, R[X]) is an SLP. It is clear that A = Z4+274[X] € [R, R[X]].
If the ideal 2Z4[X] of A is a f.g. ideal of A, then from 22 = 0, it follows that 2Z4[X]
is a f.g. Zs-module. This is not true and so, 2Z4[X] is not a f.g. ideal of A.
Therefore, A is not Noetherian and so, (R, R[X]) is not an NP. As S = {1}, we
get that S-SLP agrees with SLP and S-NP agrees with NP. Hence, (R, R[X]) is an
S-SLP but it is not an S-NP. O

3. The effect of S-accr on the intermediate rings between R + XT[X]
(respectively, R+ XT[[X]]) and T[X] (respectively, T[[X]])

Let R C T be rings. Let X be an indeterminate over T. Let S = {X" |
n € NU{0}}. The aim of this section is to study the effect of S-accr on all
the intermediate rings between R + XT'[X] (respectively, R + XT[[X]]) and T[X]
(respectively, T[[X]]).
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Lemma 3.1. Let A C B be rings. Let C be a non-zero proper ideal of B such that
C C A. Let S be a m.c. subset of A such that CNS # (). The following statements

are equivalent:

(1) A satisfies S-accr.
(2) B satisfies S-accr.
(3) (A,B) is an S-ACCRP.

Proof. (1) = (2) In view of [6, Proposition 3.1], it is enough to show that B
satisfies S-accr*. Let J be any ideal of B and let b be any element of B. We claim
that the increasing sequence of ideals of B, (J :p b) C (J :5 b*) C (J :5 b3) C ---
is S-stationary. Let ¢ € C'N S. Notice that J N A is an ideal of A and bc € C C A.
Since A satisfies S-accr, the increasing sequence of ideals of A, (JN A :4 bc) C
(JNA:ab2c?) C(JNA:4b3) C - - is S-stationary. Hence, there exist s € S
and k € N such that s(JNA:4 b7c) C (JNA:4 bFcF) forall j > k. Ass,c? €S,
it follows that sc?* € S. We verify that sc?*(J :g b7) C (J :p b¥) for all j > k. Let
j>kandlet z € (J:gb). Then zc® € C C A is such that (zc*)(b /) € J N A.
Hence, s(zc¥) € (J N A 4 c*bF). This implies that sc?*2b* € JN A C J and so,
sc?*x € (J :p b¥). This proves that sc?*(J :g ¥/) C (J :5 b¥) for all j > k. Thus the
increasing sequence of ideals of B of the form (J :5 b) C (J :5 b*) C (J :g b3) C ---
is S-stationary, where J is any ideal of B and b is any element of B. Therefore, we
obtain that B satisfies S-accr.

(2) = (1) In view of [6, Proposition 3.1], it is enough to show that A satisfies
S-acer*. Let I be any ideal of A and let a be any element of A. We claim that
the increasing sequence of ideals of A, (I 14 a) € (I 14 a®) C (I :4 a3) C ---
is S-stationary. Since B satisfies S-accr, the increasing sequence of ideals of B,
(IB :p a) C (IB :p a®) C (IB :p a®) C --- is S-stationary. Hence, there exist
s€ S and k € N such that s(IB :5 a’) C (IB :g a*) forall j > k. Let c€ CN S.
As s,c € S, it follows that sc € S. We verify that sc(I :4 a/) C (I :4 a¥) for all
j>k Letj>kandlet x € (I :qa?). As (I :4 a’) C (IB :p d), it follows
that © € (IB :p a’) and so, sz € (IB :p a¥). This implies that (sc)za® € cIB =
(eB)I C CI C I. This shows that sc(I :4 a’) C (I :4 a¥) for all j > k. Thus the
increasing sequence of ideals of A of the form (I :4a) C(I:pa?)C (IT:pa®) C---
is S-stationary for any ideal I of A and for any a € A. Therefore, we get that A

satisfies S-accr.

(1) = (3) Let R € [A, B]. Notice that C' is an ideal common to both R and A, and
S is a m.c. subset of A with C NS # §. Hence, it follows from (1) = (2) of this
lemma that R satisfies S-accr. This proves that (A, B) is an S-ACCRP.
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(3) = (1) is clear. O

Example 3.2 given below illustrates that (2) = (1) of Lemma 3.1 can fail to hold
if the hypothesis that C NS # ) is omitted.

Example 3.2. Let B = Z[X] and let A =Z + (1 +2X)Z[X]. Let S={2" | n €
NU{0}}. Then B satisfies S-accr but A does not satisfy S-accr.

Proof. Notice that (14+2X)B is a non-zero proper ideal of both B and A. Observe
that S = {2" | n € NU{0}} is a m.c. subset of Z. Since 2 is not a zero-divisor of Z
and 2 ¢ U(Z), it follows from (3) = (4) of Proposition 2.4 that A does not satisfy
S-accr. Notice that B = Z[X] is Noetherian and so, B satisfies S-accr. Thus this
example illustrates that (2) = (1) of Lemma 3.1 can fail to hold if the hypothesis
that C' NS # ) is omitted. O

Example 3.4 given below illustrates that (1) = (2) of Lemma 3.1 can fail to hold
if the hypothesis that C NS # () is omitted. We use Lemma 3.3 in the verification
of Example 3.4.

Lemma 3.3. Let A be a ring and let a,b be non-units of A such that Aa+ Ab = A.
The following statements are equivalent:
(1) A satisfies (accr).
(2) A satisfies both Sq-accr and Sy-accr, where Sq = {a™ | n € NU{0}} and
Sp={b" | neNU{0}}.

Proof. By hypothesis, a,b € NU(A) are such that Aa + Ab = A. For any n € N,
a™,b" € NU(A) and Aa™ + Ab™ = A. Hence, a,b ¢ nil(A). Now, S, = {a™ | n €
NU{0}} (respectively, S, = {b" | n € NU{0}}) is a m.c. subset of A.

(1) = (2) As A satisfies (accr), it follows that A satisfies both S,-accr and Sp-acer.
(2) = (1) By hypothesis, a,b € NU(A) are such that Aa + Ab = A and A satisfies
both S,-accr and Sp-accr. We claim that A satisfies (accr). In view of [10, Theorem
1], it is enough to show that A satisfies (accr*). Consider the increasing sequence
of ideals of A of the form (I :4 ) C (I :4 2) C (I :4 23) C - -+, where I is an ideal
of A and x € A. By assumption, A satisfies S,-accr and Sp-accr. Therefore, there
exist n,k € N such that a®(I 14 27) C (I :a 2%) and b"(I :4 27) C (I :a 2%) for
all j > k. From Aa + Ab = A, we obtain that Aa™ 4+ Ab™ = A. Hence, there exist
A, it € A such that Aa™ + ub™ = 1. Let j > k. It is clear that (I 14 27) = 1(I :4
o) = (Na"+pb™) (I :a 29) C (I :4 %) C (I :4 29). Therefore, (I 14 27) = (I :4 =)

for all j > k. This proves that the increasing sequence of ideals of A of the form
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(I:ax)C(I:a2%) C(I:42%) C--- is stationary for any ideal I of A and for any
x € A. This proves that A satisfies (accr). O

Example 3.4. Let K be a field. Let B be the subring of the polynomial ring
K[X,Y] given by B = K[X]+ (1+ XY )K[X,Y]. Let A be the subring of B given
by A=K+ (1+XY)K[X,Y]. Let Sxy = {(XY)" | n € NU{0}}. Then A satisfies

Sxy-accr but B does not satisfy Sxy-accr.

Proof. Notice that C = (1 + XY)K[X,Y] is a non-zero proper ideal of both A
and B. It is clear that Sxy = {(XY)" | n € NU{0}} is a m.c. subset of A. We
know from (3) = (4) of [15, Lemma 5.9] that A is strongly Laskerian and so, we
obtain from [10, Proposition 3] that A satisfies (accr). Hence, A satisfies S-accr
for any m.c. subset S of R. In particular, A satisfies Sxy-accr. We claim that
B does not satisfy Sxy-accr. Suppose that B satisfies Sxy-accr. Let Siixy =
{14+ XY)" | n € NU{0}}. Notice that S;;xy is also a m.c. subset of A and
CNSiyxy # 0. As A satisfies S14 xy-accr, it follows from (1) = (2) of Lemma 3.1
that B satisfies S14 xy-accr. As X is a non-zero-divisor of K[X] but not a unit of
K[X], we obtain from (3) = (4) of Proposition 2.4 that B does not satisfy Sx-accr,
where Sx = {X™ | n € NU{0}}. Hence, B does not satisfy (accr). It is clear that
Aa+ Ab = A with a = XY and b = 1+ XY . Hence, Ba + Bb = B. Notice that
B satisfies S14xy-accr. As B does not satisfy (accr), it follows from (2) = (1) of
Lemma 3.3 that B does not satisfy Sxy-accr. O

Lemma 3.5. Let A, B,C and S be as in the statement of Lemma 8.1. The following
statements are equivalent:

(1) A is S-Noetherian.

(2) B is S-Noetherian.

(3) (A, B) is an S-NP.

Proof. (1) = (2) This is (1) = (2) of [16, Corollary 3.7].
(2) = (1) This is (2) = (1) of [16, Corollary 3.7].
This can be proved using arguments similar to those that are used in the

(
)
(1) =)
proof of (1) = (3) of Lemma 3.1.
(3) = (1) This is clear. O

Theorem 3.6. Let R be a subring of a ring T. Let X be an indeterminate over
T. Let S ={X" | n e NU{0}}. The following statements are equivalent:

(1) (R+ XT[X],T[X]) (respectively, (R+ XT[[X]],T[[X]])) is an S-SLP.

(2) (R+ XT[X],T[X]) (respectively, (R+ XT[[X]],T[[X]])) is an S-LP.
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(3) (R+XT[X],T[X]) (respectively, (R+XT[[X]], T[[X]])) is an S-SACCR*P.
(4) (R+ XT[X],T[X]) (respectively, (R+ XT[X]],T[[X]])) is an
S-ACCRP.
(5) T[X] (respectively, T[[X]]) satisfies S-accr.
(6) T is Noetherian.
() (R+ XT[X],T[X]) (respectively, (R+ XT[[X]],T[[X]])) is an S-NP.

Proof. Notice that S = {X™ | n € NU {0}} is a m.c. subset of R + XT[X]
(respectively, R + XT[[X]]) and the non-zero proper ideal XT[X] (respectively,
XT[[X]]) of T[X] (respectively, T[[X]]) is also an ideal of R+ XT[X] (respectively,
R+ XT[[X]]). The m.c. subset S of R+ XT[X] (respectively. R+ XT[[X]]) is
such that XT[X] NS # 0 (respectively, XT[[X]] N S # 0).

(1) = (2) This is clear, since any S-strongly Laskerian ring is S-Laskerian.

(1) = (3) This follows from [16, Corollary 3.9(2)].

(3) = (4) This is clear, since S-strong accr* implies S-accr.

(4) = (5) Notice that T[X] € [R + XT[X],T[X]] (respectively, T[[X]] € [R +
XT([X]], T[[X]]]). Hence, T[X] (respectively, T[[X]]) satisfies S-accr.

(5) = (6) By assumption, T[X] (respectively, T[[X]]) satisfies S-accr. Hence, we
obtain from (5) = (6) of Proposition 2.1 that T is Noetherian.

(6) = (7) We are assuming that T is Noetherian. Hence, we obtain that T[X] is
Noetherian. We know from [9, Theorem 71] that T[[X]] is Noetherian. Therefore,
T[X] (respectively, T[[X]]) is S-Noetherian. Hence, we obtain from (2) = (3)
of Lemma 3.5 that (R + XT[X],T[X]) (respectively, (R + XT[[X]],T[[X]])) is an
S-NP.

(7) = (1) We know from [16, Corollary 3.3] that any S-Noetherian ring is S-strongly
Laskerian. Therefore, we obtain from (7) that (R 4+ XT[X],T[X]) (respectively,
(R+ XTI[[X]], T[[X]]) is an S-SLP.

(2) = (4) Since any S-Laskerian ring satisfies S-accr, it follows from (2) that
(R+ XT[X],T[X]) (respectively, (R + XT[[X]], T[[X]])) is an S-ACCRP. O

Example 3.7. Let R = K[X] and let T = K[X,Y], where T = K[X,Y] is the
polynomial ring in two variables X,Y over a field K. Let Z be an indeterminate
over T. Let S = {Z" | n € NU{0}}. Then (R+ ZT[Z],T[Z]) is an S-SLP but it

is not an LP.

Proof. It is well-known that 7" = K[X,Y] is Noetherian. Hence, we obtain from
(6) = (1) of Theorem 3.6 that (R + ZT[Z],T[Z]) is an S-SLP. Let us denote
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ZT[Z) by p. It is clear that p € Spec(T[Z]) and as p C R+ ZT[Z], it follows
that p € Spec(R + ZT[Z]). Notice that %T[Z} >~ R = K[X] as rings and
% =T = K[X,Y]asrings. If (R+ZT[Z],T[Z]) is an LP, then we obtain from [14,
Lemma 1.2(1)] that (%T[Z], %) is an LP. This implies that (K[X], K[X,Y])
is an LP. Observe that B = K[X] + (1 + XY)K[X,Y] € [K[X],K[X,Y]]. It is
already verified in Example 3.4 that the ring B does not satisfy Sxy-accr. Hence,
B is not Syy-Laskerian and so, B is not Laskerian. Therefore, we obtain that
(R+ ZT[Z],T|Z]) is not an LP. O

4. The effect of S-accr on the intermediate rings between
Fl [Xl, N 7Xn] (respectively, FIHle ce ,Xn]]) and Fg[Xl, N ,Xn]
(respectively, Fy[[X1,...,X,]])

Let Fy C F» be fields. Let n > 1. Let us denote Fi[Xy,...,X,] by R and
Fy[X1,...,X,] by T. Let us denote Fy[[X1,...,X,]] by 4 and Fy[[X, ..., X,]] by
B. Focusing on some m.c. subsets S of R (respectively, A), the aim of this section is
to study whether S-accr on all intermediate rings between R and T (respectively, A
and B) implies that each intermediate ring between R and T (respectively, A and B)
has a ring-theoretic property stronger than S-accr. Throughout this section, unless

otherwise specified, the symbols n, Fy, F5, R, T, A, B have the above meanings.

Lemma 4.1. Let n = 1 and let f(X1) € R be such that f(X1) ¢ Fi. Let S =
{f(X1)™ | m e NU{0}}. If (R,T) is an S-ACCRP, then Fy is algebraic over Fy.

Proof. We are assuming that (R,T) is an S-ACCRP. First, we verify that T is
algebraic over R. Let t € T. Suppose that t is not algebraic over R. Let C' =
R+ (1+tf(X1))R[t]. Notice that f(X;) is a non-zero-divisor of R and C € [R,T].
Since C satisfies S-accr, we obtain from (3) = (4) of Proposition 2.4 that f(X;) €
U(R). This is impossible, since we know from [2, Exercise 2(¢), page 11] that
U(R) = F1\{0}. Therefore, T is algebraic over R.

Let 8 € F»\{0}. Since T is algebraic over R, there exist k € N, f;(X1) € R for
cach i € {0,...,k} with fr(X;) # 0 such that 32 f;(X1)8* = 0. Let j > 0 be
least with the property that the coefficient of X{ in fr(X1) is not equal to 0. For
cach i € {0,...,k}, let cij € Fy be the coefficient of X7 in f;(X;). Notice that
ak; # 0. By comparing the coefficient of X7 on both sides of E?:o fi(X1)Bt =0,
we get that Zf:o a;;3° = 0. This implies that 3 is algebraic over Fj. This is true
for any 5 € Fy. Hence, Fy is algebraic over Fj. [
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Proposition 4.2. Let n = 1. Let f(X1) € R\Fi. The following statements are

equivalent:
(1) (R,T) is an LP.
(2) (R,T) is an S-LP, where S = {f(X1)™ | m € NU{0}}.
(3) (R,T) is an ACCRP.
(4) (R,T) is an S-ACCRP, where S = {f(X1)™ | m € NU{0}}.
(5) Fy is algebraic over Fy.
(6) T is integral over R.

Proof. (1) = (2) This is clear, since any Laskerian ring is S-Laskerian.

(1) = (3) This is clear, since we know from [10, Proposition 3] that any Laskerian
ring satisfies (accr).

(3) = (4) This is clear, since (accr) implies S-accr.

(2) = (4) This is clear, since any S-Laskerian ring satisfies S-accr.

(4) = (5) This follows from Lemma 4.1.

(5) = (6) Since F; is algebraic over Fy and F} is a field, we get that Fj is integral
over Fy. Let t € T\{0} be such that deg(t) > 0. Now, there exist k € Nand 3; € I
for each i € {0,...,k} such that t = Zf:o B; X1 with £, # 0. Notice that for each
i€{0,...,k}, B; X} is integral over R. Therefore, we obtain from [2, Corollary 5.2]
that C' = R[Bo, f1 X1, ..., BkXF] is a finitely generated R-module. It is clear that
R[t] is a subring of C. Hence, we obtain from (ii) = (i) of [2, Proposition 5.1]
that ¢ is integral over R. This proves that T is integral over R.

(6) = (1) This is (3) = (4) of [15, Proposition 3.4]. O

Proposition 4.3. Let n > 2. The following statements are equivalent:

(1) (R,T) is an SLP.

(2) (R,T) is an LP.

(3) (R,T) is an ACCRP.

(4) (R,T) is an S-ACCRP, where S is the m.c. subset of R given by S =

{X™|meNU{0}}.
(5) Fy is a finite algebraic extension of Fy.
(6) (R,T) is an NP.

Proof. (1) = (2) This is clear, since any strongly Laskerian ring is Laskerian.
(2) = (3) This is clear, any Laskerian ring satisfies (accr).

(3) = (4) This follows immediately, since (accr) implies S-accr.
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(4) = () Let C € [F1[Xy,..., Xn-1], Fo[X1,..., Xn-1]]. It is clear that C[X,,] €
[R,T]. By hypothesis, C[X,] satisfies S-accr. Hence, we obtain from (5) = (6) of
Proposition 2.1 that C' is Noetherian. Therefore, (Fy[X7, ..., Xn_1], F2[X1,. .., Xn_1])
is an NP. It now follows as in the proof of (2) = (3) of [15, Proposition 3.6] that
F5 is a finite algebraic extension of Fj.

(5) = (6) This is (3) = (4) of [15, Proposition 3.6].

(6) = (1) This is clear, since any Noetherian ring is strongly Laskerian. a

Proposition 4.4. Letn > 2 and let S = {X™ | m € NU{0}}. Then the statements
(1) to (6) of Proposition 4.3 are equivalent to each one of the following statements:
(1) (R,T) is an S-SLP.

(2") (R,T) is an S-LP.

(3") (R,T) is an S-SACCR*P.

Proof. This can be proved using arguments similar to those that are used in the

proof of Proposition 2.3. O

If n = 1, then we show in Proposition 4.5, that (A, B) is an ACCRP if and only
if (A, B) is an S-ACCRP, where S = {X]" | m € NU{0}}.

Proposition 4.5. Let n = 1. Let S = {X{* | m € NU{0}}. The following

statements are equivalent:

(1) (A, B) is an LP.

(2) (A, B) is an S-LP.

(3) (A,B) is an ACCRP.
(4) (A, B) is an S-ACCRP.
(5) B is algebraic over A.
(6) B is integral over A.

Proof. (1) = (2) This is clear, since any Laskerian ring is S-Laskerian.

(1) = (3) This is clear, since any Laskerian ring satisfies (accr) by [10, Proposition
3].

(3) = (4) This is clear, since (accr) implies S-accr.

(4) = (5) Let f(X1) € B. Suppose that f(X;) is transcendental over A. Let C be
the subring of A[f(X1)] given by C' = A+ (1 + X, f(X1))A[f(X1)]. Tt is clear that
C € [A, B]. By assumption, C satisfies S-accr. As X; is a non-zero-divisor of A, we
obtain from (3) = (4) of Proposition 2.4 that X; € U(A). This is a contradiction.

Therefore, B is algebraic over A.
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(5) = (6) From B is algebraic over A, it can be shown as in the proof of Lemma 4.1
that F5 is algebraic over F;. As B is algebraic over A, we obtain from [4, Corollary
5.2] that B is integral over A.

(6) = (1) This is (2) = (3) of [15, Proposition 3.5].
(2) = (4) This is clear, since any S-Laskerian ring satisfies S-accr by [16, Corollary
3.9(1)] and [6, Proposition 3.1]. O

We denote the characteristic of a field F' by char(F).

Corollary 4.6. Let n = 1. Let char(Fy) =0. Let S = {X{" | m € NU{0}}. The

following statements are equivalent:

(1) (A, B) is an S-ACCRP
(2) (A, B) is an NP.

(3) (A, B) is an SLP

(4) (A, B) is an S-SLP.

(5) (A,B) is an S-SACCR*P
(6) (A, B) is an LP.

(7) (A,B) is an S-LP.

Proof. (1) = (2) It follows from (4) = (5) of Proposition 4.5 that B is algebraic
over A. In such a case, it is observed in the proof of (5) = (6) of Proposition 4.5 that
F, is algebraic over F;. By hypothesis, char(Fy) = 0. Therefore, F; is a separable
extension of Fy. As B is algebraic over A, we obtain from [4, Corollary 4.2] that
F5 is a finite extension of Fj. Therefore, B is a finitely generated A-module. It is
well-known that A is Noetherian. Hence, it follows as in the proof of (3) = (4) of
15, Proposition 3.6] that (A, B) is an NP.

[

(2) = (3) This is clear, since any Noetherian ring is strongly Laskerian.

(3) = (4)

(4) = (5) This is clear, since any S-strongly Laskerian ring satisfies S-strong accr*.
(5) = (1)

(a

Since any strongly Laskerian ring is Laskerian and any Laskerian ring is S-

Laskerian, (3) = (6) and (6) = (7) are clear.

This is clear, since strongly Laskerian ring is S-strongly Laskerian.

5 This is clear, since S-strong accr* implies S-accr.

(7) = (1) This is clear, since any S-Laskerian ring satisfies S-accr. O

Theorem 4.7. Let n > 2. Let S be the m.c. subset of A given by S ={X™|m €
NU{0}}. The following statements are equivalent:

(1) (A, B) is an SLP.
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(2) (A, B) is an LP.

(3) (A, B) is an ACCRP.

(4) (A, B) is an S-ACCRP.

(5) Fy is a finite extension of Fy.
(6) (A,B) is an NP.

Proof. The implications (1) = (2), (2) = (3), (3) = (4), (5) = (6), and (6) = (1)
can be proved as in the proof of (1) = (2),(2) = (3),(3) = (4),(5) = (6), and
(6) = (1) of Proposition 4.3. We need only to prove (4) = (5).

(4) = (5) Let C be a subring of F3[[X7, ..., X, _1]] such that

C D Fi[[X1,...,Xn-1]]- Then C[[X,]] € [A, B]. By hypothesis, C[[X,,]] satisfies
S-accr. Hence, we obtain from (5) = (6) of Proposition 2.1 that C' is Noetherian.
Therefore, we get that (F1[[X1,...,Xn-1]], F2[[X1,...,X,—1]]) is an NP. This im-
plies that (Fy[[X1]], F2[[X1]]) is an NP. Now, it follows from the Remark following
Theorem 2 of [18] that F is a finite extension of Fj. O

Proposition 4.8. Let n, A, B, S be as in the statement of Theorem 4.7. Then the
statements (1) to (6) of Theorem 4.7 are equivalent to each one of the following
statements:

(1) (A, B) is an S-SLP.

(2") (A, B) is an S-LP.

(3") (A, B) is an S-SACCR*P.

Proof. This can be proved using arguments similar to those that are used in the

proof of Proposition 2.3. (]

5. The effect of S-accr on the intermediate rings between R and S™'R,

where R is a Noetherian domain

Let T be an integral domain. Recall from [18] that m € Max(T) is said to be a
low mazimal if heightm = 1 and m is said to be a high mazimal if heightm > 1.

Let R be a Noetherian domain which is not a field. Let S be a m.c. subset of
R. We prove in Theorem 5.1 that if A satisfies {s™ | n € NU {0} }-accr for each
A € [R,S7'R] and for each s € SN NU(R), then (R,S™'R) is an NP.

Theorem 5.1. Let S be a m.c. subset of a Noetherian integral domain R which is
not a field. The following statements are equivalent:

(1) (R,S7'R) is an SLP.

(2) (R,S7'R) is an LP.
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(3) (R,S7'R) is an ACCRP.
(4) (R,S7'R) is an {s" | n € NU{0}}-ACCRP for each s € SN NU(R).
(5) S C C, where C is the set of all elements of R which are contained in no

high mazimal ideal of R.
(6) (R,S7'R) is an NP.

Proof. It is clear that for any s € SN NU(R), {s" | n € NU{0}} is a m.c. subset
of R.

(1) = (2) This is clear, since any strongly Laskerian ring is Laskerian.
(2) = (3) This is clear, since any Laskerian ring satisfies (accr).
(3) = (4) This is clear, since if a ring A satisfies (accr), then it satisfies Si-accr for

any m.c. subset Sy of A.

(4) = (5) We use some arguments found in the proof of [15, Proposition 4.3]. Let
s € §. We claim that s € C. This is clear if s € U(R). Suppose that s € NU(R).
Let m € Maz(R) such that s € m. Let p € Spec(R)\{(0)} be such that p C m.
Let = € p\{0}. Let A be the subring of S™'R given by A = R + ZR[1]. Let
S = {s" | n € NU{0}}. Then S; is a m.c. subset of R. Let us denote the
ideal YA of A by I. By assumption, A satisfies Sj-accr. Hence, the increasing
sequence of ideals of A, (I :4 8) C (I :a 82) C (I :a 83) C --- is Sj-stationary.
Therefore, there exist n,k € N such that s"(I :4 s7) C (I :4 s*) for all j > k.
Ag gnthtl = £ € I, we get that s" 55z € s"(1 :4 sHEHL) C (1 14 sF).

Hence, we obtain that s"kﬁ%sk € I. This implies that % = £a for some a € A

and so, it follows that % = a € A. Hence, % =7+ 37 for some r,7; € R and
m € N. Therefore, s™ = rs™*! + zr; and so, s™(1 — rs) = zr; € p. We claim
that 1 —rs ¢ p. If 1 —rs € p, then as p C m, it follows that 1 — rs € m. From
s € m, we obtain that rs € m and so, 1 = 1 —rs+ rs € m. This is impossible.
Hence, 1 — rs ¢ p. It follows from s™(1 —rs) € p and p € Spec(R) that s™ € p
and so, s € p. This shows that s € p for any non-zero p € Spec(R) with p C m.
We claim that heightm = 1. If heightm > 1, then since R is Noetherian, it follows
from [9, Theorem 144] that there exist infinitely many p € Spec(R) with p C m
and heightp = 1. Thus s belongs to infinitely many height one prime ideals of R.
This is impossible in view of [2, Theorem 7.13] and [2, Proposition 4.6]. Therefore,
heightm = 1. This shows that S C C.

(5) = (6) Since R is a Noetherian domain and S C C, we obtain from [18, Corollary
12] that (R, S™'R) is an NP.

(6) = (1) This is clear, since any Noetherian ring is strongly Laskerian. a
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Proposition 5.2. Let S,R be as in the statement of Theorem 5.1. Then the
statements (1) to (6) of Theorem 5.1 are equivalent to each one of the following
statements:

(1) (R,S7'R) is an {s" | n € NU{0}}-SLP for each s € SN NU(R).

(2') (R,S7IR) is an {s™ | n € NU{0}}-LP for each s € SN NU(R).

(3") (R,S7IR) is an {s" | n € NU{0}}-SACCR*P for each s € SN NU(R).

Proof. This can be proved using arguments similar to those that are used in the

proof of Proposition 2.3. (]

In Example 5.5, we illustrate that (5) = (3) of Theorem 5.1 can fail to hold if
we omit the hypothesis that R is Noetherian in the statement of Theorem 5.1. We

use Lemma 5.3 in the verification of Examples 5.4 and 5.5.

Lemma 5.3. Let V be a discrete valuation ring with m = V1 as its unique mazximal
ideal. Let R =VI[X]. Thenp = (1+7X)V[X] € Max(R) and heightp = 1.

Proof. Let us denote the quotient field of V by K. Let ¢ : V[X]| — K be the ring
homomorphism defined by ¢(f(X)) = f(=t) for any f(X) € V[X]. Let o € K.
It is clear that o can be expressed in the form o = —= for some v € V and
m € N. As ¢(vX?™) = —4= = o, we obtain that ¢ is onto. Since ¢(1 + 7X) =0,
we get that (1 + 7X)V[X] C ker(¢). Let f(X) € ker(¢). Then f(=1) = 0.
Since (14+7X)K[X] € Max(K[X]), it follows that f(X) = (14+7X)g(X) for some
g9(X) € K[X]. By comparing the coefficients of powers of X on both sides of f(X) =
(14+7X)g(X), we obtain that g(X) € V[X]. Therefore, f(X) € (1+7X)V[X]. This
proves that ker (¢) C (1+7X)V[X] and so, p = (1+7X)V[X] = ker(¢). Thus isa
homomorphism of rings from R = V[X] onto K with ker(¢) = p. Hence, it follows
from the fundamental theorem of homomorphism of rings that % >~ K as rings.
Since K is a field, we obtain from [2, page 3] that p € Max(R). Let S = V\{0}.
Then S is a m.c. subset of V and S~'R = K[X]. Since p NS = (), it follows from
[2, Proposition 3.11(iv)] that S~1p € Spec(K[X])\{(0)} = Maz(K[X]). Therefore,
height S~'p = 1 and hence, we obtain from [2, Proposition 3.11(iv)] that heightp =
1. (]

Example 5.4. Let p be a prime number and let V = Z,z. Let R = V[X]. Let
S={(1+pX)"|neNU{0}}. Then S is a m.c. subset of R and (R, S™!R) is an
NP.

Proof. It is well-known that V is a discrete valuation ring (see [2, Example (1),

page 94]). Notice that pV is the unique maximal ideal of V. As V is Noetherian,
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R = V[X] is Noetherian. We know from Lemma 5.3 that p = (1+pX)R € Maz(R)
and heightp = 1. It is clear that S = {(1+pX)™ | n € NU{0}} is a m.c. subset of
R and S C C, where C is the set of all elements of R which are contained in no high
maximal ideal of R. Therefore, we obtain from [18, Corollary 12] that (R, S™'R)
is an NP. (|

Example 5.5. Let K(X1,X5) be the field of rational functions in two variables
X1, X5 over a field K. Let Y be an indeterminate over K (X7, Xs) and let A =
K(X1,X2)[Y]. Let V.= Ay . Let T = V[Z], where Z is an indeterminate over
V. Lt R=K+ (1+Y2Z2)V[Z]. Let S = {(1+Y2Z)" | n € NU{0}}. Then
S is a m.c. subset of R, S C C, where C' is the set of all elements of R which
are contained in no high maximal ideal of R and the ring B = K[X1] + (1 +
X1X2)K[X1, Xo]4+ (1+Y Z)V[Z] is such that it does not satisfy Sx, x,-accr, where
Sx,x, = {(X1X2)" | n e NU{0}}.

Proof. As A is a principal ideal domain (PID) and YA € Max(A), it follows that
V = Ay 4 is a discrete valuation ring with VY as its unique maximal ideal. Let us
denote the ideal (1+Y Z)V[Z] by p. We know from Lemma 5.3 that p € Maxz(V[Z])
and heightp = 1in T = V[Z]. Tt is clear that p is also an ideal of R = K + p.
It follows from % >~ K as rings and K being a field that p € Max(R). We
claim that heightp = 1 in R. Suppose that heightp > 1 in R. Then there exists
q € Spec(R)\{(0)} such that q C p. Hence, q 2 p. Since p is an ideal common to
both R and T, we obtain from [13, Lemma 6] that there exists q' € Spec(T) such
that ¢ N R = q. As q # (0), it follows that q’ # (0). From heightp = 1 in T, we
obtain that q" Z p. Since p € Maxz(T), it follows that ¢’ +p = T and so, there exist
teq and z € psuch that t+z =1. Now,t =1—2 € ¢ N R =¢q C p. This implies
that 1 = ¢t 4+ x € p. This is in contradiction to the fact that p % T. Therefore,
heightp =1 in R.

It is clear that S = {(1+YZ)" | n € NU {0}} is a m.c. subset of R. We
verify that S C C, where C is the set of all elements of R which are contained
in no high maximal ideal of R. First, we show that p = \/m From
1+YZ € p, it follows that \/m Cyp. Ifp€p, thenp? € (1+YZ)R
and so, p C \/m This proves that p = \/m From heightp =1,
p € Max(R), and p = /(1 + Y Z)R, we obtain that if s is any element of S, then
s does not belong to any high maximal ideal of R. This proves that S C C. We
know from Example 3.4 that K[X;]+ (1+ X1 X5)K[X1, X2] does not satisfy Sx, x,-
accr. Since p is an ideal common to both R and T' and p NS # 0, it follows that
S7IR = S7IT. Tt is clear that R C B = K[X1] + (1 + X1 X2)K[X1, Xo] + (1 +
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YZ)WV[Z] € T =V[Z] € S~'T = $~'R. Tt follows from p N K[X1, X2] = (0) that
% >~ K[X1]+ (1+ X1 X2) K[ X1, Xo] as rings. It is clear that Sx, x, is a m.c. subset
of B and s ¢ p for each s € Sx,x,. From % >~ K[X1] + (1 + X1 X2)K[ X1, Xo]
as rings, it follows that % does not satisfy Sx,x, = {s+p | s € Sx,x, }-accr.
Therefore, we obtain from Lemma 2.6 that B does not satisfy Sx, x,-accr. Hence,
(R,S~'R) is not an ACCRP. O
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