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where Mp+q×p+q(F) is the ordinary associative algebra of all (p+ q)× (p+ q)

matrices over F. It follows that there exists only one nontrivial irreducible

representation of JF. The center of U(JF) is deduced.

Mathematics Subject Classification (2020): 17C50, 17B35, 16W10, 16G60

Keywords: Jordan triple system, rectangular matrix, universal associative

envelope, representation theory

1. Introduction

A vector space V over a field F of characteristic 0 equipped with a triple product

{a, b, c} is called a Jordan triple system if

{x, y, z} = {z, y, x},

{u, v, {x, y, z}} = {{u, v, x}, y, z} − {x, {v, u, y}, z}+ {x, y, {u, v, z}},

for all x, y, z, u, v ∈ V .

Jordan structures appeared in many areas of mathematics like Lie Theory, dif-

ferential geometry and analysis [1,12,13,14,15,22]. In addition to that Jordan triple

systems have been used to find several solutions of the Yang-Baxter equation [20].

The linkages between Jordan structures, Lie algebras, and projective geometries are

given in [6]. Jordan structures play also an important role in theoretical physics.

They are appeared in the theory of superstrings [2,5,7,8,11,21], and in the theory

of colour and confinement [9], in supersymmetry [10]. The description of some

of these applications has been given in the survey [16]. More information about
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Jordan triple systems can be found in [18,19]. It is well known that to every asso-

ciative algebra A one can relate a Jordan triple system J with the triple product

{x, y, z} = xyz + zyx. A Jordan triple system is special if it can be imbedded as a

subtriple of some J , otherwise it is exceptional. A representation of a Jordan triple

system J is a Jordan triple homomorphism Θ : J → (EndV )−, where EndV is the

space of endomorphisms of a vector space V to itself. A representation ρ is called

irreducible if the only invariant subspaces of V under ρ are the trivial ones, {0}
and V . It is known that any Jordan algebra gives rise to a Jordan triple system.

One of the most important examples of a Jordan triple system which doesn’t come

from a bilinear product is the rectangular matrices Mp×q(F) with the triple product

xytz+ zytx; if p ̸= q there is no natural way to multiply two p× q matrices to get a

third p× q matrix, see [17]. This example shows the necessity of a ternary product.

This example is a special Jordan triple system (see the map Θ of Corollary 3.3 (of

the present paper)).

The problem of the classification of the representations of a special Jordan triple

system can be converted into a problem of an associative algebra by passage to

the universal associative envelope of the Jordan triple system. In [12], it was

shown that the universal (associative) envelope of any Jordan triple system of

finite dimension is finite-dimensional. In [3], we showed that the universal (as-

sociative) envelope of the Jordan triple system J of all n by n (n ≥ 2) matrices

over a field F of characteristic 0 (with respect to the product xyz + zyx) is iso-

morphic to Mn×n(F) ⊕ Mn×n(F) ⊕ Mn×n(F) ⊕ Mn×n(F), where Mn×n(F) is the

ordinary associative algebra of all n by n matrices over F. It follows that there

are four nontrivial finite-dimensional irreducible representations of J . In [4], we

have studied the representations of two special Jordan triple systems (with respect

to the product xyz + zyx): The Jordan triple system JS of all symmetric n by

n (n ≥ 2) matrices over a field F of characteristic zero, and the Jordan triple

system JH of all Hermitian n by n (n ≥ 2) matrices over the complex numbers

C. We proved that the universal (associative) envelope of JS is isomorphic to

Mn×n(F) ⊕ Mn×n(F), while the universal (associative) envelope of JH is isomor-

phic to Mn×n(C)⊕Mn×n(C)⊕Mn×n(C)⊕Mn×n(C). We deduced that the Jordan

triple system JS has two nontrivial finite-dimensional inequivalent irreducible rep-

resentations, while the Jordan triple system JH has four nontrivial inequivalent

finite-dimensional irreducible representations.

In the present paper, we study the universal associative envelope of the special

Jordan triple system JF of all p× q (p ̸= q; p, q > 1) rectangular matrices with the
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triple product xytz + zytx. This paper is organized as follows. In Section 2, we

construct the universal (associative) envelope U(JF) of JF and derive some identities

of U(JF). In Section 3, we prove that U(JF) is isomorphic to Mp+q×p+q(F), where
Mp+q×p+q(F) is the ordinary associative algebra of all (p + q) by (p + q) matrices

over F (Theorem 3.1). We also deduce that JF has only one nontrivial irreducible

representation and determine the explicit form of this representation (Corollary

3.3). The center of U(JF) is also determined (Lemma 3.4).

2. The universal associative envelope of the special Jordan triple

system of rectangular matrices

Definition 2.1. Let JF be the Jordan triple system of the rectangular matrices

Mp×q(F) (p, q > 1; p ̸= q) over a field F of characteristic 0 with the triple product

{x, y, z} = xytz + zytx,

where yt is the transpose of y.

Definition 2.2. We let Ω1 = {1, . . . , p}, Ω2 = {1, . . . , q}, and Ω3 = {p+1, . . . , p+q}
be three finite index sets. Let B = {Ei,j | i ∈ Ω1; j ∈ Ω2} be a basis of JF, where

Ei,j denotes the p-by-q matrix with a single 1, in the ith row and jth column, and

zeros elsewhere.

Notation 2.3. Throughout this paper, we use the following notations:

• δi,j for the Kronecker delta, and δ̂i,j = 1− δi,j.

• ∆i,L = 1 if i ∈ L, and 0 otherwise.

Let X = {Gi,j | i ∈ Ω1; j ∈ Ω2} be a set of symbols in bijection with B and

let Φ : B → X realize the bijection (Φ(Ei,j) = Gi,j). Let F be the free associative

algebra generated by X. We extend Φ to a map Φ : JF → F (by linearity). Let I

be the two-sided ideal of F generated by all the elements of the form:

Gi,jGk,ℓGs,t +Gs,tGk,ℓGi,j − Φ({Ei,j , Ek,ℓ, Es,t}) (i, k, s ∈ Ω1, j, ℓ, t ∈ Ω2).

The universal associative envelope U(JF) of JF is the quotient F/I. Let π : F →
U(JF) be the projection, then the map ι = π ◦ Φ maps JF to U(JF).

2.1. Identities of the universal associative envelope. In this section we get

identities of U(JF) that we use in the proof of the main results of the next section.

Lemma 2.4. In U(JF), the following identities hold:

(1) Gi,jGi,jGi,j ≡ Gi,j (i ∈ Ω1, j ∈ Ω2),

(2) Gi,jGk,ℓ ≡ 0 (i ̸= k, j ̸= ℓ; i, k ∈ Ω1, j, ℓ ∈ Ω2),
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(3) Gi,jGi,ℓ ≡ G1,jG1,ℓ (j ̸= ℓ; i ∈ Ω1 \ {1}, j, ℓ ∈ Ω2),

(4) Gi,jGk,j ≡ Gi,1Gk,1 (i ̸= k; i, k ∈ Ω1, j ∈ Ω2 \ {1}),
(5) G1,jG1,ℓG1,s ≡ 0 (j ̸= ℓ ̸= s; j, ℓ, s ∈ Ω2),

(6) Gi,1Gk,1Gt,1 ≡ 0 (i ̸= k ̸= t; i, k, t ∈ Ω1),

(7) G1,1Gi,1Gi,1 ≡ G1,jG1,jG1,1 (i ∈ Ω1 \ {1}, j ∈ Ω2 \ {1}),
(8) Gi,1Gi,1G1,1 ≡ G1,1G1,jG1,j (i ∈ Ω1 \ {1}, j ∈ Ω2 \ {1}).

Proof. For (1): It is obvious, since 2Gi,jGi,jGi,j ≡ 2Gi,j (i ∈ Ω1; j ∈ Ω2). For

(2): Let i, k ∈ Ω1, j, ℓ ∈ Ω2, i ̸= k, and j ̸= ℓ. By (1) (of the present lemma), we

have Gi,jGi,jGi,j ≡ Gi,j . Multiplying by Gk,ℓ from the right, we get

Gi,jGi,jGi,jGk,ℓ ≡ Gi,jGk,ℓ. (1)

Using Gi,jGi,jGk,ℓ ≡ −Gk,ℓGi,jGi,j in (1) gives

−Gi,jGk,ℓGi,jGi,j ≡ Gi,jGk,ℓ,

which implies (2), since Gi,jGk,ℓGi,j ≡ 0. For (3): Let i ∈ Ω1 \ {1}, j, ℓ ∈ Ω2, and

j ̸= ℓ, we have

Gi,jG1,jG1,j +G1,jG1,jGi,j −Gi,j ≡ 0.

Multiplying by Gi,ℓ from the right and observing that G1,jGi,ℓ ≡ 0 (by (2) (of the

present lemma)), we get

G1,jG1,jGi,jGi,ℓ −Gi,jGi,ℓ ≡ 0. (2)

Using G1,jGi,jGi,ℓ ≡ −Gi,ℓGi,jG1,j +G1,ℓ in (2) gives

G1,j (−Gi,ℓGi,jG1,j +G1,ℓ)−Gi,jGi,ℓ ≡ 0,

which implies (3), since G1,jGi,ℓ ≡ 0 (by (2) (of the present lemma)). For (4): Let

i, k ∈ Ω1, j ∈ Ω2 \ {1}, and i ̸= k. We have

Gi,jGi,1Gi,1 +Gi,1Gi,1Gi,j −Gi,j ≡ 0.

Multiplying by Gk,j from the right and observing that Gi,1Gk,j ≡ 0 (by (2) (of the

present lemma)), we obtain

Gi,1Gi,1Gi,jGk,j −Gi,jGk,j ≡ 0. (3)

Using Gi,1Gi,jGk,j ≡ −Gk,jGi,jGi,1 +Gk,1 in (3) gives

Gi,1(−Gk,jGi,jGi,1 +Gk,1)−Gi,jGk,j ≡ 0,
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which implies (4), since Gi,1Gk,j ≡ 0 (by (2) (of the present lemma)). For (5): Let

i ∈ Ω1 \ {1}, j, ℓ, s ∈ Ω2, and j ̸= ℓ ̸= s. By (3) (of the present lemma), we have

Gi,jGi,ℓ ≡ G1,jG1,ℓ.

Multiplying by G1,s from the right, we get

Gi,jGi,ℓG1,s ≡ G1,jG1,ℓG1,s,

which implies (5), since Gi,ℓG1,s ≡ 0 (by (2) (of the present lemma)). For (6): Let

i, k, t ∈ Ω1, i ̸= k ̸= t, and j ∈ Ω2 \ {1}. By (3) (of the present lemma), we have

Gi,jGk,j ≡ Gi,1Gk,1.

Multiplying by Gt,1 from the right gives

Gi,jGk,jGt,1 ≡ Gi,1Gk,1Gt,1,

which implies (6); since Gk,jGt,1 ≡ 0 (by (2) (of the present lemma)). For (7): Let

i ∈ Ω1 \ {1} and j ∈ Ω2 \ {1}. By (4) (of the present lemma), we have

G1,jGi,j ≡ G1,1Gi,1.

Multiplying by Gi,1 from the right and observing that Gi,jGi,1 ≡ G1,jG1,1 (by (3)

(of the present lemma)), we get (7). For (8), let i ∈ Ω1 \ {1}, and j ∈ Ω2 \ {1}, we
have

Gi,1Gi,1G1,1 ≡ −G1,1Gi,1Gi,1 +G1,1. (4)

By (7) (of the present lemma), we have G1,1Gi,1Gi,1 ≡ G1,jG1,jG1,1. Using this in

(4) gives

Gi,1Gi,1G1,1 ≡ −G1,jG1,jG1,1 +G1,1 ≡ G1,1G1,jG1,j .

This completes the proof. □

Remark 2.5. By (7) and (8) of Lemma 2.4, for all i, k ∈ Ω1 \ {1}, i ̸= k, and

j ∈ Ω2 \ {1}, we have

G1,1Gi,1Gi,1 ≡ G1,jG1,jG1,1 ≡ G1,1Gk,1Gk,1,

and

Gi,1Gi,1G1,1 ≡ G1,1G1,jG1,j ≡ Gk,1Gk,1G1,1.

That is, the products

G1,1Gi,1Gi,1 and Gi,1Gi,1G1,1 (resp. G1,jG1,jG1,1 and G1,1G1,jG1,j)

do not depend on the choice of i ∈ Ω1 \ {1} (resp. j ∈ Ω2 \ {1}).
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Corollary 2.6. In U(JF), the following identities hold:

(1) G1,ℓG1,1G1,1G1,j ≡ −δℓ,jG1,1G1,1G1,jG1,j +G1,ℓG1,j (ℓ, j ∈ Ω2 \ {1}),
(2) Gi,1G1,1G1,1Gk,1 ≡ −δi,kG1,1G1,1Gi,1Gi,1 +Gi,1Gk,1 (i, k ∈ Ω1 \ {1}),
(3) G1,jG1,ℓG1,ℓG1,1 ≡ −δj,1G1,1G1,1G1,ℓG1,ℓ +G1,jG1,1 (j, ℓ ∈ Ω2; ℓ ̸= 1),

(4) G1,1G1,1G1,jG1,jG1,1 ≡ G1,jG1,jG1,1 (j ∈ Ω2 \ {1}),
(5) G1,jG1,jG1,1G1,1G1,ℓ ≡ G1,1G1,1G1,ℓ (j, ℓ ∈ Ω2 \ {1}),
(6) G1,1G1,1G1,jG1,jG1,1Gi,1 ≡ G1,1Gi,1 (i ∈ Ω1 \ {1}, j ∈ Ω2 \ {1}),
(7) G1,1G1,jG1,jG1,ℓ ≡ G1,1G1,ℓ (j, ℓ ∈ Ω2 \ {1}),
(8) Gi,1G1,1G1,jG1,j ≡ Gi,1G1,1 (i ∈ Ω1 \ {1}, j ∈ Ω2 \ {1}).

Proof. For (1): Let ℓ, j ∈ Ω2 \ {1}, we have

G1,ℓG1,1G1,1G1,j ≡ (−G1,1G1,1G1,ℓ +G1,ℓ)G1,j

≡ −δℓ,jG1,1G1,1G1,jG1,j +G1,ℓG1,j ,

using G1,ℓG1,1G1,1 ≡ −G1,1G1,1G1,ℓ+G1,ℓ and (5) of Lemma 2.4. The proof of (2)

is similar. For (3): Let ℓ, j ∈ Ω2 and ℓ ̸= 1, we have

G1,jG1,ℓG1,ℓG1,1 ≡ G1,j(−G1,1G1,ℓG1,ℓ +G1,1)

≡ −δj,1G11G1,1G1,ℓG1,ℓ +G1,jG1,1,

using G1,ℓG1,ℓG1,1 ≡ −G1,1G1,ℓG1,ℓ + G1,1 and (5) of Lemma 2.4. For (4): Let

j ∈ Ω2 \ {1} and choose any t ∈ Ω1 \ {1}, we have

G1,1G1,1G1,jG1,jG1,1 ≡ G1,1G1,1G1,1Gt,1Gt,1 ≡ G1,1Gt,1Gt,1 ≡ G1,jG1,jG1,1,

by (7) and (1) of Lemma 2.4. For (5): Let j, ℓ ∈ Ω2\{1} and choose any t ∈ Ω1\{1},
we have

G1,jG1,jG1,1G1,1G1,ℓ≡G1,1Gt,1Gt,1G1,1G1,ℓ≡G1,1G1,1G1,ℓG1,ℓG1,ℓ≡G1,1G1,1G1,ℓ,

by (7), (8), and (1) of Lemma 2.4. For (6): Let i ∈ Ω1 \ {1} and j ∈ Ω2 \ {1}, we
have

G1,1G1,1G1,jG1,jG1,1Gi,1 ≡ G1,jG1,jG1,1Gi,1 ≡ G1,1Gi,1Gi,1Gi,1 ≡ G1,1Gi,1,

by (4) (of the present lemma) and (7), (1) of Lemma 2.4. For (7): Let ℓ, j ∈ Ω2\{1},
we have

G1,1G1,jG1,jG1,ℓ ≡ G1,1G1,ℓG1,ℓG1,ℓ ≡ G1,1G1,ℓ,
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by Remark 2.5 and (1) of Lemma 2.4. For (8): Let i ∈ Ω1 \ {1} and j ∈ Ω2 \ {1},
we have

Gi,1G1,1G1,jG1,j ≡ Gi,1Gi,1Gi,1G1,1 ≡ Gi,1G1,1,

by (8) and (1) of Lemma 2.4. This completes the proof. □

3. Main results

In this section we present the main results of this paper on the representations

of the Jordan triple system JF. Our goal is to use the specialty of the Jordan triple

system JF and the identities of Section 2.1 to get the decomposition of U(JF) into

matrix algebras.

Theorem 3.1. With notation as above. If JF is the Jordan triple system of all

p × q (p ̸= q; p, q > 1) rectangular matrices over a field F of characteristic 0 and

U(JF) is the universal associative envelope of JF, then

U(JF) ∼= Mp+q×p+q(F),

where Mp+q×p+q(F) is the ordinary associative algebra of all (p+q)×(p+q) matrices

over F.

Proof. We set

Ai,k = Gi,1Gk,1 (i, k ∈ Ω1; i ̸= k).

A1,p+1 = G1,jG1,jG1,1 (for any j ∈ Ω2 \ {1}).

Ai,k = Gi,1G1,1G1,k−p (i ∈ Ω1, k ∈ Ω3; (i, k) ̸= (1, p+ 1)).

Ai,k = −Ak,i +Gk,i−p (i ∈ Ω3, k ∈ Ω1).

Ai,k = G1,i−pG1,k−p (i, k ∈ Ω3; i ̸= k).

A1,1 = G1,1G1,1G1,jG1,j (for any j ∈ Ω2 \ {1}).

Ai,i = −G1,1G1,1Gt,1Gt,1 +Gi,1Gi,1 (i ∈ Ω1 \ {1}; for any t ∈ Ω1 \ {1}).

Ai,i = −G1,1G1,1G1,jG1,j +G1,i−pG1,i−p (i ∈ Ω3; for any j ∈ Ω2 \ {1}).

We wish to show that the elements Ai,j (for all i, j ∈ Ω1 ∪Ω3) satisfy the multipli-

cation table for matrix units. We first observe that the elements A1,1, A1,p+1, and

the first term of Ai,i (i ∈ (Ω1 ∪Ω3) \ {1}) do not depend on the choice of j ̸= 1 (see

Remark 2.5). Let i ∈ (Ω1 ∪ Ω3) \ {1} and choose any j ∈ Ω2 \ {1}, we have

A1,i = ∆i,Ω1G1,1Gi,1 + δi,p+1G1,jG1,jG1,1 + δ̂i,p+1∆i,Ω3G1,1G1,1G1,i−p.

Ai,1 = ∆i,Ω1
Gi,1G1,1 +∆i,Ω3

(−A1,i +G1,i−p).
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For all i ∈ (Ω1 ∪ Ω3) \ {1}, we first consider the following four products: A1,iA1,1,

A1,1A1,i, A1,1Ai,1, and Ai,1A1,1. For A1,iA1,1: We have

A1,iA1,1 = ∆i,Ω1
G1,1Gi,1G1,1G1,1G1,jG1,j (5)

+ δi,p+1G1,jG1,jG1,1G1,1G1,1G1,jG1,j

+ δ̂i,p+1∆i,Ω3
G1,1G1,1G1,i−pG1,1G1,1G1,jG1,j

≡ 0,

since G11G11G11 ≡ G11 (by (1) of Lemma 2.4) and the elements, G1,1Gi,1G1,1

(i ̸= 1), G1,jG1,1G1,j (j ̸= 1) and G1,1G1,i−pG1,1 (i ̸= p+ 1) vanish (by (6), (5) of

Lemma 2.4),

For A1,1A1,i: We have

A1,1A1,i = ∆i,Ω1G1,1G1,1G1,jG1,jG1,1Gi,1 + δi,p+1G1,1G1,1G1,jG1,jG1,jG1,jG1,1

+ δ̂i,p+1∆i,Ω3
G1,1G1,1G1,jG1,jG1,1G1,1G1,i−p (6)

≡ ∆i,Ω1G1,1Gi,1 + δi,p+1G1,1G1,1G1,jG1,jG1,1

+ δ̂i,p+1∆i,Ω3
G1,1G1,1G1,1G1,1G1,i−p

≡ ∆i,Ω1
G1,1Gi,1 + δi,p+1G1,jG1,jG1,1 + δ̂i,p+1∆i,Ω3

G1,1G1,1G1,i−p

= A1,i,

by (6), (4), (5) of Corollary 2.6 and (1) of Lemma 2.4. For A1,1Ai,1: We have

A1,1Ai,1 = ∆i,Ω1
A1,1Gi,1G1,1 +∆i,Ω3

(−A1,1A1,i +A1,1G1,i−p).

We observe that A1,1Gi,1 = G1,1G1,1G1,jG1,jGi,1 ≡ 0; since G1,jGi,1 ≡ 0 (by (2)

of Lemma 2.4). Using this and (6) (of the present proof), (4) and (7) of Corollary

2.6, we obtain

A1,1Ai,1 = ∆i,Ω3(−A1,i +A1,1G1,i−p)

= ∆i,Ω3
(−A1,i +G1,1G1,1G1,jG1,jG1,i−p)

≡ ∆i,Ω3(−A1,i + δi,p+1G1,jG1,jG1,1 + δ̂i,p+1G1,1G1,1G1,i−p)

≡ 0.
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For Ai,1A1,1: We have

Ai,1A1,1 = ∆i,Ω1
Gi,1G1,1A1,1 +∆i,Ω3

(−A1,iA1,1 +G1,i−pA1,1)

= ∆i,Ω1
Gi,1G1,1G1,1G1,1G1,jG1,j +∆i,Ω3

G1,i−pG1,1G1,1G1,jG1,j

≡ ∆i,Ω1
Gi,1G1,1G1,jG1,j +∆i,Ω3

[
δi,p+1G1,1G1,1G1,1G1,jG1,j

+ δ̂i,p+1G1,i−pG1,1G1,1G1,i−pG1,i−p

]
≡ ∆i,Ω1

Gi,1G1,1 +∆i,Ω3

[
δi,p+1G1,1G1,jG1,j

+ δ̂i,p+1(−G1,1G1,1G1,i−p +G1,i−p)
]

= Ai,1,

by (5) (of the present proof), (1) of Lemma 2.4, Remark 2.5, and (8), (1) of Corollary

2.6. Summarizing, for all i ∈ (Ω1 ∪ Ω3) \ {1}, we have

A1,iA1,1 = 0 = A1,1Ai,1, A1,1A1,i = A1,i, Ai,1A1,1 = Ai,1. (7)

Throughout the rest of the proof, we assume that i, k ∈ (Ω1 ∪Ω3) \ {1}. Using the

products of (7), we get

A1,iA1,k = A1,iA1,1A1,k = 0, Ai,1Ak,1 = Ai,1A1,1Ak,1 = 0. (8)

We next consider the two products: A1,iAk,1 and Ai,1A1,k.

For A1,iAk,1: Using (8) (of the present proof), we get

A1,iAk,1 = ∆k,Ω1
A1,iGk,1G1,1 +∆k,Ω3

A1,iG1,k−p.

= ∆k,Ω1

(
∆i,Ω1

G1,1Gi,1 + δi,p+1G1,jG1,jG1,1

+ δ̂i,p+1∆i,Ω3
G1,1G1,1G1,i−p

)
Gk,1G1,1

+∆k,Ω3

(
∆i,Ω1

G1,1Gi,1 + δi,p+1G1,jG1,jG1,1

+ δ̂i,p+1∆i,Ω3G1,1G1,1G1,i−p

)
G1,k−p.

By (2), (5), and (6) of Lemma 2.4, the following products vanish: Gi,1Gk,1G1,1

(i ̸= k), G1,1Gk,1G1,1, G1,i−pGk,1 (i ̸= p+1), Gi,1G1,k−p (k ̸= p+1), G1,jG1,1G1,k−p

(k ̸= p+ 1), G1,1G1,i−pG1,k−p(i ̸= k, p+ 1). It follows that

A1,iAk,1 = ∆k,Ω1
δi,kG1,1Gk,1Gk,1G1,1 +∆k,Ω3

(
δi,p+1δk,p+1G1,jG1,jG1,1G1,1

+∆i,Ω3
δ̂i,p+1δi,kG1,1G1,1G1,k−pG1,k−p

)
.

We now choose any ℓ ∈ Ω1 \ {1} and t ∈ Ω2 \ {1}. By (7) and (8) of Lemma

2.4 and Remark 2.5, we get Gk,1Gk,1G1,1 ≡ G1,1G1,tG1,t, G1,jG1,jG1,1G1,1 ≡
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G1,1Gℓ,1Gℓ,1G1,1 ≡ G1,1G1,1G1,tG1,t (j ̸= 1), G1,1G1,k−pG1,k−p ≡ G1,1G1,tG1,t

(k − p ̸= 1). Using this discussion in the last equation implies

A1,iAk,1 ≡ ∆k,Ω1
δi,kG1,1G1,1G1,tG1,t +∆k,Ω3

(
δi,p+1δk,p+1G1,1G1,1G1,tG1,t (9)

+ ∆i,Ω3
δ̂i,p+1δi,kG1,1G1,1G1,tG1,t

)
= δikA1,1.

For the product Ai,1A1,k: Using (8)(of the present proof) and (1) of Lemma 2.4,

we get

Ai,1A1,k ≡ ∆i,Ω1
Gi,1G1,1A1,k +∆i,Ω3

(−A1,iA1,k +G1,i−pA1,k)

≡ ∆i,Ω1
Gi,1G1,1

[
∆k,Ω1

G1,1Gk,1 + δk,p+1G1,tG1,tG1,1

+∆k,Ω3
δ̂k,p+1G1,k−p

]
+∆i,Ω3

G1,i−p

[
∆k,Ω1

G1,1Gk,1

+ δk,p+1G1,tG1,tG1,1 + δ̂k,p+1∆k,Ω3G1,1G1,1G1,k−p

]
.

Using (2), (8), (3), and (1) of Corollary 2.6 implies

Ai,1A1,k ≡ ∆i,Ω1

[
∆k,Ω1 (−δi,kG1,1G1,1Gi,1Gi,1 +Gi,1Gk,1) + δk,p+1Gi,1G1,1G1,1

+∆k,Ω3
δ̂k,p+1Gi,1G1,1G1,k−p

]
+∆i,Ω3

[
∆k,Ω1

G1,i−pG1,1Gk,1

+ δk,p+1 (−δi,p+1G1,1G1,1G1,tG1,t +G1,i−pG1,1) + δ̂k,p+1∆k,Ω3

(
δi,p+1G1,1G1,k−p

+ δ̂i,p+1 (−δi,kG1,1G1,1G1,i−pG1,i−p +G1,i−pG1,k−p)
)]

= Ai,k.

Summarizing, for all i, k ∈ (Ω1 ∪ Ω3) \ {1}, we have

A1,iA1,k = 0 = Ai,1Ak,1, A1,iAk,1 = δikA1,1, Ai,1A1,k = Ai,k. (10)

We now use the products of (7) and (10) to get all the others. For all i, k, ℓ, t ∈
(Ω1∪Ω3)\{1}, we have A1,iAi,1 = A1,1, hence A1,1A1,iAi,1 = A1,1A1,1. Thus A1,1 =

A1,1A1,1. We also have Ai,k = Ai,1A1,k. Hence Ai,kAℓ,t = Ai,1A1,kAℓ,1A1,t =

δk,ℓAi,1A1,1A1,t = δk,ℓAi,1A1,t = δk,ℓAi,t. Summarizing, for all i, k, ℓ, t ∈ Ω1 ∪ Ω3,

we have

Ai,kAℓ,t = δk,ℓAi,t.

Now let S denote the subspace of U(JF) generated by Ai,j (i, j ∈ Ω1 ∪ Ω3). We

have shown that S is a subalgebra of U(JF) and is isomorphic to Mp+q×p+q(F). By
the definition of Ai,j , we get

Gi,j = Ai,j+p +Aj+p,i (for all i ∈ Ω1, j ∈ Ω2).

Thus all Gi,j ∈ S. Hence U(JF) ∼= Mp+q×p+q(F). □
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Corollary 3.2. The universal associative envelope of the Jordan triple system JF

(of Definition 2.1) is semisimple.

Corollary 3.3. The Jordan triple system JF (of Definition 2.1) has only one non-

trivial representation (up to equivalence) defined by:

Θ : JF → Mp+q×p+q(F), Ei,j →

(
Op×p Ei,j

Ej,i Oq×q

)
.

Proof. By Theorem 3.1, the Jordan triple system JF has only one nontrivial rep-

resentation. We now verify that Θ is a representation of JF. We first observe

that,

Θ(Ei,j) = Ei,p+j + Ep+j,i (for all i ∈ Ω1, j ∈ Ω2).

where Ei,j is the (p+ q)× (p+ q) matrices whose (i, j) entry is 1 and all the other

entries are 0. For all i, k, s ∈ Ω1 and j, ℓ, t ∈ Ω2, we have

Θ{Ei,j , Ek,ℓ, Es,t} = Θ(Ei,jEℓ,kEs,t + Es,tEℓ,kEi,j)

= Θ (δj,ℓδk,sEi,t + δt,ℓδk,iEs,j)

= δj,ℓδk,s (Ei,p+t + Ep+t,i) + δt,ℓδk,i (Es,p+j + Ep+j,s) .

On the other hand

{Θ(Ei,j),Θ(Ek,ℓ),Θ(Es,t)} = Θ(Ei,j)(Θ(Ek,ℓ))
tΘ(Es,t) + Θ(Es,t)(Θ(Ek,ℓ))

tΘ(Ei,j)

= (Ei,p+j + Ep+j,i) (Ek,p+ℓ + Ep+ℓ,k)
t
(Es,p+t + Ep+t,s)

+ (Es,p+t + Ep+t,s)
(
Ek,p+ℓ + Ep+ℓ,k)

t(Ei,p+j + Ep+j,i

)
= (Ei,p+j + Ep+j,i) (Ek,p+ℓ + Ep+ℓ,k) (Es,p+t + Ep+t,s)

+ (Es,p+t + Ep+t,s) (Ek,p+ℓ + Ep+ℓ,k) (Ei,p+j + Ep+j,i)

= δj,ℓδk,sEi,p+t+δi,kδℓ,tEp+j,s+δt,ℓδi,kEs,p+j+δs,kδℓ,jEp+t,i.

Hence Θ is a representation of JF. □

Lemma 3.4. The center C(U(JF)) of the universal associative envelope U(JF) has

dimension 1 with a basis

e = (1− q)G1,1G1,jG1,j+(1− p)G1,1G1,1Gt,1Gt,1+

p∑
i=2

Gi,1Gi,1+

q∑
s=1

G1,sG1,s,

for any t ∈ Ω1 \ {1} and j ∈ Ω2 \ {1}.
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Proof. By Theorem 3.1, we have C(U(JF)) ∼= F. It follows that e =
∑p+q

i=1 Ai,i is

the only idempotent in U(JF) that span the center. Using the proof of Theorem

3.1, we get

e = G1,1G1,1G1,jG1,j +

p∑
i=2

(−G11G1,1Gt,1Gt,1 +Gi,1Gi,1)

+

p+q∑
i=p+1

(−G1,1G1,1G1,jG1,j +G1,i−pG1,i−p)

= G1,1G1,1G1,jG1,j − (p− 1)G11G1,1Gt,1Gt,1 +

p∑
i=2

Gi,1Gi,1

− q G1,1G1,1G1,jG1,j +

p+q∑
i=p+1

G1,i−pG1,i−p.

This completes the proof. □
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