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ABSTRACT. Let Jr be the Jordan triple system of all p X ¢ (p # ¢; p,g > 1)
rectangular matrices over a field F of characteristic 0 with the triple product
{z,y,2} = zy'z + zy'z, where y' is the transpose of y. We study the univer-
sal associative envelope U(Jr) of Jr and show that U(Tr) = Mpiqxp+q(F),
where Mp4qxp+q(F) is the ordinary associative algebra of all (p+q) x (p+q)
matrices over F. It follows that there exists only one nontrivial irreducible

representation of Jp. The center of U(Jr) is deduced.
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1. Introduction

A vector space V over a field F of characteristic 0 equipped with a triple product

{a,b,c} is called a Jordan triple system if
{'r7 y? Z} = {Z’ y, J/‘},

{u7 ’U, {x7 y’ Z}} = {{u7 ’U, x}? y’ Z} - {x7 {v7 u7 y}7 Z} + {‘T’ y7 {u7 U? Z}}?

for all z,y, z,u,v € V.

Jordan structures appeared in many areas of mathematics like Lie Theory, dif-
ferential geometry and analysis [1,12,13,14,15,22]. In addition to that Jordan triple
systems have been used to find several solutions of the Yang-Baxter equation [20].
The linkages between Jordan structures, Lie algebras, and projective geometries are
given in [6]. Jordan structures play also an important role in theoretical physics.
They are appeared in the theory of superstrings [2,5,7,8,11,21], and in the theory
of colour and confinement [9], in supersymmetry [10]. The description of some

of these applications has been given in the survey [16]. More information about
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Jordan triple systems can be found in [18,19]. It is well known that to every asso-
ciative algebra A one can relate a Jordan triple system J with the triple product
{z,y,2} = zyz + zyx. A Jordan triple system is special if it can be imbedded as a
subtriple of some .J, otherwise it is exceptional. A representation of a Jordan triple
system J is a Jordan triple homomorphism © : J — (EndV')_, where EndV is the
space of endomorphisms of a vector space V to itself. A representation p is called
irreducible if the only invariant subspaces of V' under p are the trivial ones, {0}
and V. It is known that any Jordan algebra gives rise to a Jordan triple system.
One of the most important examples of a Jordan triple system which doesn’t come
from a bilinear product is the rectangular matrices My, () with the triple product
xytz+ zytx; if p # g there is no natural way to multiply two p X ¢ matrices to get a
third p x ¢ matrix, see [17]. This example shows the necessity of a ternary product.
This example is a special Jordan triple system (see the map © of Corollary 3.3 (of
the present paper)).

The problem of the classification of the representations of a special Jordan triple
system can be converted into a problem of an associative algebra by passage to
the universal associative envelope of the Jordan triple system. In [12], it was
shown that the universal (associative) envelope of any Jordan triple system of
finite dimension is finite-dimensional. In [3], we showed that the universal (as-
sociative) envelope of the Jordan triple system J of all n by n (n > 2) matrices
over a field F of characteristic 0 (with respect to the product xyz + zyx) is iso-
morphic to My, xn(F) & My un(F) & Mysn(F) & M, xn(F), where M, «,,(F) is the
ordinary associative algebra of all n by n matrices over F. It follows that there
are four nontrivial finite-dimensional irreducible representations of J. In [4], we
have studied the representations of two special Jordan triple systems (with respect
to the product xyz + zyx): The Jordan triple system Js of all symmetric n by
n (n > 2) matrices over a field F of characteristic zero, and the Jordan triple
system Jy of all Hermitian n by n (n > 2) matrices over the complex numbers
C. We proved that the universal (associative) envelope of [Js is isomorphic to
Mysn(F) ® My, %, (IF), while the universal (associative) envelope of J3 is isomor-
phic t0 My, xn(C) ® My xn (C) ® My s (C) ® My, %, (C). We deduced that the Jordan
triple system Js has two nontrivial finite-dimensional inequivalent irreducible rep-
resentations, while the Jordan triple system J3 has four nontrivial inequivalent
finite-dimensional irreducible representations.

In the present paper, we study the universal associative envelope of the special

Jordan triple system Jr of all p X ¢ (p # ¢; p, g > 1) rectangular matrices with the
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triple product zy'z + zy'xz. This paper is organized as follows. In Section 2, we
construct the universal (associative) envelope U (Jr) of Jr and derive some identities
of U(Jr). In Section 3, we prove that U(Jr) is isomorphic to Mp4qxp+q(F), where
Mp+gxpt+q(F) is the ordinary associative algebra of all (p + ¢) by (p + ¢) matrices
over F (Theorem 3.1). We also deduce that Jr has only one nontrivial irreducible
representation and determine the explicit form of this representation (Corollary
3.3). The center of U(Jr) is also determined (Lemma 3.4).

2. The universal associative envelope of the special Jordan triple

system of rectangular matrices

Definition 2.1. Let Jr be the Jordan triple system of the rectangular matrices
Mpxq(F) (p,q > 1; p # q) over a field F of characteristic 0 with the triple product

{z,y, 2} = ay'2 + 2y'a,
where y is the transpose of .

Definition 2.2. Welet Q; = {1,...,p}, Q2 ={1,...,q}, and Q3 = {p+1,...,p+q}
be three finite index sets. Let B = {E; ; | i € Qq; j € Q2} be a basis of Jr, where
E; ; denotes the p-by-g matrix with a single 1, in the ith row and jth column, and

zeros elsewhere.

Notation 2.3. Throughout this paper, we use the following notations:

e §; ; for the Kronecker delta, and 3” =1-46;;.
o A;r=11ifie L, and 0 otherwise.

Let X = {G,; | i € Q;j € Q2} be a set of symbols in bijection with B and
let @ : B — X realize the bijection (®(E; ;) = G, ;). Let § be the free associative
algebra generated by X. We extend ® to a map ® : Jp — § (by linearity). Let I
be the two-sided ideal of § generated by all the elements of the form:

Gi,jGriGst + G 1GruGij — P{Eij, Ere, Est})) (i,k,s € Qq, 4,0t € Q).

The universal associative envelope U(Jr) of Jr is the quotient §/I. Let 7 : § —
U(Jr) be the projection, then the map ¢ = 7w o ® maps Jr to U(Tr).

2.1. Identities of the universal associative envelope. In this section we get

identities of U(Jr) that we use in the proof of the main results of the next section.

Lemma 2.4. In U(Jr), the following identities hold:
(1) Gi;Gi;Gi; =Gij (1€, j€ D),
(2) Gi,ij,EEO (Z7ék7 ‘77&67 i,kEQl, jvEGQQ);
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3) Gi;jGie=G1,;Gie (J#Y i€ \{1}, j,0€Qy),

4) GijGr;=GinGry (i #k; ik €, j €\ {1}),

5) G1,jG10G1,s =0 (j#LF#s; jl,s€Qa),

6) Gi1Gr1Gi1 =0 (i#k#t; i,k te),

7) G11Gi1Gi1 =Gy ;G jGria (1€ Q1 \ {1}, j€Q\{1}),
)

(
(
(
(
(
(8) Gi1Gi1G11 = G11G1;Gr; (i€ Q1 \ {1}, j € Q\ {1}).

Proof. For (1): It is obvious, since 2G; ;G; ;G;; = 2G;; (1 € Q1; j € Qg). For
(2): Let i,k € Q1, j,£ € Qa, i # k, and j # £. By (1) (of the present lemma), we
have GiJGi,jGi,j = Gi,j. Multiplying by Gk,[ from the right, we get

GZ"jGi,jGiy]’Gk’g = Gi,ij,Z' (1)
Using Giiji,thg = —thGi,jGiJ in (1) giVGS
—G,Gr G jGij = Gi jGry,

which implies (2), since G; ;G ¢G;; = 0. For (3): Let i € Qq \ {1}, j,¢ € Q9, and
j # ¢, we have

Gi,jG1,;G1; + G1,;G1;Gij — G j = 0.

Multiplying by G, from the right and observing that G1 ;G; ¢ = 0 (by (2) (of the

present lemma)), we get
Gh1,;G1,Gi;Gi¢— G, ;G0 = 0. (2)
Using G1,,G;,;Gi¢ = —G,¢G; jG1,; + G1¢ in (2) gives
G1,j (—GiG;;G1;+Gi1e) — G, ;G =0,

which implies (3), since G1;G; ¢ =0 (by (2) (of the present lemma)). For (4): Let
i,k € Q, j€Q\ {1}, and ¢ # k. We have

GijGiaGin + GinGinGi; — G j =0.

Multiplying by G ; from the right and observing that G; 1Gr ; = 0 (by (2) (of the

present lemma)), we obtain
Gi71Gi71Gi7ij7j — Gl"ijJ' =0. (3)
Using Gi71Gi,ij7j = _Gk7jGi,jGi,1 + Gk,l in (3) gives

Gi1(—G,;Gi jGin + Gra) — G, ;G ; =0,
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which implies (4), since G;1Gy j =0 (by (2) (of the present lemma)). For (5): Let
1€ Q\ {1}, 7,¢,s € Qy, and j # £ # s. By (3) (of the present lemma), we have

Gi,jGi,£ = Gl,jG1,z~
Multiplying by G s from the right, we get
G; ;GG s = G1;G10Gh s,

which implies (5), since G ¢G1,s =0 (by (2) (of the present lemma)). For (6): Let
ikt €, i#k#t and j € Qz\ {1}. By (3) (of the present lemma), we have

GijGrj = GinGroa.
Multiplying by Gy 1 from the right gives
GijGrjGi1 = GitGraGy,

which implies (6); since Gy jG¢,1 =0 (by (2) (of the present lemma)). For (7): Let
i€\ {1} and j € Qs \ {1}. By (4) (of the present lemma), we have

G1,jGij = GiaGia

Multiplying by G; 1 from the right and observing that G; ;G;1 = G1,;G1.1 (by (3)
(of the present lemma)), we get (7). For (8), let i € Q1 \ {1}, and j € Q2 \ {1}, we

have
Gi1Gi1Gi11 = —G11Gi1Gi + Gy 4)
By (7) (of the present lemma), we have G1,1G;,1G;1 = G1;G1,;G1.1. Using this in
(4) gives
Gi1Gi1Gi1 = —G1,jG1;Giy + G = Gi1Gy Gy
This completes the proof. O

Remark 2.5. By (7) and (8) of Lemma 2.4, for all i,k € Oy \ {1}, i # k, and
Jj € D2\ {1}, we have

G1,1Gi1Gi1 = G1,;G1,;G11 = G1,1Gra Gt
and
Gi,lGi,lGl,l = G1,1G1,jG1,j = Gk,le,lGl,l-
That is, the products
G1,1G;1G; 1 and G31G;1G1 1 (resp. Gh,jG1,jG11 and G11GY G j)
do not depend on the choice of 7 € Q4 \ {1} (resp. 7 € Qa2 \ {1}).
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Corollary 2.6. In U(Jr), the following identities hold:

(1) G1G11G11G1,j = —60,;G11G1,1G1,;G1; +G1G1; (4,7 € Q2\ {1}),
(2) Gi1G11G11Gr1 = —0:1G11G11Gi1Gin + GinGr o (3,6 € Q0 \ {1}),
(3) G1,;G14G1G11 = —0;,G11G11G1¢G10+G1,;G11 (4,0 € Qo3 #1),
(4) G11G1,1G1,;G1,;G11 = G1;G1;G1a (G € Q2 \{1}),

(6) G1,;G1,;G11G11G1e=G11G11G1e (5,0 € Q2 \ {1}),

(6) G1,1G1,1G1,;G1,;G11Gi1 = G11Gin (1€ Q\ {1}, j € Q2 \ {1}),

(7) G11G1,;G1;Gre=G11G1e (G, L€ Q2 \ {1}),

(8) GinG11G1;G1; =GinGia (e i\ {1}, j e\ {1}).

Proof. For (1): Let ¢,j € Q2 \ {1}, we have

G1,G11G1,1G1,; = (—G11G1,1G10 + G1p) Gh 5
= —00,;G1,1G1,1G1,;G1,j + G1,0G1 5,

using G1 ¢G1,1G1,1 = —G1,1G1,1G1,¢+G1 ¢ and (5) of Lemma 2.4. The proof of (2)
is similar. For (3): Let £,j € Qo and ¢ # 1, we have

G1,;G1,0G1,0G11 = G1;(—G11G1,¢G10 + G1,1)
= —0;,1G11G1,1G1¢G1¢ + G1,;G1 1,

using G1,¢G1,G11 = —G11G1¢G1¢+ G1,1 and (5) of Lemma 2.4. For (4): Let
J € Q2 \ {1} and choose any ¢t € Q; \ {1}, we have

G1,1G1,1G1,jG1,jG1,1 = G1,1G1,1G1,1Gt,1Gt,1 = G1,1Gt,1Gt,1 = Gl,le,le,h

by (7) and (1) of Lemma 2.4. For (5): Let j,¢ € Q2\{1} and choose any ¢ € 21 \{1},

we have
Gl,le,le,lGl,lGl,z EGl,th,th,lGl,lGl,z EGl,lGl,lGl,zGl,zGl,z EGl,lGl,lGLe,

by (7), (8), and (1) of Lemma 2.4. For (6): Let i € Q1 \ {1} and j € Q2 \ {1}, we

have
G1,1G1,1G1,;G1,jG1,1Gi1 = G1,;G1,;G11Gi1 = G1,1G3,1Gi1Gi1 = G11Gan,

by (4) (of the present lemma) and (7), (1) of Lemma 2.4. For (7): Let £, j € Qo\{1},

we have

G11G1,;G1,;G1e = G1,1G10G10Gre = G1,1G1 s
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by Remark 2.5 and (1) of Lemma 2.4. For (8): Let i € Q; \ {1} and j € Q5 \ {1},

we have
Gi,lGl,lGl,le,j = Gi,lGi,lGi,lGl,l = Gz‘,1G1,1,

by (8) and (1) of Lemma 2.4. This completes the proof. O

3. Main results

In this section we present the main results of this paper on the representations
of the Jordan triple system Jr. Our goal is to use the specialty of the Jordan triple
system Jr and the identities of Section 2.1 to get the decomposition of U(Jr) into

matrix algebras.

Theorem 3.1. With notation as above. If Jr is the Jordan triple system of all
p X q (p#q; p,qg>1) rectangular matrices over a field F of characteristic 0 and

U(Tr) is the universal associative envelope of Jr, then
u(j]F) = Mp+q><p+q(F)a
where My gxp+q(F) is the ordinary associative algebra of all (p+q) X (p+q) matrices

over IF.

Proof. We set
Aig = Gi1Gr1 (i,k € Q5 i £ k).
A pt1 = G1jG1 Gy (for any j € Qz\ {1}).
Ak =G 1G11G1p—p (1€, keQs; (i,k) # (1,p+1)).
Aip=—Aki +Grip (1€Q3, key).
Ak =G1ipGri—p (i,keQz; i #Ek).
A1 =G1,1G11G1jG1; (for any j € Qo \ {1}).
Aii=—-G11G11G11Ge1 + Gi1Gin (1€ Q1 \ {1}; for any t € Q1 \ {1}).
A i =—G11G11G1;G1;+G1,-pGri—p (1€ Qg; forany j € Qo \ {1}).

We wish to show that the elements A; ; (for all 7, j € 2y UQ3) satisfy the multipli-
cation table for matrix units. We first observe that the elements Ay 1, A p11, and
the first term of A;; (i € (21 UQ3)\ {1}) do not depend on the choice of j # 1 (see
Remark 2.5). Let ¢ € (21 UQ3) \ {1} and choose any j € Q2 \ {1}, we have

A =080,G11Gi1 + 0 pr1G1 ;G ;G + S\i,erlALQgGLlGl,lGl,ifp-

A1 =208,0,Gi1G11+ A, (—A1i + Grimp)-
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For all ¢ € (21 UQ3) \ {1}, we first consider the following four products: A; ;A4 1,
A171A1,i, A171A1’_’1, and Ai71A171. For Al,iAl,l: We have

A1 iA1= 00,G11Gi1G11G11G1 ;G (5)
+0ip+1G1,;G1,;G1,1G11G1,1G1,; G5
+gz’,p-l—lAi,QgGl,lGl,lGl,i—pGl,lGl,lGl,le,j

=0,

since G11G11G11 = G11 (by (1) of Lemma 2.4) and the elements, G11G;1G11
(1t #1), G1,;G11G1,; (7 #1) and G1,1G1,i—pG11 (i # p+ 1) vanish (by (6), (5) of
Lemma 2.4),

For Aj1A;,;: We have

A11Ar = 8i0,G11G1,1G1 ;G jG11Git + 6 pr1Gr1Gr1Gr GGG G
+ 0ip+104,0,G1,1G1,1G1,;G1,jG1,1G11Gr i (6)
=Ai0,G11Gi1 +0ip11G11G11G1 jG1 ;G
+gi,p+1Ai,Q3Gl,lGl,lGl,lGl,lGl,ifp
=N 0,G1,1Gi1 + 03 p11G1,jG1,;G11 + S\i,p#»lAi,QgGl,lGl,lGl,ifp
= A1,

by (6), (4), (5) of Corollary 2.6 and (1) of Lemma 2.4. For A; 14, 1: We have
A174i1 =00, A11Gi1G11 + A, (—A1 1A+ A11Gimp).

We observe that Al,lGi,l = G1,1G171G17jG1’jGi71 = 0; since Gl,jGi,l =0 (by (2)
of Lemma 2.4). Using this and (6) (of the present proof), (4) and (7) of Corollary

2.6, we obtain

A4 = Do, (A + A11Grimp)
=N 0,(—A1; + G11G1,1G1,;G1jG1i—p)
=N o, (—A1; +0i p+1G1,;G1,;G11 + 5;7p+1G1,1G171G1,i7p>
=0.
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For Ai71A171: ‘We have

AinA11=0,0,Gi1G11A11 + Ao, (A1 A1+ GrimpAig)
=0;0,Gi1G11G1,1G1,1G1,;G15 + D 0,G1,i—pG11G1,1G1,;G1 5
= A0;0,Gi1G11G1;G1; + DNia, [0ip+1G11G11G11G1 ;G
+ gi,p+1Gl,i—pGl,1G1,1G1,i—pG1,i—p}
=00, Gi1G11 + Aig, [0ip+1G1,1G1 ;G
+ gi,erl(_Gl,lGl,lGl,ifp + Gmep)]
=A4;1,

by (5) (of the present proof), (1) of Lemma 2.4, Remark 2.5, and (8), (1) of Corollary
2.6. Summarizing, for all ¢ € (; UQ3) \ {1}, we have

A A =0=A114;1, A1gA = A, AjnA = A (7)

Throughout the rest of the proof, we assume that i,k € (Q; UQ3) \ {1}. Using the
products of (7), we get

Ay Ay = A1iAin A =0, A1 Ak = Ain A Ay = 0. (8)

We next consider the two products: A; ;A1 and A; 1A k.
For A; ;Aj1: Using (8) (of the present proof), we get
Ar At = Ao, A1,iGr1G1a + Ak o, A1iG1 k—p-
= Apa, (8i0,G11Gi1 + 0 p11G1,;G1;G1a
+ gi,p-i—lAi,QgGl,lGl,lGl,i—p)Gk),lGl,l
+ Ak, (Ai0, G11Gin + 6ip+1G1,;G1,;G1
+ gz’,p—i—lAi,Q;;Gl,lGl,lGl,i—p)Gl,k—p-
By (2), (5), and (6) of Lemma 2.4, the following products vanish: G;1Gk1G11
(i # k), G11Gr1G11, Gri—pGra (0 # p+1), GiaGig—p (K # p+1), G1;G11G1k—p
(k#p+1), Gi1G1,i—pGrr—p(t # k,p+1). It follows that
Ay Ak = D0, 051G Gr1Gra Gt + Ak, (0ip+10k,p+1G1,;G1,;G1,1G1 1
+ Ai,QgB\i,p—&-l5i,kG1,1G1,1G1,k—pG1,k—p)~

We now choose any ¢ € Oy \ {1} and t € Q2 \ {1}. By (7) and (8) of Lemma
2.4 and Remark 2.5, we get Gk 1Gr1G1,1 = G1,1G1:G1t, G1,;G1,;G1,1G11 =
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Gl,lGé,lGé,lGl,l = G1,1G1,1G1,tG1,t (j 75 1), G1,1G1,k—pG1,k—p = G1,1G1,tG1,t
(k—p #1). Using this discussion in the last equation implies
A1iAe1 = D0, 0i8G1,1G1,1G14G e + Ay (05, p+10kp+1G1,1G1,1G14Gye (9)
+ Ai,ﬂggz',p+15i,kG1,1G1,1G1,tG1,t)
=0 A1

For the product A;1A; : Using (8)(of the present proof) and (1) of Lemma 2.4,

we get
AinAr g =Ai0,Gi1G11 ALk + Aijos (= AiAr g + Gri—pAik)
= 00,Gi1G11[Ar0,G11Gr1 + 0k pt1G1,4G1,: G
+ Ak,Qgglap«FlGl,kfp} + Ai 0, G1,imp [ Ak, G1,1Gr 1
+ 0k p+1G1:G1:G11 + Sk,pﬂﬁk,QSG1,1G1,1G1,k—p} .
Using (2), (8), (3), and (1) of Corollary 2.6 implies
Ai1A1g = Nig, [Ak, (—0,kG11G1,1Gi1Gig + Gi1Gr) + 6k pr1Gi1G11G1a
+ Ak,ﬂgSk,erlGi,lGl,lGl,kfp] + Ay [Ak,0,G1,impG1,1Gra
+ 0k pt1 (—0ip+1G1,1G1,1G1.:G1t + G1,i—pG11) + gk,erlAk,Qg (6:p+1G1,1G1,6—p
+ gz‘,p+1 (=0;,kG1,1G1,1G1,i—pG1,i—p + G1,i—pG1k—p) )]
=A .
Summarizing, for all i,k € (2, UQ3) \ {1}, we have
Ay A1 =0= A1 Ak, AriAky = 0iAry, AiiAg = Aig. (10)

We now use the products of (7) and (10) to get all the others. For all i,k, ¢, ¢ €
(Q,UQ3)\{1}, we have A ;A;1 = A1 1, hence A1 141,41 = A11A11. Thus 411 =
A11A11. We also have A; ), = A;1A1 . Hence A; pApy = A1 A1 kAviAry =
Ok eAi1 A1 1A = 0k pAi1Ary = Ok eAi . Summarizing, for all 4, k,¢,t € Q1 U Q3,
we have
AigAor = 0k oAy

Now let S denote the subspace of U(Jr) generated by A;; (i,7 € Q1 UQ3). We
have shown that S is a subalgebra of U(Jr) and is isomorphic to M1 4xp+q(F). By
the definition of A; ;, we get

Giﬂ‘ = Ai,j+p + Aj+p,i (fOI‘ alli € Qq, j € Qg)

Thus all G, ; € S. Hence U(Tr) = Mpiqxp+q(F). O
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Corollary 3.2. The universal associative envelope of the Jordan triple system Jy

(of Definition 2.1) is semisimple.

Corollary 3.3. The Jordan triple system Jy (of Definition 2.1) has only one non-

trivial representation (up to equivalence) defined by:

Opxp Ei,j )

O:J — M, ), FE;,;—
F p+q><p+q( ) »J < Ej,i Oqu

Proof. By Theorem 3.1, the Jordan triple system Jr has only one nontrivial rep-
resentation. We now verify that © is a representation of Jp. We first observe

that,
O(E; ;) =E; pt; + Epyji  (forallie Qy, j € Qo).
where E; ; is the (p+ ¢q) % (p + ¢) matrices whose (4, j) entry is 1 and all the other
entries are 0. For all 7,k,s € ()1 and j7,¢,t € (29, we have
O{FE;;,Ere,Est} = 0O (B jEokEst + Es 1 Ey 1 E; )
=0 (0;,00k,sFi t + 64001 Es ;)

= 05,60k,5 (Eip+t + Eptti) + 01,00k, (Esptj + Epyjis) -
On the other hand

{O(Ei;),0(Err),0(Esi)} = O(Ei;j)(O(Ek)) O(Es t) + O(Es 1) (O(Er ) O(Ei ;)
= (Bip+s + Bprji) Brpre + Eprer)’ Espit + Epier.s)
+ (Esprt + Epros) (Brpre + Epyor) (Biprs + Epiji)
= (Eip+s + Eptji) Brpre + Eprok) (Espre + Epies)
+ Esprt + Epit,s) (Erpre + Epror) (Biptj + Epija)
= 05,00k, s i prsH0; k00 1 Bopy j 101,003 kEos pt 5705 k00, j Eptt,i-

Hence O is a representation of Jp. O

Lemma 3.4. The center €(U(Tr)) of the universal associative envelope U(Jr) has

dimension 1 with a basis

p q
e=(1-q)G11G1,;G1;+(1—p)G11G11G11Ge1+ Y GinGir+Y G1.:Gis,

=2 s=1

foranyt € Q1 \ {1} and j € Q3 \ {1}.
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Proof. By Theorem 3.1, we have €(U(Jr)) = F. Tt follows that e = Y777 A, ; is
the only idempotent in U(Jr) that span the center. Using the proof of Theorem
3.1, we get

p
e=G1,1G1,G1,;G1,; + Z (—G11G1,1G1,1G 1 + Gi1Gin)

=2
p+q
+ Y (=G11G11G1 ;G + Gri Gy
i=p+1

p
=G11G11G1,;G1j — (p—1)G11G11G1Gy 1 + Z Gi1Gia

i=2
p+q
—q¢G1,1G1,1G1,;G1j + Z G1,i—pG1,i—p-
i=p+1
This completes the proof. (Il
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