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ABSTRACT. Let K be a field and S = K|[z1,...,z,] a standard polynomial
ring over K. In this paper, we give new combinatorial algorithms to compute
the smallest t-spread lexicographic set and the smallest t-spread strongly sta-
ble set containing a given set of t-spread monomials of S. Some technical tools
allowing to compute the cardinality of t-spread strongly stable sets avoiding
their construction are also presented. Such functions are also implemented in
a Macaulay?2 package, TSpreadIdeals, to ease the computation of well-known

results about algebraic invariants for ¢-spread ideals.
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1. Introduction

In this paper, we introduce new combinatorial algorithms to smoothly manage
sets of t-spread monomials, ¢t-spread ideals and some algebraic invariants of such
ideals. The t-spread structures have been introduced by Ene, Herzog and Qureshi
[14] in 2018. Since then some authors have investigated these new classes of ideals
to generalize some known results about graded ideals of a polynomial ring (see
[1,2,5,7,12], et al.). Several questions still remain open. So, our goal is to provide
tools to simplify the future investigations of the researchers.

We also implement a new Macaulay2 [15] package: TSpreadIdeals. Such a
package contains some original results and algorithms introduced in this paper,
and, other ones that have been previously analyzed by the author of this paper and
some other researchers [4,6,8]. The presented algorithms are devoted to manage ¢-
spread monomials. Some auxiliary routines allow the user to check which ¢-spread
class a monomial belongs to, or to sieve all the t-spread monomials from a list of
monomials. Furthermore, there is a function giving the possibility to compute the
t-spread shadow of a list of monomials.

By means of such methods, it is possible to construct, in a simple way, suitable ¢-

spread sets of monomials or t-spread ideals with particular properties. For example,
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given a set of t-spread monomials N, it is possible to obtain the smallest ¢-strongly
stable set of monomials B;{N} (Definition 2.1) that contains N. The same opera-
tions can be done for the smallest t-lex set L;{N} (Definition 2.4). There are also
algorithms that allow you to compute a priori the cardinality of the aforementioned
sets. The theoretical justification of these methods is outlined in this paper.

Some of the functions we have mentioned allow us to provide a computational
support to the characterization of important invariants of ¢-spread ideals. For
instance, the problem of determining if a given configuration (an r-tuple of pairs of
integers and an r-tuple of integers) represents an admissible configuration for the
extremal Betti numbers of a t-strongly stable ideal (Problem 2.8, see also [2,3,4,6]).
In the case of a positive answer, it is possible to build the smallest t-strongly stable
ideal with the given configuration of extremal Betti numbers. Another supported
feature of the methods described in this paper is related to the generalization of the
Kruskal-Katona’s theorem [8]. The methods allow one to compute the fi-vector of
a t-spread strongly stable ideal. Moreover, it is possible to state whether a sequence
of integers is the f;-vector of a suitable t-spread ideal. In the affirmative case, it is
possible to build the smallest ¢-lex ideal whose f;-vector coincides with the given
sequence.

From a computational point of view, the great advantage of using combinatorial
methods to solve such problems is that the functions can be optimized for work-
ing faster on t-spread structures. Indeed, the monomials are treated as sequences
of positive integers, and this allowed us to find alternative algorithms to give di-
rectly t-spread monomials from the computation. This means that it is possible
to avoid the classical (unfortunately slow) computation involving all monomials of
the polynomial ring (0-spread) in order to take a quotient and obtain the desired
results.

The paper is structured in three main sections. In Section 2, to keep the paper
almost self contained, we recall some basic notions that will be used throughout the
paper. First, in the Subsection 2.1, the notion of t-spread monomial is introduced
together with some of its useful properties. In the Subsection 2.2, we define partic-
ular subsets of t-spread monomials: t-spread lex and ¢-spread strongly stable sets.
The Subsection 2.3 is devoted to review some definitions and properties related
to the extremal Betti numbers of a t-spread ideal. In Section 3, we present some
original computational methods to manage special sets of t-spread monomials. The
main procedures presented here are translated in pseudocode. In Subsection 3.1,
we give procedures to construct particular ¢-lex and t-strongly stable sets of mono-
mials. In Subsection 3.2, some combinatorial tools allowed us to justify counting
methods for the particular sets built in Subsection 3.1. Finally, Section 4 contains

our conclusions and perspectives.
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2. Background and notation

Let S = Klz1,...,2,] be the standard polynomial ring in n indeterminates
over a field K. The notions of t-spread monomials and t-spread monomial ideals
have been introduced in [14]. These classes of graded ideals are the objects of our
investigation.

Throughout the paper, given a positive integer r, we set [r] = {1,2,...,r}.

2.1. Basics on t-spread monomial ideals. Let ¢ > 0 be a nonnegative integer,
a monomial x;, ;, - --x;, of S with 1 < iy <iy <--- <iyg <nis called t-spread, if
ij41 —1; > t, for all j € [d—1]. A t-spread monomial ideal is an ideal generated
by t-spread monomials.
Clearly, every monomial ideal of S is 0-spread and every squarefree monomial ideal
is 1-spread. Hence, for t > 1 every t-spread monomial is squarefree.

The unique minimal set of monomial generators of a monomial ideal I is denoted
by G(I). Therefore, we can define

Gg={ueG() : deg(u) = d}.

Let u be a t-spread monomial of .S; we denote by supp(u) the set of all index ¢ for
which z; divides u, and by max(u) and min(u) the maximal and the minimal index
i belonging to supp(u), respectively. By convention, we set max(1) = min(1) = 0.

Let us denote by M, 4.+ the set of all t-spread monomials of degree d of the ring
S. If 1+ (d—1)t < n, then M, 4, is nonempty. Furthermore, using the notation in
[8], we denote by [I;]; the set of all ¢t-spread monomials of degree j of a monomial
ideal I.

From [14, Theorem 2.3] (see also [8]), the cardinality of M, 4 is given by

My ] = <n —(d —dl)(t - 1)) )

Now, for a nonempty subset N of M,, 4+, we define the t-shadow of N
Shady(N) ={z;w : we N and i=1,...,n} N M, g1, (2)

Throughout the paper, we assume that ¢ > 0 and M, 4; is endowed with

the squarefree lexicographic order, >gex (9], ie., let u = @24, - -2;, and v =
Zj, T4, - T, be two ¢-spread monomials of degree d, with 1 <143 < i < -+ < ig <
nand 1 < j; < jo < -+ < jg < n, then u >gex v if i1 = j1,...,95-1 = js—1 and
is < jg, for some 1 < s < d.

By using this monomial order, if N is a nonempty subset of M, 4+, then we denote

by max N (min N) the maximum (minimum) monomial of N with respect to >gjex.
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2.2. Special classes of t-spread monomial sets. Now, we recall the definitions
of some interesting classes of t-spread monomial ideals, e.g., t-spread strongly stable

ideals and t-spread lexicographic ideals.

Definition 2.1. A subset N of M, 4. is called a t-strongly stable set if taking a
t-spread monomial v € N, for all j € supp(u) and all i, 1 < i < j, such that
x;(u/x;) is a t-spread monomial, then it follows that z;(u/z;) € N.

A t-spread monomial ideal I is t-strongly stable if [I;]; is a t-spread strongly
stable set for all j.

To verify the t-strongly stability of a monomial ideal I, it is sufficient to inves-
tigate the set G(I) [14, Lemma 1.2].

Let N = {u1,...,u,} C M, q, be a set of t-spread monomials of S; we denote by
Bi{N} = Bi{ua,...,u,} the smallest t-strongly stable set containing N. Moreover,
we denote by B;(NN) the t-strongly stable ideal generated by B,{N}. If N = {u} is
a singleton, then we write B;(N) = Bi(u).

Remark 2.2. If u € M,, 4 is a t-spread monomial of .S, then
max Bi{u} = max My g = T12114T112¢ - Ti4(d—1)¢ and min By{u} = u.
Given a t-spread monomial v € Bi{u} C M, 4., we denote with
Bi[v,u] = {w € Bi{u} : v >gex w}

the t-strongly stable segment of initial element v and final element u. Trivially,
Bi[u,u] = {u}. In particular, we have B;{u} = B;[max M, 4., u].

A characterization of t-strongly stable ideals can be found in [16]. For this
purpose, Herzog and Hibi have introduced a partial order on M, 4, the Borel
order. Let u = x;, %, - -~ 3, and v = xj,x;, -+ - T, be two t-spread monomials of
degree d, with 1 < i1 <ig < - <ig<nand1<j; < jo << jg <n, then
VU Z>Borel U if js < ig, for 1 < s < d.

From [16, Lemma 4.2.5] it follows the following characterization.

Characterization 2.3. A set of monomials N C M,, 4. is t-strongly stable if and
only if, for alluw € N and all v € My, 4+ such that v >Borel ©, we have v € N.

As a particular class of t-strongly stable ideals, we recall the definition of ¢t-spread

lexicographic ideals.

Definition 2.4. A subset N of M, 4, is called a t-lex set if, for all ¢-spread mono-
mials v € N and all monomials v € S such that v >4ex %, we have v € N. A
t-spread monomial ideal I is t-lezx if [I,]; is a t-lex set for all j.

If N ={uy,...,ur} C M,q, is a set of t-spread monomials of S, we denote by
Li{N} = L{uir,...,up} = Lifmin N} = {w € My g4 © w >qex min N}, d.e., the
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smallest ¢-lex set containing N. Also, we denote by L;(N) the t-lex ideal generated
by L{N}. As before, if N = {u}, then L;(N) = L;(u).
As in the Remark 2.2, we can define the t-lex segment of initial element v and

final element u
Lt[’U,’U,} = {w S Lt{u} DU Zglex U}}

Also in this case, we have L;[u,u] = {u} and Li{u} = Li[max M, 4., u].

2.3. Some algebraic invariants. Here we recall some definitions to describe
important algebraic invariants of a graded ideal. The package introduced in this
paper will make easy the computation of some of these invariants.

It is well known that every graded ideal I of S has a minimal graded free S-
resolution [13,16],

Fo: 0@ S = = @S — @ S(=4)% -1 0.
JEL JEZ j€z

The integer §; ; is a graded Betti number of I, and represents the dimension as a K-
vector space of the j-th graded component of the i-th free module of the resolution.
Each of the numbers 3; = >, B ; is called the i-th Betti number of 1.

A powerful result [14, Corollary 1.12] allows to easily compute the graded Betti

numbers of a t-spread strongly stable ideal:
max(u) —t(j —1)—1
sann= ¥ ( Z. | Q
ueG(I);

A significant subset of the graded Betti numbers is constituted by the extremal
ones. The latter represent a refinement of very famous algebraic invariants: the

projective dimension and the regularity of Castelnuovo-Mumford [11,17].

Definition 2.5. A graded Betti number Sy y4¢(I) # 0 is called extremal if 5; ;1 ;(I) =
0 for alli > k,j > ¢, (i,5) # (k. 0).

We report some useful results, stated in [2], about extremal Betti numbers.

Characterization 2.6. [2, Theorem 1] Let I be a t-spread strongly stable ideal of

S. The following conditions are equivalent:

(a) Brr+e(I) is extremal;
(b) k+t(¢—1)+1=max { max(u) : u € G(I);} and max(u) < k+t(j —1)+1,
for all j > € and for all uw € G(I);.

Corollary 2.7. [2, Corollary 2] Let I be a t-spread strongly stable ideal of S and
let Br.i+e(I) be an extremal Betti number of I. Then

Brkre(l) = Hu €GNy :max(u) =k+t(l—1)+ IH
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Let By k+e(I) be an extremal Betti number of I, the pair (k,¢) is called a corner
of I. If (k1,¢61), ..., (kp, &), withn —1 >k > ke > - >k.>1land 1 </ <
ly < -+- < L, are all the corners of a graded ideal I of S, the set

Corn(I) = {(k1,€1), (k2,02),. .., (kmgr)}

is called the corner sequence of I. The r-tuple

a(I) = (Bry kvt (1) Brg kgt (1) - By rte, (1))

is called the corner values sequence of I.

The Characterization 2.6 induces a simple algorithmic process to find the corners
of a t-strongly stable ideal I (see [3]). Let I be generated in degrees 1 < {1 < {3 <
s < U < . If we set

mg, = max{max(u) : u € G(I)g,},
for j € [r], then we can consider the following sequence associated to I:
)= (me, —t(l1 —1)=1,...,my, —t(l, —1)—1). (4)

From (4), we can construct a suitable subsequence of {I) that we call the degree-

sequence of I:
(1) = (me, =t = 1) = 1oooom,, =, —1) = 1), (5)

with ¢1 < 0; < {4, <--- </{;, = {,, and such that ﬁmzij iy e, (I) is an extremal
Betti number of I, for j € [q]. The integer ¢ < r is the number of the extremal
Betti numbers of the t-stable ideal I.

Some numerical characterizations of the extremal Betti numbers of a t-spread
strongly stable ideal have been given in [4,6]. In particular, the following problem
about the extremal Betti numbers of a ¢t-strongly stable ideal has been solved in [6,

Theorem 4.4].

Problem 2.8. Given three positive integers m,r,t, T positive integers ai,...,a,
and r positive pairs of integers (ki,41), ..., (kr,£.), under which conditions there

exists a t-spread strongly stable ideal I of S = Klx1,...,x,] such that

Bry v+ (1) = a1, ..., By ieyte, (I) = ar

are its extremal Betti numbers?

3. Computational aspects

In this section, we present some original algorithms to manage sets of t-spread
monomials belonging to the special classes above defined. The correctness of these
methods is theoretically proved.

First, we show the simple construction of the t-shadow of a t-spread monomial.

Then, we analyze the construction of t-strongly stable and t-lex sets of monomials.
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The procedures to manage t-lex sets are more simpler than the ones used to manage
t-strongly stable sets. Thus, we illustrate some methods about t-lex sets and then
we will generalize them to the larger class of sets.

Moreover, we analyze some methods for counting (avoiding the construction) the
monomials in ¢-lex and ¢-strongly stable sets.

Finally, we present some exhaustive examples about the construction and count-
ing of monomials both for ¢-lex and ¢-strongly stable sets.

Our approach is purely combinatorial and all the theoretical results are also

translated into pseudocode.

3.1. Construction algorithms. We start this subsection by showing the con-
struction of the t-shadow of a set of ¢-spread monomials (Definition 2). First, we
can reduce the problem to the simpler one of calculating the t-shadow of a t-spread
monomial. Indeed, Shad;(uy,...,u,) = J;_, Shad(u;). Let u = z;,@;, -+~ x;, €
My, 4. We observe that applying the definition to © means working on 0-spread
monomials and then make the intersection with M, 441+ Our aim is to find a way
to directly obtain t-spread monomials.

Let us consider the support of u: {i1,1i2,...,i4}. Now, we replace each index in
supp(u), iq, with the two values i, —t and iq + ¢, still preserving the positions. So,
we have the following list (i1 —¢,41 +¢,90 — t,i0 + t,...,iq — t,iq +t). We insert 1
before the first element and n after the last element of the list. Hence, we have

(l,il —t,11 —|—t,i2—t,ig—Ft,...,id—t,id—‘rt,n). (6)

From this procedure, we are sure that the list in (6) has an even number of elements:
2(d+1). Let us consider the following sets:

[1ai1 _t]7 [Zl + 1,02 _t]a [22 +t,i3 —tL...,[Z‘d,l + 1,04 _t]7 [Zd +t,’fl],

where [r,r] = {r}, [¢,7] = {¢, ¢+ 1,q+2,...,r —1,r} if ¢ < r and [¢g,r] = 0 if
q > r. One can observe that they are d + 1 sets containing the indexes we need to
obtain the Shad:(u). To clarify the notation, let us define

TIT=1[1,i1—t]U[i1+t,io —t]U[ia+t,ig —t]U---Ulig_1 +t,iqg —t]U[ig +t,n]. (7)
Hence, we can write Shad;(u) = {ux, : h € T}.

Example 3.1. Let S = Klz1,...,216] and u = 222529214 € M12,42. We obtain

the list of sets of indexes as in (7):
(1,0 =0, [4,3] =0, [7,7] = {7}, [11,12] = {11,12}, [16,16] = {16}

So, T ={7,11,12,16}, and, in order to get Shad;(u), we just need to multiply u by

{x7,211, %12, 216}, thus obtaining

Shad;(zox529714) = {T2T52729T 14, T2T5T9T 11014, T2T5T9T12T14, T2T5T9L14L16}-
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The pseudocode in Algorithm 1 is the algorithm for computing the t-shadow of
a t-spread monomial.
Algorithm 1: Computation of the Shad;(w) in M, g41

Input: Polynomial ring S, monomial u, positive integer t

Output: list of monomials shad

begin

if isTSpread(u,t) then

n < number of the variables of S;

d + deg(u);

ind < {1};

for ¢ + 1 to d do
ind < ind U {iqg — t,iq +t};
g q+1;

end

ind < ind U {n};

shad « {};

1

while r < 2% (d+ 1) do
for q + ind(r) to ind(r + 1) do

shad < shad U {u x x4};

end
T T+ 2

end

else
error ezxpected a t-spread monomial;

end

return shad;

end

Now, we pass to the computation of some particular sets of ¢-spread monomials:
t-strongly stable and t-lex sets. To make the reasoning as simple as possible, we
will describe the case of the computation of the t-lex set generated by a t-spread
monomial. To do this, we simply show the method to compute the t-lex successor
of a t-spread monomial, if such monomial exists.

The Proposition 3.2 is a rearrangement of the one in [6, Proposition 3.9]. The
proof is adapted in order to make the algorithm construction clearer. The following
result allows to determine the t-lex successor of a t-spread monomial u, i.e., the

greatest t-spread monomial less than wu.

Proposition 3.2. Let n,d,t be three positive integers such that 1 + (d — 1)t < n.

Let uw =z, 24, - Ty, € Mp,q,t be a t-spread monomial of S.

Search the mazimum index q € [d] such that iq +1 <n — (d— q)t;

(a) if q exists, then the t-lex successor of u is the t-spread monomial
Tiy * Tig 1 TigH1Tig+14t " Tiy+14(d—q)t € My, d,t;
(b) if g does not ezist, then u is the smallest t-spread monomial of My, 4.+

Proof. Let us consider the set F = {se€[d] : i;+1<n—(d—s)t}. If FF # 0,

then it is possible to get the maximum of F', that is, the case (a) holds true. Let
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q = max F'. Hence, we can construct the t-spread monomial

W =Ty =" Lig_ 1 Lig+1Tig+1+4t * " Lj+14+(d—q)t+

Indeed, by hypothesis, i,4+1 < n—(d—q)t, and then we have that i,4+1+(d—q)t < n.
Because of the maximality of ¢, it is not possible to do the same reasoning starting
from the index 7,41, hence, the monomial w has the smallest indexes that allow
such a construction. Moreover, the calculation iy + (d — s)t — iy — (d —s — 1)t =1,
for s=gq,...,d, assures that w is a t-spread monomial of degree d. The arguments
made so far imply that w is the greatest monomial less than u in M, 4+, with
respect to >qex order, that is, w is the t-lex successor of u.

On the other hand, if F' = (3, then it is not possible to get the maximum of F, that
is, the case (b) holds true. Hence, for all s € [d] we have that is +1 > n — (d — s)t,
say, is + 1 + (d — s)t > n. This means that we cannot replace any indeterminate
with any other having a larger index. There does not exist a t-spread monomial
smaller than u with respect to >gjex- O

Example 3.3. Let S = K([z1,...,213] and let u = zax6210213 € Mi3,4,3. In such
a case, ¢ = max F' = max{1,2} = 2. This fact ensures the construction of the t-lex
successor of u: w = T2x7T10%13 € Mi3.4,3.

On the contrary, taking the monomial v = xsz7z10213 € Miz 4,3, we have that

F = (. Indeed, v is the smallest 3-spread monomial of S.

The procedures used in the Proposition 3.2 guarantee the correctness of the

Algorithm 2. We illustrate it using the same notation as in the proposition.

Algorithm 2: Computation of the t-lex successor of w in M, 4+

Input: Polynomial ring S, monomial u, positive integer ¢
Output: monomial w
begin
if isTSpread(u,t) then
m <— number of the variables of S;
q < deg(u);
while i, +1 > m do
m <+ m —t;

qg—q—1;
if ¢ < 0 then
error no monomsial;
end
end
WA Tig kR T

m < m+1;
while ¢ < deg(u) do
W 4— W * Ty
m < m+t;

g q+1;
end

else
‘ error expected a t-spread monomial;

end

return w;

end
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Remark 3.4. The method described in Algorithm 2 can be useful to compute
the initial ¢-lex segment generated by a monomial w of M, 4, C S. To ob-
tain this result, one has to consider the greatest t-spread monomial of M,, 4+:
T1T144T142¢  T14(d—1)¢- After which, one can use iteratively the algorithm until
reaching u. So, the monomials built in this way, including u, are all the monomials
belonging to Li;{u}. More generally, as we have already seen, Li{ui,...,u,} =
Li{u,} when u, is the smallest monomial in the set {u;},i=1,...,7.
Furthermore, it is possible to compute the t-lex segment identified by two mono-
mials (changing the starting monomial), Li[v,u]. A particular case is the t-spread
Veronese set, My, 41 = Limax M, g, min M,, 4]. In fact, it is the ¢-lex segment

“ 9
whose “extrema’ are x1214+T149¢ - T4 (d—1)t and Ty (d—1)t " Tn—2tTn—tTn-

Now, what has been done previously suggests, mutatis mutandis, how to ap-
proach the computation of ¢-strongly stable sets of monomials.

Some comments are in order. Unlike the t¢-lex case, the construction of the
monomials in a t-strongly stable set depends on both the starting monomial and
the final one. So, it is not possible to have a function with only one parameter
corresponding to the t-lex successor. We believe that the best way is to tackle the
problem in its most general form.

More technically, we have observed in Remark 3.4 that in order to compute
Li{u}, w € M, q4, we start from max M, 4, in order to get u by using the Al-
gorithm 2. The monomial v is used only to determine the end of the iterations.
Indeed, the algorithm only exploits the structure of the monomial for which we
want to find the t-lex successor.

In the computation of the t-strongly stable set B{u}, we also start from max M,, 4
(see Remark 3.6) to arrive at u but, in such a case, the structure of the monomial u
has to be continuously taken into account to build all the needed monomials (Char-
acterization 2.3). For this reason, we will start analyzing the t-strongly stable set
identified by two t-spread monomials (the greatest monomial and the smaller one).

More in detail, let S = Klz1,...,z,] be a polynomial ring over a field K, and let
N = {u1,...,ur} C My 4. be a set of t-spread monomials of S. We observe that
Bi{N} = U,_; Be{u;}; hence, we can describe the singleton case Bi{u} C M, 4,
without loss of generality. Moreover, we recall that B,{u} = B,[max M,, 4., u] =
Bi[x1w1 44 - T14(a—1)¢,u]. So, we can face the problem to compute the t-strongly
stable segment By[v,u], where v >porel ¢, to encompass all cases.

The intuitive way to face this computation is to apply the definition of ¢-strongly
stability to the monomials and then to select all the ¢-spread monomials from the
result. The drawback of this method is the slowness and the involvement of a large

number of monomials, most of which will be discarded. Thence, there is a waste
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of time and resources, and this imposes limitations on the initial parameters, for
instance, on the maximum of the supports of the involved monomials.

So, to make the process faster we can work directly with a suitable sequence of
t-spread monomials. This idea is similar to that used for the t-lex successor. In
such a case, we need to find a method sending a ¢-spread monomial to the next one
that belongs to the same t-strongly stable set. If we consider the lex order >porel,
from Remark 2.2, we can start our reasoning from the greatest t-spread monomial
of Bi[v,u], v, and reach step by step the smallest one, say u. The effectiveness of
this procedure relies on the possibility of suitably manipulating the indexes of a
t-spread monomial.

Proposition 3.5 and Remark 3.6 solve the problem.

Proposition 3.5. Let n,d,t be three positive integers such that 1 + (d — 1)t < n.
Let v =xj,x4, - x5, and uw = Ty, Ti, - -~ 5, € My g+ be two t-spread monomials of
S such that v # u and v >Bore] .

Let g € [d] be the mazimum index such that jo+1 < iq. Then, the t-spread monomial

W= Ty Ty T 1L 414t L 14+(d—q)t € Mn,d
belongs to the t-strongly stable segment Bi[v,u], and w is the greatest monomial of

Bt v, u], with respect to >qex, except v.

Proof. Let F = {s€[d] : js+1<is}. From the hypothesis v >pore1 u, it is
F # (. So, let ¢ = maxF € [d]. Under these conditions, we show that the
monomial w = xj, -+ Tj, L Tj 41T 414t Tj 414 (d—g)t €Xists. Indeed, from the
hypotheses and starting from j, + 1 < 44, we have the following inequalities:

Jg+ 1+t < g+t < gy,
Jet+1+2t < Qg+ 2t < igte,
JoFl+(d—9)t < dg+(d—s)t < igrqs,

Je+r1+(d—q)t < dg+(d—qt < g

These results guarantee the existence of w as a t-spread monomial of M, 4.
Furthermore, comparing the indexes of w with those of u, one has that w >pgrel u.
From the Characterization 2.3, we can deduce that w is a monomial of the t-strongly
stable set generated by u.

From the choice of ¢, w has the smallest indexes for which such a construction
is possible. Hence, w is the greatest monomial less than v in Bi[v, u], with respect
to the >ex order. The thesis holds true. O
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Remark 3.6. With the same notations of the Proposition 3.5, the monomial w; =
w is constructed to be less than v and greater than or equal to u.

So, in order to obtain all the monomials of the ¢-strongly stable segment Bi[v, u],
we can iterate the construction in the Proposition 3.5 by replacing the monomial
w1 with the monomial v since w; >porel u. Hence, we can apply the proposition
to Bi[wy,u]. Indeed, all the hypotheses of the Proposition 3.5 are satisfied. This
process allows to find a set of t-spread monomials w1, wo, . . ., w, such that w; >pgorel
u. From the construction of w, it is clear that u will be obtained in this way. In
such a case, when w,; = u the proposition can no longer be applied. This is the end
point of the iterations. Indeed, the construction of the monomials w; complies with

the characterization of t-strongly stability. So, Bi[v,u] = {v, w1, ws,...,ws = u}.

The following example clarifies the calculation of a t-strongly stable segment

identified by two monomials.

Example 3.7. Let S = K[z1,...,29] and let v = 212527, u = xoxs28 € My 32.
We want to compute Bs[v, u].

Using the methods in Proposition 3.5, we obtain ¢; = max{1,3} = 3 and
wi; = xiwsrs. Applying the algorithm described in Remark 3.6, we can repeat
the procedure considering B;[wq, u]. Iterating the process, we go through the fol-

lowing steps:

¢1 = max{1,3} =3 - w1 = T1T5T8,
g2 = max{1l} =1 - W = T2L4T6,
g3 = max{2,3} =3 — W3 = ToT4l7,
¢s = max{2,3} =3 — W4 = ToTyTs,
g5 = max{2} =2 — W5 = ToT5T7,
g6 = max{3} =3 — W = ToTsTg = U.

Hence, we obtain the segment:
Bolv,u] = {z12577, 217578, T2T4T6, TaT4T7, T2T4T8, T2T5T7, ToT5Ts }-
It is interesting to observe that if we consider v = x1z527, ¥ = Tox527 € Mi1,3,2,
we get
Bo[v,u] = {z12577, T224T6, T2TaT7, T2T5T7}

Furthermore, if v = x1x527, U = xowaxs € Mi1 3,2, then the assumptions of the
Proposition 3.5 are not valid. Indeed, v zgom] u, i.e., v does not belong to Ba{u}.
So, Bslv,u] = 0.

The algorithm arising from Proposition 3.5 and Remark 3.6 is described through
the pseudocode in Algorithm 3.
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Algorithm 3: Computation of the ¢-strongly stable segment Bi[v,u] C
Mn,d,t

Input: Polynomial ring S, monomials v, u, positive integer ¢

Output: list of monomials [
begin
if 1sTSpread({v,u},t) and v >gorel u then
U {v};
while w # u do
q « deg(v);
while iy +1 > j, do
g—q—1;
end
W 4 Ty *”'*z'i’q—l;
m < ig + 1;
while ¢ < deg(v) do
W — W * Top
m <+ m+t;
g g+
end
I+ 1Uw;

end
else
error ezpected t-spread monomials belonging to By{u};

end

return [;

end

3.2. Counting algorithms. An interesting subject from a combinatorial point of
view is to compute the cardinality of both ¢-lex and t-strongly stable sets. We will
focus our attention on the sets Li{u} = Limax My, 4+, u] C My 4+ and By{u} =
Bi[max M,, q.¢,u] C M, a4 The procedures are similar to those already used in
[3,6], i.e., they work by adding suitable binomial coefficients. Let us recall some
arguments from the aforementioned papers to get the desired results also in this

case.

Lemma 3.8. Let n,q be positive integers such that n > q. Then

n n—1 n—2 q— 1)
= + +oot . 8
) V) Vi) R ®
Remark 3.9. Relation (8) is an elementary decomposition of binomial coefficients.

We just recall it since it is used in the sequel.

As can be seen in [4, Remark 3.6], it will be useful to analyze the cardinality of
the set to which the monomials belong to. We start analyzing the set M, 4, and

the following remark clarifies some aspects about the application of the Lemma 3.8.
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Remark 3.10. We recall that [M,, 4| = ("7(‘17;)@71)). Applying the formula (8),
we obtain the following binomial decomposition:
n—(d—1)t

(n—(d—dl)(t—1)>: 3 (n—(d—dl)(tl—l)—s>:

s=1

() (6

The decomposition in (9) has n— (d — 1)t contributions, each representing the num-
ber of t-spread monomials w = z;,zj, - - - x;, such that j; = min(w) = s, for s =
1,...,n—(d—1)t. The last value of s is determined by the fact that max M,, 4, =
TIT14t *** T14(d—2)tT14+(d—1)eTn Ad M My, gt = Ty (d—1)tTn—(d—2)¢ * ** Tn—2tTn—tTn,
that is, exceeding the value n — (d — 1)t, starting from 1, for the first index of the
support it is not possible to build a ¢-spread monomial.

In a similar way, for a fixed index s; in the sum in (9), we can write the further

following binomial decomposition:

n—(d—1)t—s1+1

e EEE DR (A (10

s=1

_ <n(d1)§t_21)sl1)+m+<§_;>_

Analogously, the binomial decomposition in (10) counts the number of monomials
=1....n—(d-1)t—s;1+1. In
such a case, to analyze the last value of s we can note that the greatest of such

w of M, 4+ such that j; = s;, for each s

monomials with j1 = 81 18 Ts, Ts, +4Ts, 426 Ty 4(d—2)tTs, +(d—1)¢ and the smallest
one i8 Ty, Tp_(4—-2)t """ Tn—2tTn—tTn. Comparing the second indexes of the two
monomials, we find that js can assume the values from s; +t to n — (d — 2)t. So,
the index s can assume n— (d—2)t — (s +t)+1 values, that is, n— (d—1)t —s; + 1.

Let us do the following position Sk = E’;zl Sp = 81+82+- - -+5,. This notation
will make more readable some formulas.

For the sake of clarity, at this step, we observe that fixing an index s,, we have
the possibility to count all the ¢-spread monomials with j; = s; and j2 = s+ —1.

Again, as done in the previous case, we can fix an index s = s in (10), and
consider the next binomial decomposition:

n—(d—1)t—spz+2

(n_(d—z)gtgl)—sm) _ > (n_(d_l)ét:;)—5[21—5> (11)

s=1

S(r I ey (578

In this case, we are considering the monomials with j; = s; and jo = spg) +¢ — 1.

The greatest of these is Ts, Ty 41— 1T 5 +20—1 L5 o) +(d—2)t—1Ts ) +(d—1)t—1 and the
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smallest is @'s, Ts .y +1-1Tn—(d-3)¢ *** Tn—tTn. S0, the index s of (11) can assume
n — (d — 1)t — s; — s2 + 2 values. Finally, we note that the binomial coefficient
of the decomposition with s = s3 counts the number of monomials with j; = s,
Joe=spg+t—1and j3 = sz + 2t — 2.

The procedure can be iterated for the other remaining indexes s3, s4, - . . , S, with
similar interpretations. In order to make reading clearer, we show in Table 1 some

correspondences between the summation indexes and the indexes of the monomial.

$1, S2, ...,  Sd—2, Sd—1 | J1, J2, ar Ja—2, Jd—1
L, 1, . 1, 1 I, 1+t ..., 1+(d—23)t 1+ (d—2)
L, o1, .., 1, 2 1, 14t ..., 1+(d=3)t 2+ (d—2)t
L, 1, ..., 1, 3 1, 14t ..., 1+(d—3)t 3+ (d—2)t
L, 1, .., 2, 1 1, 14t ..., 2+(d=3)t 2+ (d—2)t
L, o1, ., 2, 2 1, 14t ..., 2+(d=3)t 3+ (d—2)t
L, 1, ..., 2, 3 1, 14t ..., 2+(d—3)t 4+ (d—2)t
L, 2, .., 1, 1 1, 24t ..., 2+(d=3)t 2+ (d—2)t
L, o2, ..., 1, 2 1, 24t ..., 2+(d=3)t 3+ (d—2)t
L, o2, ..., 1, 3 1, 24t ..., 2+(d—3)t 4+ (d—2)t
L, 2, .., 2, 1 1, 24t ..., 3+(d=3)t 3+ (d—-2)t
L, 2, ..., 2, 2 1, 24t ..., 3+(d=3)t 4+ (d—2)t
L, o2, .., 2, 3 1, 24t ..., 3+(d—3)t 5+ (d—2)t
1, 3 ..., 1, 1 1, 3+t ..., 3+(d—3)t 3+ (d—2)t
1, 3, ..., 1, 2 1, 3+t ..., 3+(d—3)t 4+ (d—2)t
1, 3 ..., 1, 3 1, 3+t ..., 3+(d—3)t 5+ (d—2)t
3, 2, , 5, 1|3, 44t ..., 8+(d—3)t, 8+ (d—2)t
3, 2, , 5, 2 | 3, 44t ..., 8+(d—3)t, 9+ (d—2)t
3, 2, , 5, 3 |8, 44t ..., 8+(d—3)t, 10+ (d—2)t
TABLE 1. Some correspondences between (s1,...,S4—1) and
(Jrs s dda—1)-

In general, we have the following correspondence:

(81, S92, ey Sk, ey Sdfl)
I
(jla j27 RN} jka ceey jd—l)

I
(8[1], Spptt—1, ..., S[k]+(/€—1)(t—1)7 RN S[d,l]-i-(d—?)(t—l))
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The considerations included in Remark 3.10 allow to state the Theorem 3.11. The
result could be obtained using the techniques used in the proof of [6, Theorem 3.10],

but we choose a different and more easily generalizable way.

Theorem 3.11. Let n,d,t be positive integers such that 1 + (d — 1)t < n. Let
U= T4, Tiy - Tiy € My ay be at-spread monomial of S. The cardinality of Li{u}

can be presented as a sum of suitable binomial coefficients.

Proof. Our goal is to compute |Li{u}|, i.e., the number of all monomials w €
My,,q¢ such that w >gex u. Let ¢ = |M,, 44|, we have |Li{u}| < ¢. So, by Re-
mark 3.10, we need to start the process with the following binomial decomposition:

n—(d—1)t

C_(n(ddl)(tl))_ 5 <n(dd1)_(t11)s)' 12)

s=1

As clarified in the remark, the s-th binomial coefficient, (”7(d7(})_(1t71)75), counts
the number of ¢-spread monomials w of degree d with min(w) = s. This tool will
allows us to count the desired monomials.

Let w € My, 4, such that w = xj, 2, - -- 25, and w >gex u. We observe that the
monomials such that j; < i are greater than v with respect to >ex, and they are
counted by the sum of the first iy — 1 binomial coefficients in (12). Furthermore,
if j1 = i1, then we have to analyze successive indexes to verify if the monomial is
greater than u or not. This means having to carry out new binomial decompositions.
Hence, if we consider the first ¢; binomial coefficients in (12), then we have improved
the upper bound for the cardinality we want to compute. Thus, |L;{u}| < ¢1, where

Cl:i (n—(d—;)(tl_m_sl) _

81:1

:i (n (df;)_(tlf 1) 51> N <n (d f;)_(tlf 1) i1>.

s1=1

(13)

As already observed, the first i; — 1 binomial coefficients in (13) must be entirely
added to compute the sought cardinality. Instead, the i;-th binomial coefficient

must be decomposed to be investigated using the other indexes of u. So, we have:

n—(d—1)t—i1+1

(n —(d —;)ftl— 1) — il) S <n —(d- 1)5:21) iy - 52>

82:1

_ (n_(d_lgt;l)_il_l)+"'+(Z_;)-

We notice that the so-th binomial coefficient of the 4;-th decomposition (14)
represents the monomials with j; = i; and jo =41 + s2 + ¢ — 1 (see Remark 3.10).

(14)

Now, we have to select the binomial coefficients needed for computing |L¢{u}|.
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To solve our problem, it is necessary to find a better bound for the value of
J2. With a similar consideration done for j;, all the monomials with j; = ¢; and
Jjo2 < ig are greater than u. So, we must count entirely the first i3 — i; — ¢ binomial
coefficients in (14). Indeed, j = i1 + s +t — 1 < iy implies s3 < is — i3 — ¢t + 1.
When j; =41 and jo = io, then we need further investigations. Hence, at this step,
we have improved the bound for the cardinality: |Bi{u}| < ¢, with

) . “‘Z“:‘t <n —(d- 1)5:21) — iy — 52)

82:1

=) d—1

81:1

pils (n —d=1)(t—-1)— s

d—2
Now, we have to decompose the last binomial coefficient:
oY <n —(d=2)(t—1) =iy — 53>

<n—or—ma—1%—w> > d-3

+<n—<d—2)(t—1)—¢2)_

d—2 =
As noted in Remark 3.10, these binomials count the monomials such that j; = iy,
Jo = 19 and j3 between is 4+ t and 43, that is, i3 — 15 — t + 1 binomials. Hence, we

have |Bi{u}| < ¢z, with
! <n —(d=1)(t—1)—ip — 32>

@,:hf (n—(d—l)(t—l)—sl>+ 5

d_ 1 52:1

d—2

s1=1

i3—1i2—t . .
n—(d—2)(t—1)—is—s3 n—(d-=3)(t—-1)—1is
2 ( d-3 * d-3 ’
83:1
and so on, by iterating this procedure d times, we obtain the value of |Bi{u}|.
In general, as observed in Remark 3.10, we obtain the following bound:
11—1 io—11—1 .
B n—(d-1)t—-1)—s n—(d—=1)t—1)—iy — s2
o= ( £y v

d—1
52:1

81:1

Skzl

Bt <n — (d —k + 1)(t - 1) - ik,1 — Sk>

. <n (d f;)_(tkf 1) z'k)’

for k € [d].
So, for the value k = d we obtain the desired cardinality, i.e., ¢qg = |Li{u}|,

i1—1 i0—11—t .
n—(d-—1)t—1)—s; n—(d-1)t—1)—141 — s2
Ca = Z < d—1 + Z d—2
81:1 52:1
tg—iqg—1—t . .
Z n—(t—1)—ig—1— Sq n—iq
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that counts the t-spread monomials w of M, 4, greater than or equal to u with

respect to >glex.
The number of the binomial coefficients involved in (3.2) is ig — (d — 1)t,

d—1
(i1 = 1)+ (ig —i1 —t) 4+ (g —da—1 —t) + 1 =i1+ > (ips1 —ip —t) =ig — (d— 1)t. O
p=1

The next example illustrates the Theorem 3.11, that is, the counting method for

t-lex sets.

Example 3.12. Let S = K[zy,...,211], t = 3 and u = zaxex10 € M11,33. We
want to compute ¢ = |Li{u}|.

As done in Remark 3.10, ¢ = |Mj1 33| = (;) = 35. Hence, we start considering
the following binomial decomposition (Lemma 3.8):

() =G C) () () ) 2

Since ¢; = 2, all monomials w € My 33 with min(w) <43 —1 = 1 are greater

than u. Hence, for the computation of ¢3 = |L;{u}| we must take into account the

6
2

we highlight in bold the binomial coefficients to be added and we underline and

sum of the first binomial coefficient in (15), i.e., ¢; = ( ) = 15. From here on out,

those ones to be decomposed.

Now, we consider the following binomial decomposition:

Since iy —iy —t = 1, the number of all monomials with j; = i, and jo < 45 is (‘11) =4.
Hence, adding the binomials found up to this point we have got co = 15+ 4 = 19

monomials. The next binomial decomposition we must consider is:

(1) =)+ o)+ )
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Since iz — iz —t = 1, we must take into account () = 1 monomial with j; = i,
Jj2 = iz and js < i3. So, we obtain 19+ 1 = 20 monomials of M 3 3 greater than u,
and, adding the last binomial coefficient related to u, we have ¢35 = |Lg{zox6210}| =
20+ 1 = 21.

The following scheme summarizes the process of counting the monomials of

Lg{l‘gl‘@Ilo}I

The number of binomial coefficients involved in the counting is iq — (d — 1)t =

10 — 6 = 4, and all the monomials of Lg{zexsx10} are:

T1X4L7, T1T4Tg, T1T4LY, T1L4L105 L1LAL11,

L1528, L1T5X9, L1L5L10, L1T5L11,
T1T629, T1T6210, T1L6T11, —7

T1T7X10, L1XL7L11,

T1T8T11,

T2T5x8, TaT5T9, L2T5L10, T2T5L11, —7
ToXeXyg, —
ToTel1o. —

The Algorithm 4 shows how to compute the cardinality of the initial ¢-lex seg-
ment generated by a monomial. The validity of the procedure is granted by the
Theorem 3.11.
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Algorithm 4: Computation of the cardinality Li{u} C M, a.

Input: Polynomial ring S, monomial u, positive integer ¢

Output: positive integer ¢
begin
if isTSpread(u,t) then
n 4+ number of indeterminates of S;
d <+ deg(u);
decomp + {};
fori< 1ton—(d—1)*tdo

‘ decomp < decomp U {{n — (d — 1) = (t — 1) —i,d — 1} };
end
c+ 0
sub < 0;
for g+ 0 tod—1do
s+ 0;
if ¢ > 0 then

‘ sub < iq—1 +t;
end
while s < i; — sub do

¢ < ¢+ binomial of decomp(s);
s+ s+ 1;

end
tmp <+ {};
for i + 0 to decomp(s)(1) — decomp(s)(2) do

‘ tmp <+ tmp U {{decomp(s)(1) — i — 1, decomp(s)(2) — 1} };
end

decomp <+ tmp;

end
else
error expected a t-spread monomial;

end

return c + 1;

end

Now, we pass to analyze the t-strongly stable set of monomials generated by a
monomial. From Remark 3.6, we have Bi{u} = Bi[x10114%142¢ - T14(a—1)e> u]-
To compute |Bi{u}| we have to count all the monomials of M, 4 built by the
Algorithm 3. Moreover, Proposition 3.5 gives some tools to identify the desired
monomials by conditions on their supports.

The following result shows an algorithmic method to find the cardinality of the
set Bi{u} C My 4+ The problem is more complicated than the one solved in

Theorem 3.11. Nevertheless, we will use the same approach.

Theorem 3.13. Let n,d,t be positive integers such that 1 + (d — 1)t < n. Let
U= T4 Tiy - Tiy € My ar be at-spread monomial of S. The cardinality of Bi{u}

is the sum of suitable binomial coefficients.

Proof. The inclusion Bi{u} C My 4 can be improved by noting that for each
monomial w of Bi{u} we have max(w) < max(u). Hence, the t-strongly stable set
remains unchanged if we consider B,{u} C Mz 4,1, where 7 = max(u). So, we only
have to count the monomials of Mz 4+ that satisfy the conditions in Proposition 3.5.
If ¢ = | Mg 44|, then we can write |Bi{u}| < c.
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Let w = z;,x,, - - - =;, be a monomial of B;{u}. In such a case, each index in
supp(w) is bounded by the corresponding index in supp(u), i.e., js < is for s € [d]
(see Characterization 2.3). To count all the monomials of B;{u}, we can properly
exploit some binomial decompositions iteratively.

Let us start by considering the binomial decomposition of ¢ = |Mz q,| induced

by the Lemma 3.8

The meaning of such a decomposition has been analyzed in the Remark 3.10. We
recall that the pivotal idea of the remark is to associate the index j; to a binomial
coefficient of the decomposition (18), based on the value it assumes.

In particular, we have to pay attention only to the first i; binomial coefficients
of (18). Indeed, from j; < i1, we have that the first indeterminate of w can assume
all values between 1 and ji, i.e., j; € [i1]. So, we will restrict our investigation to

the following coefficients:

" Z (n— (d—;)_(tl— 1) — 51>

51:1

:(n—(d—l)(t—l)—1>+'”+(n—(d—l)(t—l)—h)

(19)

d—1 d—1

More in detail, the si-th contribution represents the number of the monomials with
J1=$1.

Now, we have to observe that the binomial coefficients in (19) must not be
fully added to compute |B;{u}|. Indeed, for each of them we will consider further
decompositions that will be related to the value of jo. Hence, this summation
provides a bound for the target cardinality: |B;{u}| < ¢1. So, we need to improve
this bound until reaching the exact value.

As far as the investigation of the second index of w, js, is concerned, we must
consider further binomial decompositions for each of the addends in (19) (see Re-
mark 3.10). We can observe that, unlike the ¢-lex case analyzed in the Theorem 3.11,
we need to decompose in parallel several binomial coefficients continuing recursively
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until a final condition is reached:
i—(d—1)t

<n—(d—d1)_(t1—1)—1>: S (n—(d—l)ét_—;)—l—sz)

82:1

:(n—(d—dl)_(;—l)—2)+...+<Z:§>; (20)

(n ey _;)Etl— 1) — 31) _ Z (n —(d—- 1)5:21) — 51 — 52) =

:(n—(d—1>(§t—21)—81—1)+._.+(Z—§); (21)

A—(d—1)t—i1+1 ,__

(n —(d _dl)_(tl_ 1) - il) S (n —(d- 1)6(;&_—21) — iy — 52) _

52:1

:(n—(d—%t_—?l)—il—l)+...+<3:§), (22)

To be more clear, we recall that the so-th binomial coefficient of the s;-th decom-

position represents the number of the monomials with j; = s; and ja = s+t — 1.
Now, let us move on to discuss about the number of binomial coefficients, related
to the index s, in order to compute |Bi{u}|.

First, we consider the decomposition of the binomial coefficients in (20). They
represent all the monomials whose index j; = 1, and the addenda of this sum are
related to the index js. This index can assume the values between 1 4 ¢t and is,
that is, we only have to consider the first i — (1 + ¢) + 1 binomial coefficients.
Analogously, from the decomposition of the binomial for counting monomials with
J1 = 2, we can state that jo can assume the values between 2 + ¢ and i, that is,
io — (1 4 t) values.

In general, as we can see in (21), from the decomposition of the s;-th component,
Jj2 assumes values between s + ¢ and 49, that is, 4o — (s1 +t) + 1 values.

With this in mind, we can improve the bound for the cardinality: |Bi{u}| < ca,

with
i1 ta—(s1+t)+1 ,_
n — (d* 1)(t — 1) — 5[2]
02 = Z Z < d _ 2 =

81:1 52:1
_““i”“ A (A=t -1-s)
N d—2
82:1
ia—(i14+t)+1 ,_ .
n—(d—1)t—1) —i — s9
+ 0y < 49 :

Sgil
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that can be written as

¢ — (n—(d—l)(t—l)—2)+m+<n—(d—2)(t—1)—iz>+

PR e @
Jr(n(dll;t_?l)zl1)+.“+<n(dd2)_(t21)22>'

Now, we must consider further decompositions. So, from the first binomial
coefficient of the first row of (23), for j; = 1 and jo = 1 + ¢, the index j3 of w can
assume the values from 1 4 2t to i3, that is, we have i3 — 2t binomial coefficients.
From the last coefficient of the first row of (23), for j; = 1 and jo = i, the index
j3 can take the values from is 4+ ¢ and i3, so, i3 — i3 — t + 1 binomial coefficients.
From the first binomial of the second row, for j; = 4; and jo =41 + ¢, the index j3
can assume the values from i1 + 2t and i3, then i3 — iy — 2t + 1 coefficients. Finally,
from the last binomial of the second row, for j; = iy and js = i3, j3 can take the
values from is 4+ ¢ and i3, so, i3 — i — t binomials. More in general, attempting to
write a closed formula, if we fix the indexes j; = s1 and jo = s+t —1 for the
monomials w € By{u}, then j3 can assume the values between sy + 2t — 1 and i3,
that is, i3 — sjg — 2t + 2 values. And so on, for the successive decompositions. By
iterating this procedure we obtain better and better bounds for |Bi{u}| until we
reach its exact value.

In general, as also observed in Remark 3.10, the index ji; of w may assume at
most the values from sp_1) + (k= 1)t =k +2 = sy + (k= 1)(t — 1) + 1 to iz,
hence, we must take ij, — s—1) — (k —1)(¢ — 1) binomial coefficients, whereupon we

can write

i1 da—si—t+1  ik—sp—1—(E=1)(t=1) _
n—(d-1)-1)— S[k]
w= X oy (T,

81:1 82:1 Sk::l
fork=1,...,d—1.
Finally, for the value k = d — 1, we obtain the desired cardinality, i.e.,

i1 dp—sy—t+1  td—1—S[a—21—(d=2)(t—1)

g1 = Z Z Z (ﬁ—(d—l)(tl— 1)_5[d—1]). (24)

s1=1 sp=1 sq—1=1

Indeed, the formula (24) counts the t-spread monomials w of M,, 4, whose indexes
respect the conditions of the Borel order in relation to the monomial w, js; > is for
s € [d]. O

The following remark goes into detail on the number of the suitable binomial

coefficients mentioned in Theorem 3.13.

Remark 3.14. Under the same hypotheses and notation of Theorem 3.13, we can
state that the cardinality |B;{u}| is a sum of

Ca1(ig—1 — (d = 2)t,iq—2 — (d = 3)t,... iz — t,i1) (25)
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suitable binomial coefficients, where the operators C4, ¢ > 1, are defined as follows.

Let a1, as,...,aq be ¢ positive integers such that a, > a,y1 for r € [¢ — 1], then
ay if ¢ =1;
Cqlar,az,...,aq) = a1

Z Co—1(lar—r,...;aq-1 —1) if ¢> 1.
r=0

As far as the formula (25) is concerned, in general, the argument with index & is
exactly iy, —sp—1)—(k—1)(t—1), i.e., the maximum number of binomial coefficients
we have considered in (24). Then, to compute the argument indexed with k we can
set s, = 1, for p € [k — 1], and we obtain

in—k+1—(k—1)(t—1) =i — (k- 1)t.

These positions allow to easily calculate a priori the number of binomial coefficients
involved in the formula (24), using only the support of the given monomial u. For
example, the calculation of C3(6,4,2) is the following:

C3(6,4,2) = C2(6,4) 4 Co(5,3) =
=C1(6) +C1(5) + C1(4) + C1(3) + C1(5) + C1(4) + C1(3) = 30.

The following two examples illustrate the procedure to compute the cardinality
of Bi{u} (see Theorem 3.13).

Example 3.15. Let S = Klx1,...,213], t = 1 and u = @, @i, T, T;, = To2X528211 €
S. We want to compute the cardinality of B;{u}. The greatest monomial of S, with
respect to >qjex, IS X12Z2x324, whence we need to compute ¢g = |By[z1202324, u]| =
By {u}.
As observed, we can limit our investigation to monomials with 7 = max(u) = 11,
that is, to monomials belonging to Mz 4,:. The number of all squarefree monomials
11
= (%) = 330.
Let us consider the following binomial decomposition (Lemma 3.8):

()= () ()G ()G () G) e () em

To count all the monomials w = z;,z;,2;,2;, € Bi{u}, we can observe that we

of S of degree 4 is ¢ = |Mi1.41

need to count all monomials where the first index is less than or equal to 2, the
second one is less than or equal to 5 and so on, i.e., j1 < 2, jo < 5, 73 < 8 and
ja < 11.

Looking at the first index of u, 11 = 2, we must consider the first two binomial
130) + (2) Albeit this sum represents a bound for the
cardinality, some of the monomials counted by these coefficients do not belong to

coefficients in (26), i.e., c1 = (

Bi{u}. The solution is to iterate the decomposition, by Lemma 3.8, on each of the



O 0-0-0-0-0-0-0-0)
00000000

Now, we can repeat the previous procedure considering the second index of w,

(27)

i = 5. From (27), considering the meaning of the coefficients, we must take the
first o — (1 +t) + 1 = 4 binomials coefficients: (g) + (g) + (;) + (g)

From (27)2, we must take the first 5 — (2 + 1) + 1 = 3 binomials coefficients:
(3) + (3) + (5). The sum of all the underlined binomial coefficients in (27) is the
bound cs.

Furthermore, we must consider the third index of u, i3 = 8. From the first
selection of coefficients in (27);, we compute further decompositions from which
to take a decreasing number of binomial coefficients at each step, starting from

i3 —2—2t+2 =8 —2 =6 (indeed, the maximum value is when s; = s5 = 1). So,

()= () () () () 6)+ G)+ ()= 0)
()= () )G+ () () () +6)
() =)0+ G+ G)+ () 0)

()= () () ()0 6)

For this path, the procedure can no longer be iterated, in fact these coefficients

we obtain:

count all the monomials w with j; = 1, jo < 5, j3 < 8 and j4 < 11. All the
highlighted binomial coefficients in (28) give a contribute to c3. So, we have the
following partial value:

B+74+6+54+4+3)+(7T+6+5+4+3)+(6+5+4+3)+(5+4+3) =88

Now, we need to consider the second selections of binomials taken from (27)s.

C0-0-0-0-0-0:0:0
0-0-0-0-0-00 o
B-0-0+0)+0-0)
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Therefore, the number of monomials of By{u} with j; = 2 is
(7T+6+5+4+3)+(6+5+4+3)+(5+4+3)=55.

Finally, we have all the information to compute the cardinality of the 1-strongly
stable set generated by u: ¢z = |By{u}| = 88 + 55 = 143.

The following scheme summarizes the reasoning made up to now for counting
the monomials of By{zozsxsx11}:

(=) + G+ 6+ 6+

~—
w o
~
—+
—
w Ut

(s)

)

) =0+E+E+E+C+6+6+(6)
E=0+O+D+O+Q+O+O+6) —[33
E=0+D+O+@O+A+O+0) —[25]
E=0+D+@+E+0+0) —[s]
E=0+Q+@+0+0 —~[12

(=R+BA+E+E+E+6+06
E=0+D+O+EO+@+O+0) —[25]
E=0+O+@+E+0+0) —[s]
E=0+Q+@+0+0 —~[12

We can note that the binomial coefficients in bold are precisely those described by
the Formula (24). Moreover, their number is C3(6,4,2) where the arguments are
the maximum values of the indexes j;, jo and j3 taken in reverse order. In the
Remark 3.14 we have seen that C3(6,4,2) = 30.

In order to point out the methodologies to compute the cardinality of ¢-strongly
stable sets, we will consider the same monomial of Example 3.15 but in a 2-spread
contest.

Example 3.16. Let S = K|z1,...,213), t = 2 and u = &;, 2, T, T, = T2T5TeT11.
We want to compute c3 = |Ba[r1230527, u)| = |B2{u}|.
As previously done, we consider the number of all ¢-spread monomials of S of
11-3 8
degree 4: ¢ = |Mi1.4.2] = ( 1 ) = (4) = 70.
In order to compute c¢3 = |Ba{u}|, we take the following binomial decomposition:

()= 6) ()6 () () o

With the same scheme used in Example 3.15, we start looking at the first index
of u, i1 = 2. So, we consider the first two binomial coefficients in (30), i.e., ¢; =

(;) + (g) Clearly, we must iterate the decomposition on each of the chosen binomial
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coefficients:

(31)

Considering the second index of u, ia = 5, from (31);, we must take the first
io — 1 —t+ 1 = 3 binomials coefficients: (g) + (g) + (3)

From (31)2, we must take the first 5 —2 — ¢+ 1 = 2 binomials coefficients:
(5) + (;) Also in this case, the sum of all the underlined binomial coefficients in

2
(31) is the bound cs.

Finally, we look at the third index of u, i3 = 8. The maximum number of
binomial coefficients we must take into consideration is i3 — 2 — 2t + 2 = 4. This
value will decrease by 1 for the next binomial coefficient, and so on. Hence, we

()= () () () () ()
)=+ ()+()6) @)
()= () ()+0)

Finally, we have the following partial value of c3:

have:

(54+44+3+2)+(4+3+2)+(3+2)=14+14=28.
From (31)3, we can do analogous operations:
()= () +G) () 6)
2)  \1 1 1 1)’
(33)
N3 (2 (!
2)  \1 1 1)
In such a case, the number of monomials analyzed is

(4+3+2)+(3+2) =14,
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and the cardinality of the 2-spread strongly stable set generated by w is c3
| Bo{u}| = 28 + 14 = 42. The procedure can be summarized as follows:

B =0+E+E+6+E)
(6 =Q+E+E+6+06)
) =E+@+@+E+ Q) —[4]
G=0+O+0+6 =9
() =G+@+0 —L3]
(6 =G+ +6+06)
+(3)+

Also in this case, the binomial coefficients in bold are those described by the
Formula (24). Similarly to Example 3.15, the number of these binomial coefficients

18

and the monomials in Ba{u} turn out to be

L1T3T5X7, L1X3T5L8, L1L3L5L9, L1XL3L5X10, L1X3L5L11,
T1T3T6L8, L1X3TLELY, L1LILEL105 L1L3LEL11 5 -

T1X3T7T9, T1X3T7T10, L1L3TL7T11,

T1T3T8L10, L1L3LL11,

L1T4L6X8, L1X4LLY, L1L4X6L10, L1XL4LEL 11,

T1XT4T7T9, T1X4TT7L10,

T1T4TEL10,5

T1T5XL7X9, T1T5L7L10, L1T5L7X11, T1T5L8X10,

T2XT4TeLg, T2L4TELY, T2L4TEL10,

LoTgX7L9, T2XL4L7T10,

L2T4X8L10,

T1T4T7T11,
T1X4T8T11,
T1T5T8%11,
T2X4TET11,
T2X4T7T11,

T2XT4T8T11,

T2X5T7L9, TL2X5T7L10, T2L5L7L11,

T2T5T8L10, L2L5TZT11-

—[ 5]

The pseudocode in Algorithm 5 shows the implementation of the steps used in

the proof of Theorem 3.13.
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Algorithm 5: Computation of the cardinality Bi{u} C Mz 4+

Input: Monomial u, positive integer ¢

Output: positive integer ¢

begin

if isTSpread(u,t) then

m + max(u);

d <+ deg(u);

c <+ 0

p+—d—1;

for r + 1 to p do

‘ ind(r) < 1;

end

while ind(1) < j; do

c<—c+m—(d—1)*(t—1) —ind(1l) —--- —ind(p);

ind(p) + ind(p) + 1;

while p > 0 and ind(p) > ip — ind(1l) —--- —ind(p) + p* (1 — t) do
ind(p) < 1;
p+p—1
ind(p) « ind(p) + 1;

end

p+d—1;

end
else
error ezxpected a t-spread monomial;

end

return c;

end

The mechanism used in the algorithm fully exploits the theoretical result in (24).
More precisely, a list of d—1 positive integer, initialized to 1, acts as the multi-index
(s$1,...,84—1). At each step the achievement of the maximum value for the involved

component is dynamically checked and the multi-index is updated.

4. Observations and outlook

The algorithmic constructions and the examples in this paper have been tested
using the package TSpreadIdeals running on Macaulay?2 1.81. To the best of our
knowledge, packages for managing classes of t-spread ideals have not been heretofore
implemented.

We are hopeful that the computational methods analyzed in this paper can be
used for further studies and applications. In fact, such methods could be useful
for investigating the t-spread gemeric initial ideal or in general to find alternative
methods to compute the generic initial ideal of a graded squarefree ideal [10].
Moreover, we are working to optimize construction and counting methods for t-
stable sets of monomials. As a first step, we plan to use the same approach for ¢-
strongly stable sets, even if we are aware that for the ¢-stable case the linearization
could encounter some difficulties.

We are confident that many other problems will arise around ¢-spread structures,
and that, consequently, new implementations could be added to the package in order

to improve it so providing new tools and functionalities.
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