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1. Introduction

A Lie algebra is called algebraic if it is the Lie algebra of an algebraic group [4].
C. Chevalley in [3] gave an alternative definition of algebraic Lie algebras based on
the replica of a matrix. In the second section, an algebraic Lie algebra bundle is
defined and a few basic properties of algebraic Lie algebra bundles are discussed.

A derivation of a Lie algebra plays an important role in the structure of a Lie
algebra. G. Hochschild [6] defined derivation algebras of a Lie algebra. B. S. Ki-
ranagi, R. Kumar, K. Ajaykumar and B. Madhu have defined and studied derivation
algebra bundle of a Lie algebra bundle in [7]. In the third section, characteristically
solvable Lie algebra bundles are characterized and the relations between inner and
central derivations are discussed.

Here we assume that all the base spaces are compact Hausdorff and the under-

lying field is real or complex.

2. Algebraic Lie algebra bundles

We recall a few relevant definitions to define our algebraic Lie algebra bundles. If
k is any integer and E}, is the unit matrix of degree k then the Kronecker sum is given
by X®Y = X®QFE,+FE,,QY where X,Y are matrices of degree m and n respectively.
Further, for any matrix X, X,, = X" X" o X" - o X" o XD XD ---d X.

r times s times
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7+5 elements

It is a matrix of degree m™**. A vector of type (7, s) is a column of m

from the field. A vector € of type (r, s) is called an invariant of X if X,.& = 0.

C. Chevalley in [2] introduced the notion of a replica of a matrix. A matrix Y is

said to be a replica of a matrix X if every invariant of X is also an invariant of Y.
A Lie algebra bundle is a vector bundle £ = (E, p, B) in which each fibre &,

is a Lie algebra and for each x in B, there is an open neighbourhood U of z, a Lie

algebra L and a homeomorphism ¢ : U x L — p~!(U) such that for each y in U,

¢y : L = p~'(y) is a Lie algebra isomorphism.

Definition 2.1. Let £ = (E, p, B) be a Lie algebra bundle with local trivialization
¢:U x L — p~(U). For any endomorphism A of £, we define A’ € End(£) as the

replica of A, if any invariant of A€, is also an invariant of A’|¢,. The set of all
replicas of A is denoted by {A}.

A Lie algebra of matrices is said to be algebraic [3] if replicas of every matrix
is in the same Lie algebra. Morikuni Gotd in [5] refers to this algebraicity of Lie

algebra of matrices as [ — algebraicity.

Definition 2.2. Any subbundle of End() is said to be an l-algebraic bundle if

each of its fibre is [ — algebraic.

The smallest [-algebraic Lie algebra which contains a subalgebra L of gl(n, K) is
called the algebraic hull of L and is denoted by L*[5]. It is the smallest l-algebraic

Lie algebra containing L.

Definition 2.3. Let £ = (E,p, B) be a Lie algebra bundle and End¢ be the Lie
algebra bundle of endomorphisms on £ with the local trivialization ¢ : U x EndL —
(Endp)~1(U) such that ¢, : {2} x EndL — (Endp)~!(z) is an isomorphism. By
this isomorphism, for a subbundle 7 of End(£) there exists a smallest algebraic Lie
algebra n containing 7, for all € B. Then n* = |J % is a Lie algebra bundle
and is called the algebraic hull of 7. ey

Lemma 2.4. Let £ = (E,p,B) be a Lie algebra bundle. Then any A € End(§)
can be uniquely expressed as A = A° + A% where A° is nilpotent and A on &, is a

matriz with simple elementary divisors.

Proof. Let ¢ : U x EndL — (Endp)~'(U) be a local trivialization of End¢. Then
from the isomorphism ¢, : {x} x EndL — (Endp)~!(x) for any A € End§ corre-
sponding to eigenvalues A1, Ao, ... of A in &, the Lie algebra &, can be written as a
direct sum of eigenspaces, &, = FEx, ®F,,®---. Let A® be such that A%|¢, : &, — &,
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is A%y = Ny for y € Ey,. Then A® is well defined endomorphism on . Further,
A® on &, is a matrix with simple elementary divisors, (X — \;). Put A% = A — A
on each &,. Then A° is nilpotent. Also, A° and A° commute and hence this

representation is unique. (]
Lemma 2.5. In the representation of Lemma 2.4, A° and A® are replicas of A.

Proof. Let A = A° + A%. Then by the methods of [8] , (As)z = (A% + (A45,)z.
For each z, (AY)), is nilpotent and (AS,), is a matrix with simple elementary
divisors. If V is the vector space on which A|{, operates. Let (I,s), denote the
Kronecker product V@ V' ® ... V'@V @V ®...® V and (I}), the eigenspace

r times s times

of (Is). corresponding to a eigenvalue Ay of (A,s),. For any y € (Ix)z, (Ars)ay =
Ary and by Lemma 2.4 (A2.),y = A\yy. Let z € (Ir5), and (A4,5)z2 = 0. Then
z € (Ip), and hence (Af,)zz = 0. Therefore, (AZ,), is a replica of (A,s),. Now,
(A% )22 = ((Ars)e—(AS,))z = 0. This shows that (AY,), is a replica of (A¢),. O

Lemma 2.6. Any A € End(€) can be decomposed as Ay = (Ag)z + A1 (A1) +
Ao(As)y + -+ + MN(A)) . on each fibre &, of End(€).

Proof. Al is an endomorphism on &,. Let A1, Ag,..., \; be the distinct eigen-
values of A|¢,. Of these let [ be the maximal number of A;’s which are linearly
independent over the prime field P of complex numbers, say, A1, Az,...,A;. Then
foreachi=1,2,...,k, \; = Z§'=1 TijNj, 135 € P. If V is the vector space on which
A€, operates, then V = @le Vi;. Let E; be the projection of V on V),. Then for
yeV,y=y1+y2+---+yr and E;y = y;. From Lemma 2.4, (A"),y; = \;y;. Hence,
k E k k
we get (A")sy = (A)2 (X021 %i) = 2oimq (A)awi = 2oy Aivi = 2221 (A Ey)y from
which it follows that (4), = S2F | MiE;. Take (4;), = S riiEi, j=1,2,...,1.
Then (4) = (Ao)s + (A)x = (Ao)e + X111 A = (Ao)a + iy Tjoy rig Ay i =
(Ao)z + 23:1 Aj(A;j)g. This proves the lemma. O

Theorem 2.7. If £ is a Lie algebra bundle then the derivation algebra bundle of &,
D(§) is l-algebraic.

Proof. For any D € D(§) we show that {D} C D(&). From the derivation D|{, =
D, we have the decomposition of £, as £, = E, & Eg @ ... where o, 3,... are the
eigenvalues of Dy, z € B. Then for y € E, and z € Eg, D,y = ay and D,z = Bz.
Dyly, 2] = [Day, 2]+ [y, Daz] = [ay, 2]+ [y, Bz] = (a+B)[y, 2] so that [y, 2] € E(ap)
if a + 8 is an eigenvalue of D,. Therefore, [Eq, Eg] C E(aqp). From [5] D® is a

derivation of £&. Therefore, we consider the case when D is an s-matrix on &,.
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Then for a suitable basis z1,x2,..., 2, of & we have D,x; = a;x;,i = 1,2,... 7.
Let the structure constants of &, be [z, 2;] = >, cijnen. Then D € D(§) implies
Dlz;,z;] = DY, cijnxzn = (a; + aj)[z;, z;]. From the equality of sums on both
sides, (a; + a;)cijn = ancijn,V i, j, h = 1,2,...,r or (a; + a; — ap)cijn = 0 Y 1,
j,h=1,2,...,7. Let D = D% 4 D* be a canonical decomposition of D such that
D, = D%+ X (D2)1+X2(Dy)a+...+ e (Dy)g. Then each (D,); may be defined as
(Dy)x; = rﬁxi where a; =), )\lré. Now (a; + aj — an)cijn = 0 is a trivial relation
if ¢;jn = 0. If ¢;j0 # 0, (a; +a; —ap) = 0 which gives Zl(rﬁ +r§» — 7Y\ = 0. Since
A\/’s are linearly independent r! + r;- — rﬁl = 0. Thus when a; = r! the condition
(a; + a; — ap)cijn, = 0 is satisfied. This gives D; € D(§) so that {D} C D(§).
Therefore, D(§) is [-algebraic. O

Proposition 2.8. Let n be a Lie subbundle of End(§) and my be a subbundle of 1.
Then I(m)* = I(nT).

Proof. Let ¢, : {z} x ad(L1)* — I.(m)* be the local trivialization of I(n;)* at
x € B. By [10] Proposition 4, ad(L1)* is spanned by the replicas, {ady} with y
in Ly. For any element A of End(L) and a subalgebra H of End(L) such that
[A,H] C H, {adA} = ad{A}. Therefore, ad(L1)* = span{{ady} : y € L1} =
ad{spani{y} : y € L1} = ad(L3). Then ¢, : {z} x ad(L}) — I.(n}) is the local
trivialization of I(n;) and hence I(n1)* = I(n}). O

Remark 2.9. For a Lie subalgebra L of gl(V), R(L*) = R(L)*[5].
For a subbundle 7 of End(§), R(n) = U R(n,) and hence R(n*) = R(n)*.
reB

Proposition 2.10. Let n* be the algebraic hull of a subbundle n of End(§). Then
(1) Ewvery ideal bundle of 1 is also an ideal bundle in n*.
(2)

(3) n and n* have the same derived algebra.

(4) If n is an ideal bundle in a subbundle 1 of End() then [ny,n*] C n.

Center of n is contained in the center of n*.

Proof. Let ¢, : {x} x X — p~!(z) be the local trivialization of n* at x € B. Then
by [3] every ideal in 7, is an ideal in n. For any ideal bundle " of n,  is an
ideal bundle of n* by the local trivialization ¢, : p~*(z) — x x 1, which proves
(1). (2) follows from Z(n) = U,ep Z(n2) C Uyes Z2(n}) = Z(n*). For any k, n* =
Usen s = Usep(mi)® = (1)* which proves (3). [n7,7%] = U,epl(ni)z: (1)) C
U.ep e = n from which (4) holds. O

Corollary 2.11. If n* is the algebraic hull of a subbundle n of End(§), then n is

an ideal in n* and n*/n is an abelian subbundle. If 7 is solvable, then n* is solvable.
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Proof. By Proposition 2.10, i is an ideal bundle in n*. From Proposition 2.10(4),
[n*,n*] C n implies Vo € B, [nk,nk] C n,. For all k,k' € nk, [k + nu, k' + ne] =
[k.k'] + 1. = 0+ n, so that n¥/n, is abelian for all z € B. Hence n*/n is an abelian
Lie subbundle. 7 is solvable and hence 7, is solvable for every = € B. nk/n, is

abelian as a Lie algebra and hence n} is solvable. Therefore, n* is solvable. O

Proposition 2.12. Let n be an algebraic Lie subbundle of End(§). If R(n) is the
radical of n and n = & + R(n), then R(n) is algebraic.

Proof. Let R(n)* be the algebraic hull of R(n). Since n is algebraic, R(n)* C n
and [, R(n)*] = Uyeplne, B(n);] C R(n) C R(n)*. Therefore, it follows that R(n)*
is an ideal subbundle of n. By Proposition 2.10, [R(n)*, R(n)*] C R(n) so that
by Corollary 2.11 R(n)*/R(n) is an abelian Lie subbundle of n and hence R(n)* is
solvable. Therefore, R(n)* = R(n) which shows that R(n) is algebraic. O

3. Derivations of Lie algebra bundles

Let £ be a Lie algebra bundle. A vector bundle morphism D : £ — £ is called a
derivation if D([u,v]) = [u, D(v)] + [D(u),v] for all u,v € &,.

A derivation D is called inner if there exists a section s of £ such that for all u
in & and z in B, D(u) = [u, s(x)][7].

A derivation D is central if for each z in B, D§, C Z(§;). The set of all
derivations of ¢ form a Lie algebra bundle denoted by D(£). Then the set of all
inner derivations of £ denoted by I(£) and the set of all central derivations denoted
by C(§) form subbundles of D(§).

Let £ = (E,p, B) be a Lie algebra bundle, ¢ : U x L — |J &, be alocal triviality
zEB
of £ where L is a Lie algebra, let R be the radical of L, £," be the radical of &,.

Then ¢ : U x R — &£," is an isomorphism. We call the bundle as radical bundle
of &.

Let £ = (E,p, B) be a Lie algebra bundle and & be the direct sum of the ideal
bundles &1,&s,...,&,. Let p; be the projection morphism of £ onto ;. Identify an
element ¢;; of End(&;,§;) with an element ¢;;p; of End(§). Then End(;,§;) C
End(§). Let D(&;,&5) = D(§) N End(&;, ;). So that D(&;, &) = D(&).

Theorem 3.1. Let & be the direct sum of the ideal bundles &1, &a,. .., &n. Then
(1) D) = ZZ;‘:1 D(ﬁiafj)-
(2) Fori # j,D(&,&;) consists of ¢;; € End(&;,€;) such that ¢;;& C Z(&;)
and ¢j[&:, €] = 0.
(3) Fori# j,D(&;,&;) is abelian.
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Proof. We shall first prove (2). Let D € D(¢;,&;). Then D € End(&;,€;). For
b€ B and z;,z; in & and ; respectively, D[x;, ;] = 0 and hence D(&;)y C Z(§;).
It follows that D(&;) C Z(&;). Also, D[&;,&] = 0. Conversely, let ¢;; be an element
of End(&;,&;) which satisfies the conditions in (2). Then ¢;; is identified with
¢iipi of End(§) so that @[z, 1] = 0 = [¢i;(xk), 1] + [Tk, ¢ij(21)] for all x4, z; in
&z, x € B. This shows that ¢;; is a derivation of {. This proves (1).

Let D € D(). Set ¢;; = p; Dp; where p;, p; are projections on &;,§; respectively.
Then ¢;; : & — &; is a Lie algebra homomorphism and D = szzl Oij-

For i # j, ¢; satisfies conditions of (2). Therefore, ¢;; € D(&;,&;). From this it
follows that D € Y77, D(&;,&;) and hence D(§) € 37, D(&;,&;). Converse is

i,j=1

also true. Therefore, D(§) = szzl D(&;,€&;) which proves (2).
Let i # j and Dy, Di; € D(&;,&;). Then for z in B, [Dij, Dj;](z) = 0,71 € &
which shows that D(¢;,&;) is abelian. This proves (3). O

Definition 3.2. A Lie algebra bundle £ = (E, p, B) is said to be characteristically
solvable if D(€) is solvable and Z(&) C [¢,€].

Theorem 3.3. Let £ be a solvable Lie algebra bundle such that Z(£) C [€,€]. If
D(&) = 6 + R(€), then & is characteristically solvable.

Proof. By hypothesis, Z(£) C [£,£]. We need only prove that D(§) is solvable.
Since ¢ is solvable, ad ¢ is solvable and hence ad ¢ is an ideal bundle of R(E).

Let D be a derivation in &. Then for any = € B, [ad,,D|¢;] C adf, and
[ady, D|&y] C S,. Therefore, [adf, D] C adf and [adé, D] C & so that [ad€, D]
is solvable. By hypothesis, [ad¢, D] = 0 and hence D¢ C Z(§) C [¢,€]. Now,
D%¢ C D[¢, €] and D? = 0 gives D is nilpotent.

Let V be a finite dimensional ample Lie subalgebra of I'(&) and s € V. Then
s(z) is a derivation in & and is nilpotent. This implies ads is nilpotent. By
Engel’s Theorem for Lie algebra bundles & is nilpotent and hence solvable. Since
G is semisimple, & = 0. Therefore, D({) = R(§) and we conclude that D(€) is
solvable. |

Let D(&) denote the subbundle of D(£) consisting of all derivations of ¢ such
that D& C Z(§).

Theorem 3.4. Suppose & = (E,p, B) is the direct sum of the ideal bundles
&1,62, ..., &n. Suppose Z(&;) C [&;,&;] for some j, then

(1) D(&;) is an abelian ideal bundle of D(£).

(2) [D(&, &), D(&5, &) € D(&;) for all i # j.
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Proof. For all z € B, D(;), is an abelian ideal of D(¢;), and hence D(§;) is an
abelian ideal bundle of D(¢;). Further, [D(¢;), Ding D(&) + 224, D(&i &) = (0)
so that from Theorem 3.1(1), D(&;) is an abelian ideal bundle of D(&) which proves
(1).

Let D;; and Dj;, # j be two elements of D(&;,€;) and D(;,§;) respectively. Then,
[Dij, Djilz(&)e = (0) and [D;j, Dyl (&) € Z(&;), for all x in B so that [D;;, Dj;]
belongs to D(;). Therefore, (2) is proved. O

Theorem 3.5. Let £ be a nonabelian solvable Lie algebra bundle. If D(§) = G+9R,
then D(€) is solvable and & is either characteristically solvable or the direct sum of
a characteristically solvable ideal bundle and a central ideal bundle of rank 1.

Proof. Let ¢ : U x L — |J & be the local triviality of £. From Theorem 3.3, we

zcU
need only prove the result when Z(§) ¢ [€,&].

Let Ly and Z be subspaces of Z(L) such that
Z(Ly=Li® Z, LiN[L,LI=(0), ZclIL,L].

Let Lo be a subspace of the Lie algebra L containing [L, L] such that L = Ly @ Lo.
For each x € B, let (&), and Z, be subspaces of &, such that

Z(&) = (61)2 @ Zay  (§1)2 N [€2: &) = (0),  Z(&) C &) &l

Let (£2), be a subalgebra of &, containing [£;, ;] such that & = (&), ® (&), for
x € B. Then by the local triviality
¢ UxLi— (&) ¢ :UxZ— |2
zeU zelU

and

¢" U x Ly = | (&)a

zelU
& =U&)z, Z =UZ, and & = |J(&2), form subbundles of € such that Z(§) =

&1®Z and € = & D & & C Z(€) and hence & is a central ideal bundle of
€. & is non abelian and & D [£,£] so that & is a non-zero ideal bundle of &.
Z(&)x C [(&2)x, (§2)] and hence Z(&2) C [£2,&2). By hypothesis, D(§) = G @ R
where & is a semisimple ideal bundle and R is the radical bundle of D(§). Let
D(&) = G2 @ Ra by Levi decomposition for Lie algebra bundles. From Theorem
3.4(1), D(&;) is an abelian ideal bundle of D(¢) and hence D(&;) is solvable from
which it follows D(&3) C Ra.

For x € B, set

M, = Span{(Dl)ra D(glv gQ)xa D(£27 gl)m; (mz)z}



102 M. V. MONICA AND R. RAJENDRA

where D; is the identity derivation of ¢&. If I is the ideal
span{D1y, D(L1,L2), D(L2,L1),R2} and ¢ : U x D(L) — |J D(&;) is the local
zeU
triviality of D(), then by the morphism tjon : U x I — |J My M = J,cp Mo
zecU

is an ideal bundle of D(§). By Theorem 3.1 and Theorem 3.4, m ¢ (R2)z +
(D(&) + D(&1, &) + D(&2,£1))2- Since R, is solvable, %ék) = 0 for some k so that
MPE) © (D(&)+D(€1, &)+ D(£s, €1))s. Using Theorem 3.4, METY  D(&,), and
hence MEFT? = (0). Hence M is a solvable ideal bundle of . Therefore, I C R.
Since G is a unique maximal semisimple subalgebra bundle of D(£), & contains Gs.
[R2, &) is a solvable semisimple ideal bundle of D(&) and hence [Ra, &3] = (0).
This shows that D(&3) = Gy @ Ry, Therefore, & is characteristically solvable by
Theorem 3.3. For any D € M, D&, € (D1)z + D(&1,82)e + D(&2,&1)e + (R2)e C
(D1)z + D(&1,€2)s + D(£2,&1)e + D(&),. Therefore, M C (D1) + D(&,&) +
D(&2,&1) + D(&2). Also for any D € (D1) + D(&1,€&2) + D(&2,&1) + D(&2), by con-
struction of M, D € M. Hence, M = (D1) + D(&1,&2) + D(&2,&1) + D(&2).

We assert that rank(&y) = 1. If dim(&1), > 1, then by [9] D(&1)s = (61)x + (D1)s
where (61) is a  non-zero  semisimple ideal of = D(&1)s-
Therefore, D(§), = (61), + M, and [(S1)z, M| = (0).

Let Di; be any element of (61),. Then [Da;, D11] = (0) for any element Dsy of
D(&2,&1) s so that Doy D1y = (0). (&), is abelian and by Theorem 3.1(2),

D(&2,61)2(82)e = (&1)2-

Therefore, D1; = 0 whence (&), = (0) which is a contradiction. Therefore,
dim(&1), = 1. This gives that rank of & is 1. Thus D(&) = (D;). Therefore,
D(&) = 9 from which it can be concluded that D(§) is solvable. This proves the

theorem. O

From [1] Herm(E) = |J Herm(E,,) forms a vector bundle where Herm(E,) is
the vector space of all Herrer;lgitian forms on F,.
For x € B and Vf,g € Herm(E,) define [f,g] = fog — gof. Then Herm(E,)
becomes a Lie algebra with this product structure. For every x € B and a neigh-
bourhood U of x in B let ¢ : p~1(U) — U x &, be the local trivialization of £.

Define Hermg : U x Herm(E,) — (Hermp)~! by Hermg(s,T) = ¢s0To(¢s) L.
We observe that Hermg is a Lie bundle isomorphism. Hence Herm(FE) is a Lie

algebra bundle.
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Definition 3.6. A Hermitian metric on a Lie algebra bundle is a section h : £ —
HermE such that h(z) is positive definite for all € B. A Lie bundle with a

specified Hermitian metric is called a Hermitian Lie bundle.

Proposition 3.7. Let £ = (E,p, B) be a Lie algebra bundle. n be a subbundle of
& and h be the Hermitian metric on £. Then there exists a subbundle ' of & such
thatE =ndn'.

Proof. For all z € B consider the orthogonal projection P, : £, — 1, given by the
Hermitian metric. Define P : € — n such that P on £, is the projection P, for all
T € B.

We claim that P is continuous. As the problem is local in nature, we assume
that ¢ is trivial. Then there exists sections s1, s, ..., S, of £ which forms a basis
on each fibre. For any v € £;, v = > h,(v, s;(x))s;(z). P is continuous since h is
continuous. Therefore, P is a projection operator on &. If n is the Lie subalgebra
of &, which is orthogonal to 7, under the metric h, then n* = Unz is the kernel of
P and hence is a subbundle of £. Therefore, £ = n @ nt. |

Proposition 3.8. Let £ be any subbundle of the Lie algebra bundle End(§). If
C(§) C I(&)", then Z(§) =0 or £ = [¢,].

Proof. By Levi decomposition, £ = &+ R where G is a semisimple subbundle and
R is the radical bundle of . Further, since £* is algebraic, £* = & + R*. Suppose

Z(€) #0 and & # [¢,£]. We have,
€€ = [§&6+R]
= [§,6]+ [ R]
= [6+ R, 6]+ [N
= 6+ R

Since £ # [¢,&], € # 6 + [§, W] so that [, R] # R. Since [,£] # 0, [§,R] # R, by
Proposition 3.7 we can choose a subbundle U of S8 such that R = U @ [¢,R]. Then

E=6aUa [£,R]. Define a non-zero morphism D on ¢ as, for z € B,
DU, € Z(&) and D(& +[¢ R()]) = 0.

Then D is a central derivation on & Given C(§) C I(§)* and hence C(&) C
I(& + ?R*) so that D is in I(& + R*) which implies that there exists a section s
with s(z) € & = &, + R such that D(u) = [u,v9] where vg = p, + 7, € &, + RE.
Therefore, D(u) = [u,py] + [u,75]. Since D& = 0, D(u) = ad,, (u). This implies
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DU,) = ad,, (U;) = [rs,Us] C [RE,Uy] C [RE, R;] = 0. Hence D(U,) = 0 which
shows that D is a zero morphism which is a contradiction. Therefore, Z(£) = 0 or

£=1[5¢. O

Let &€ = (E, p, B) be a Lie algebra bundle. Set Z1(¢,) = {e € & : [e,&:] C Z(&:)}
for all x € B. Then Z;(&,) is a subalgebra of &, x € B. Define Z1(§) = |J Z1(&,).
Then Z;(&) is a subbundle of &.

Proposition 3.9. Let Z(§) be the center of . Then I(§)NC (&) = 1(Z1(§)).

Proof. Let D € I(§) N C(§). Then D : & — £ is an inner derivation. Therefore,
there exists a section s of € such that D(u) = [u, s(x)] for all u in &, and = in B. Let
x € B. Then [u,s(z)] = D(u) € Z(&;) for all u € &, which implies s(x) € Z1(&,).
Therefore, s: & — Z1(€) is a section of Z1(§). Hence D € I(Z1(§)).

On the other hand, let D € I(Z1(€)). Clearly D € I(§). Also, D(u) = [u, s(x)] for
some section s of Z1(§) and s(z) € Z1(&;) so that D(u) = [u,s(x)] € Z(&;) which
shows that D € C(£). Hence the proof is completed. O

Theorem 3.10. I(£) C C(€) if and only if €3 = 0.

Proof. 1(¢) C C(¢) gives I€, C Z(&;) Vo € B. Then for any I in I(§), £z, [(&3)] =
0 for all x € B.

Now,

I, = {[u,s(x)] | Yu € & and s is a section of £ such that s(z) = vy € &}

= {Ju,vo] | Yu € & and for somevy € &, }.

Therefore, 1€, = [£,,vo] for some vy € &, so that I€, = £2.
Let vg € §. ThenY = {x} is a closed subspace of B. Define a section s : Y — E/Y
as s(z) = vg. Then the section can be extended to F by [1]. Therefore, V vy € &,
there exists a section s of & such that s(z) = vy.

Set, Du = [u,vo] = [u, S(x)] for every u € &;. Then D is an inner derivation of
¢. Therefore, I(£) C C (&) giving [€2, D(€,)] = 0 Vo € B. Tt follows that &3 = 0
Vz € B and hence £ = 0.

Conversely, suppose ¢3 = 0. This implies £ C Z which gives [¢2,u] = 0 Vu €
&, x € B. Hence [I(§;),u] = 0V x € B which shows that I(¢,) C Z(&;). Therefore,
I1(¢) C C(&). This proves the result. O

Theorem 3.11. Assume that the center Z(&,) is non-zero for each x € B. Then
1(&) = C(&) if and only if €2 = Z and rank Z(§) = 1.
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Proof. Let ¢ : U x Z(L) — |J Z(&:) be the local triviality of centre bundle of &,
zelU
D be the identity derivation on Z(&) i.e., D(y) = yVy € Z(&.), « in B. Extend this

trivially to a derivation of £. Then D is a central derivation of £&. If D is an inner
derivation, then there exists a section s of & such that Du = [u,vg], vo = s(x), u €
& and x € B. If €2 # Z(€), then there exists € B such that £2 # Z(&,). Let
u € Z(&) — &2 Then Du = [u,vg] = 0, vg = s(x) which is not true since Du = u
for all u € Z(€,;). Therefore, D is not an inner derivation which is a contradiction.
Hence &2 = Z(¢).

For any = € B, dimI(&,) = dim(&,/Z(€,)) and dimC(&,) = dim(&,/€2) x
dimZ(&,) which gives dimZ(£,) = 1 and hence rank Z(§) = 1.
Conversely, suppose ¢2 = Z and rank Z(£) = 1. Then &2 = Z gives £ = 0. By
Theorem 3.10, I(§) C C(§). By the above formulae on dimensions of I(£,) and
C(&), dimI(&,) = dim C(&;) Vo € B. Thus I(§) = C(§). O

Theorem 3.12. D(§) = C(&) if and only if € is abelian.

Proof. We prove that €2 = 0. Suppose £2 = |J €2 # (0). Then we can find a
r€B
x € B such that &2 # (0). If Z(&,) = (0), then C(&,) = (0) which gives D(&,) = (0).

It follows that &, = 0. Therefore, we assume Z(&) # (0). Then by Theorem 3.10,
€3 = 0. Since &2 # 0, for some x in B we obtain a Lie subalgebra U, # 0 such
that & = U, @ (£,)%. Let D, be the identity mapping of U,, D,u = u, for all
x € U,. We shall extend this mapping trivially to a derivation D of £&. Then D is a
derivation of £ which is not central - a contradiction to our supposition. Therefore,
€2 = 0. Conversely, if ¢ is abelian, then Z(¢) = ¢ and hence every derivation is

central. O

Theorem 3.13. Let & be the direct sum of the ideal bundles &1,&2,...,&,. Then
D(&) = 1(§) ® C(&) if and only if D(&) = 1(&) & C(&).

Proof. Suppose D(&;) = I(&)®C(&;). From [11] D(§) = 377, D(&)OY] ;- D& &))-
For i # j, D(&,&)6 C Z(&). Therefore, D(&;,&;) C C(&). It follows that
D(§) = 3 1(&) @ C&) = 2, 1(&) @ 2072, C(&). Further Y70, I(&§) =
i iad) =ad( @& D ... B E,) = I(€). Also, C(§) = Y1, C(&). Therefore,
D(&) = I1(§) ® C(&).

Conversely, assume D(&) = I(§) @ C(€§). Any derivation D; of &; can be trivially ex-
tended to a derivation D of £&. Then D = D;+D where Dy isin I(£) and D is in C(&)
which gives D|¢; = D; = D1 |¢; + D|&;. Therefore, D|¢; = D; = D; — Dq|&; so that
D& C &N Z(€) = Z(&). Hence D; € C(&;) which gives D(&) = I(&) @ C(&). O



106 M. V. MONICA AND R. RAJENDRA

Theorem 3.14. Let £ be a non abelian nilpotent Lie algebra bundle such that Z(§)
is not contained in [£,£]. Then D() is not nilpotent. D(&) contains a solvable non

nilpotent ideal bundle.

Proof. Let & and & be subbundles of ¢ as in Theorem 3.5. Then Z(&) C [€2, &2l
For x € B, set My=span{(D1)s, D(&1,&2), D(€2,&1)a, D(£2).} where Dy is the

identity derivation of &;. Let 9 = (J 9,. Then by Theorem 3.1, M is an ideal
zEB

bundle of D(§). 9)?53) C D(&)s + D(&1,&) s + D(£2,€1)2. Then by Theorem 3.4
M = 0 so that M is a solvable ideal bundle of D(§). Since £ is non abelian and
nilpotent D(&1,&3) # 0. Since [D1, D(&1,€2):] = D(&1,£2)., M is not nilpotent.
Thus 9 is a solvable non nilpotent ideal bundle of D(¢). O
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