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ABSTRACT. Let R be a commutative ring such that R = R; X --- X Ry. In
this paper, we give a method to compute (strong) Sagbi bases for subalgebras
of a polynomial ring over R provided that these bases are computable in a
polynomial ring over R; for 1 < ¢ < mn. As an application, we prove the
existence of strong Sagbi bases for subalgebras in a polynomial ring over a

principal ideal ring.
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1. Introduction and preliminaries

Grobner bases were first introduced by Bruno Buchberger to solve polynomial
ideal theory problems over fields ([3]). Later, this theory was extended in a polyno-
mial ring over noetherian commutative rings ([2]). Grobner bases are essential tools
in computational algebraic geometry and polynomial algebra ([4]). Moreover, over
commutative noetherian rings, strong Grobner bases have been introduced (see [7]
and [8]), which are Grébner bases with additional properties that can augment the
efficiency and efficacy of various algebraic computations.

Sagbi bases, a generalization of Grobner bases to the context of subalgebras,
were introduced by Robianno and Sweedler over fields ([5], [9]). Miller extended
this concept for polynomial rings over noetherian commutative rings ([6]). Unlike
Grobner bases, Sagbi bases could be infinite for even finitely generated subalgebras.
They are used to study subalgebras of polynomial rings arising in geometric con-
texts, such as invariant, toric, and coordinate rings of algebraic varieties ([10]). In
[1], the concept of strong Sagbi bases was introduced, showing that they exist in a
polynomial ring over principal ideal domains.

Let R be a commutative ring with unity and a finite direct product of commu-
tative rings R; with unities. In [8], a method is developed to construct (strong)
Grobner bases of non-zero ideals in polynomial rings over R. It is achieved by join-

ing (strong) Grobner bases of the projected ideals in polynomial rings over R;. This
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work aims to develop an analogous method for (strong) Sagbi bases for subalgebras
of a polynomial ring over R. As an application of our work, we prove the existence
of a strong Sagbi basis in a polynomial ring over a principal ideal ring (which is a
commutative ring such that all its ideals are principal and can be viewed as a direct
product of principal ideal domains and finite chain rings, see Theorem 33, Section
15, Chapter 4 of [11]).
The article is structured as follows: The polynomial ring in ¢ variables z1, xo,
-+, x4 over the ring R is denoted by R[z]. In Section 2, the S-join is defined for
the subsets of R;[z] for ¢ = 1,--- ,n (see Definition 2.2). We also prove that the
Sagbi bases for subalgebras of R[z] can be obtained by S-joining of Sagbi bases for
projected subalgebras of R;[z] (see Proposition 2.3). Moreover, we define the con-
cept of strong S-join for the subsets of R;[z] and Ra[z], respectively (see Definition
2.10). We also present a key result (Theorem 2.11) which demonstrates that the
strong Sagbi bases for subalgebras of R[x] can be obtained by strong S-joining of the
strong Sagbi bases for the projected subalgebras of Rj[z] and Ra[z], respectively.
Furthermore, we provide Proposition 2.12 which enables us to generalize Theorem
2.11 for R = Ry X --- x R,. We also present Algorithm 2.14 to compute strong
Sagbi bases for the subalgebras in R[z]. In Section 3, we prove the existence of a
strong Sagbi basis in a polynomial ring over a principal ideal ring (see Theorem
3.5).

Let > be an admissible monomial ordering on the set of monomials (power
product of indeterminates z;) of R[z]. If f € R[z], then we can write it as f =
> i Cklr where 0 # ¢, € R and t, is the monomial. We denote the leading monomial
t; which is mazy{t;} by Im(f), the leading coefficient ¢; which is the coefficient of
t; by le(f) and leading term ¢;t; by lt(f).

Let G = {g1,92, -+ ,9s} be a subset of R[z] and > be a monomial ordering
on R[z]. We denote by R[G], a subalgebra of R[z] finitely generated by G whose
elements could be viewed as a polynomial in terms of elements of G. For g =
(B1, B2, ,Bs) € NIGI, let GP = gflggz -+~ g% be a G-monomial. We say that f in
R[G] has a subalgebra standard representation with respect to G if f =3, ¢;GY,
where ¢; € R\ {0} and «; € NIl such that Im(G%) < Im(f). We write SStd(G)
for the polynomials of R[G] which have a subalgebra standard representation with

respect to G. Now, we can define Sagbi and strong Sagbi bases.

Definition 1.1. Let B be a subalgebra of R[z], and let G be a finite set of R[x]\{0}.
Then G is called a Sagbi basis for a subalgebra B if B\ {0} = SStd(G).
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Definition 1.2. For a finite set G of R[z]\ {0}, G is called a strong Sagbi basis for
a subalgebra B of R[z] if for any f € B\{0}, lt(f) = lt(¢;G*) for some ¢; € R\ {0}
and o € NIGl. Also, a strong Sagbi basis G is called minimal if no proper subset

of G is a strong Sagbi basis for B.

Throughout the article, we assume that R = Ry X --- X R,, where R; is also
a commutative ring with unity for 1 < ¢ < n. Note that all the above notions
also hold for R;[z]. Moreover, for computational feasibility, it is assumed that the

subalgebras admit finite (strong) Sagbi bases.

2. S-join and strong S-join

In this section, we introduce the term S-join (strong S-join) and compute a Sagbi
basis (strong Sagbi basis) for subalgebras of R[z].

Let m; : R — R; be projections which induce maps 7 : R[z] — R;[z]. More-
over, these maps induce a map 7 : R[z] — Ry[z] X -+ X Ry,[z] given by «(f) =
(m1(f), - ymm(f)). Let k: Ry[z] X -+ X Rplz] — R[z] be a map which collects
coefficient of like terms. We can see that 7 and s are mutually inverse ring homo-
morphisms.

Now, we see a result which shows that a projection of a Sagbi basis for a subal-

gebra is a Sagbi basis for the projected subalgebra.

Proposition 2.1. If G is a finite Sagbi basis for non-zero finitely generated subal-
gebra B C R[z], then m;(G)\{0} is a Sagbi basis for m;(B) in R;[z] fori=1,--- ,m.

Proof. We can assume that ¢ = 1. For f; € m(B) \ {0} C Ri[z], we need to
show that f; € SStd(m(G)). Let f = k(f1,0,---,0) € B, therefore, It(f) =
(le(f1),0,---,0)im(f1) such that Im(f) = Ilm(f1). Since G is a Sagbi basis for
B which implies f = > ,¢;G% for some ¢; € R\ {0} and a; € NI¢l with
Im(G*) < Im(f) = Im(f1). After taking projection with respect to 71, we have
fi =32 m(ej)m(G)=3_; mi(c;)m(G)* such that Im(m1(G*)) < Im(G*) <
Im(f) = Im(f1), where m(¢;) € Ry and m1(G)% is a m1(G)-monomial. Therefore,
f1 € SStd(m1(G)) and 71 (G) is a Sagbi basis for w1 (B) in Ry[z]. O

Now, we define the S-join of n sets to find a Sagbi basis for a subalgebra of R|x]
with the help of Sagbi bases of the projected subalgebras in R;[z] fori=1,--- ,n.

Definition 2.2. Let G; C R;[z] \ {0} for i = 1,2,--- ;n. Then Gy U---UG,, the
S-join of G; is the subset G; x {0}* 1 U---U{0}"~! x G, of Ry[z] x -+ x Ry,[z].



4 NAZIA JABEEN AND JUNAID ALAM KHAN

Proposition 2.3. Let B be a non-zero subalgebra of R[z] and G; C m;(B) for
i=1,--- ,m. Then k(Gy U---UGy,) is a Sagbi basis for B if and only if G; is a
Sagbi basis for m;(B) for alli=1,--- m.

Proof. <= Let H = x(G1U---UG,,) C B. Since SStd(H) C B, we only need to
show that B C SStd(H) if each G; is a Sagbi basis for m;(B). Let f € B\ {0} which
implies that 7;(f) € mi(B) = SStd(G}), therefore, we can write m;(f) = 3, ¢, G
for some ¢;, € R; \ {0}, o, € NIl with Im(G;"") < Im(mi(f)) = Im(f), where
1 <4¢<n. Then

3

f:’i(’/Tl(f)a"' 77Tm(f))
:K/(ﬂ-l(f)707"' 7O)++KJ(O7 ,077Tm(f))
:H(Zjl Cj1G?j1707"' ,0) +ee +"'€(07"' 0, ij cijgljm)
:Zjl(cjlvof" vO)K(th)lh?O?"' ,0) +"'+ij(07"' ,O,ij)/{(o,-'- ’OaG%m)'

Since (0, - - - ,O,GZ-OL“,O7 -++,0) € R[H] and Im(r(0,- - - ,O,GZ-OL“,O7 - ,0)) =
Im(G;7") < lm(f) for all i and j, we have f € SStd(H). It follows from Proposition
2.1. (I

Example 2.4. Let G = {g1 = 22?2 + 3z + 1,92 = 22 + 1} C Zg[z] and B = Zg[G].
Note that G is not a Sagbi basis for subalgebra B since 3z € B but 3z ¢ SStd(G)
as 3z = 3(222+32+1)+3(2x+1) and Im(22%+3x+1) > Im(3z). The isomorphism
X : Zg — Z2xZs3 induces an isomorphism x : Zg[z] = (ZaxZs)[z]. We have x(g1) =
(0,22 +(1,0)a+ (1, 1), x(g2) = (0,2)2+ (1, 1) and x(B) = (Z2 x Zs)[x(01), x(g2)].
On applying the map 7 induced by the projection maps 7y : (Zo X Z3)[x] — Zz[x]
and 7y : (Za x Z3)[x] — Zs[x], we have m(x(g1)) = (z+1,22% +1) and 7(x(g2)) =
(1,2x+1). The projected subalgebras 1 (x(B)) = Za[z+1,1], m2(x(B)) = Z3[22>+
1,2x + 1] have Sagbi bases G; = {r} and Gy = {2? + 2, + 2}, respectively. Now,
by Proposition 2.3, k(G UG2) = {(1,0)x, (1,0), (0, 1)z2+(0,2), (0,1)x+(0,2)} is a
Sagbi basis for x(B) which implies that H = x 1 (k(G1UG2)) = {3z, 422 +2,4x+2}
is a Sagbi basis for B.

Remark 2.5. In Example 2.4, G; and G5 are strong Sagbi bases of Zs[z+1,1] and
Z3[2x2 4+ 1,2z + 1], respectively but the Sagbi basis H obtained after S-join is not a
strong Sagbi basis since (42%+2) — (3x)2+3 = 22 +5 € B, therefore It(z%+5) = 22.
However, the set of leading terms of H is It(H) = {3z,422 42} and also observe
that 3 and 4 are not units in Zg, so there does not exist any H-monomial 4 and
element ¢ € Zg such that it(cH) = z2.
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The following result shows that we can use a strong Sagbi basis for a subalgebra

B in R[z] to obtain strong Sagbi bases in the projected subalgebras m;(B) C R;[z].

Proposition 2.6. Let B be a non-zero finitely generated subalgebra of Rlz]. If G
is a finite strong Sagbi basis for B, then m;(G)\{0} is a strong Sagbi basis for m;(B)
in Ri[z] fori=1,--- ,m.

Proof. We can assume that i = 1 and f; € m(B) \ {0} C Ry[z]. Put f =
k(f1,0,---,0) € B. Since G is a strong Sagbi basis for B, there exists o € NIGI,
c€e R\ {0} such that It(f) = lt(cG*) and 71 (lt(cG*)) = It(f1). This means that
m1(lt(cG*)) # 0, so m1(cG%) # 0 and 71 (lt(cG®)) = lt(m1(cG¥)). Now, we have
It(m1(cG%)) = It(f1), where 71(cG¥) = m(c)m1(G¥) = m(c)(71(G))%, therefore
It(f1) = lt(m(c)(m1(G))%), where m1(c) € Ry and (m1(G))® is a 71 (G)-monomial.
Thus 7 (G) is a strong Sagbi basis for 71 (B). O

Theorem 2.3 illustrates that a Sagbi basis could be computed with the help of
S-join of Sagbi bases of the projected subalgebras. Remark 2.5 shows that a Sagbi
basis obtained after the S-join of strong Sagbi bases need not to be a strong Sagbi
basis. Therefore, to find out strong Sagbi basis, we need a concept of strong S-join

which could be achieved by adding some elements in the S-join.

Definition 2.7. Let G C Ry[z] and H C Ry[z]. An element (g, h) € R1[G] x R2[H]
is said to be a critical element of R;[G] x Ry[H] if Im(g) = Im(h). If this element
cannot be expressed in the form ¢ = ¢1---gs, h = hy---hg such that Im(g;) =
Im(hi), g; € R1[G], h; € Ro[H], deg(g;) > 1 and deg(h;) > 1, for all ¢, then it is

referred to as a necessary critical element.

Remark 2.8. Note that if (g, ) is a necessary critical element of R1[G] x Rs[H],
then for some r € Ry and s € Ry, (rg, sh) may also be a necessary critical element

of Ry[G] x Ra[H].

Remark 2.9. If a critical element (g, h) of R1[G] x R2[H] is not a necessary critical
element of Ry[G] X Ry[H], then it can be factored into a product as g = g - - gs,
h = hy - - - hg such that Im(g;) = Im(h;), i.e., (g, h;) is a necessary critical element of
R1[G] x Ry[H] for all i. Additionally, we only consider necessary critical elements
(g9,h) that cannot be factored as g = rg/ and h = sh’ for some 1 # r € Ry,

1 # s € Ry and a necessary critical element (gl, h/).

For G C Ri[z] and H C Ry[z], let Ag.u={k(g,h) | (g,h) is a required necessary
critical element of R1[G] x Rz[H|}. Now, we define the strong S-join of G and H.
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Definition 2.10. Let G = {g1, - ,gs} and H = {hq, -+, ht} be subsets of R;[z]
and Rsz], respectively. Then the strong S-join of G and H, denoted by GUH, is
defined as:

GUH =GUHUn(Ag,m)

Now, we find a strong Sagbi basis for a subalgebra in R[z] for R = Ry X Ry by
using the strong S-join of the strong Sagbi bases for the projected subalgebras in
Ri[z] and Ra[z].

Theorem 2.11. Let B be a non-zero subalgebra of R[z| which admits a finite strong
Sagbi basis. Let G; be a subset of mi(B) for i = 1,2. Then k(G1UGs2) is a strong
Sagbi basis for B if and only if G; is a strong Sagbi basis for m;(B) for alli=1,2.

Proof. < Assume that G; is a strong Sagbi basis of m;(B) for ¢ = 1,2 and
G = k(G1UG3). We need to show that for any f € B\ {0}, there are a G-monomial
7 and ¢ € R\ {0} such that l¢t(f) = lt(cT). Let m;(f) = f; for i = 1,2. We have the
following cases:

(i) f1 # 0 and fo = 0: Then lt(f) = (lc(f1),0)im(f1). Since Gy is a strong
Sagbi basis for m;(B), there exists a Gj-monomial G (where a; € NIGil) and
¢1 € Ry such that lt(f1) = It(c1GT"). Therefore, le(f1) = c1le(GT) and Im(f1) =
Im(GT"). Define 7 = k(G7*,0), a G-monomial, and ¢ = (¢;,0) € R. Note that
le(1) = 1e(GY,0), therefore, lt(cr) = ¢ le(T)lm(T) = (c1,0)(le(GT1),0)Im(GT) =
(c1le(GTY), 0)Im(GTY) = (le(f1), 0)Im(f1) = It(f). Thus it(f) = it(er).

(ii) f1 =0 and fo # 0: Same as (i).

(iii) f1 #0, fa # 0and Im(f1) > Im(fz2): Similar to (i) since lt(f) = (Ic(f1), 0)im(f1).
(iv) f1 #0, fo # 0and Im(f1) < Im(fz2): Similar to (ii) since It(f) = (0, lc(f2))lm(fz).
(v) 1 0, f2 # Oand lm(f1) = bm(fz) = Im(f): Then 16(£) = (e ), le(fa))lm( f1)
=(le(f1),le(f2))lm(f2). Since Im(f1) = lm(fz), we have that (fi, f2) is a critical
element of 71 (B) X m2(B). By Remark 2.9, we can writeit as fi = ¢1---¢9s = Mi_19;
and fy = g/1~~g; = I_Ileg; such that Im(g;) = lm(g;) for all 7, and (gi,g;)
are necessary critical elements which implies that x(g;, g;) € Ag,,g,- Note that
(f1,f2) = (91, gs, 91 -+~ g5) which is denoted by M, (g;,g;). On applying x, we
have f = k(f1, f2) = K(T_1 (96 9;)) = M3_1#(9i, 9;)- Moreover, Im(T_;5(g, 9;)) =
Im(Mi_yg:) = Im(Mizyg;) = Im(f2) = Im(fr) = Im(f) and le(T_,k(g:, 9;) =
le(k(f1, f2)) = le(f). Since k(gi,g;) € Aa,.q, C G, M3 k(gi,g;) could be con-
sidered as a G-monomial denoted by 7. By setting ¢ = (1,1), we have, lt(cT) =
(1, Dle(r)im(r) = (1, 1)le(M_y #(g:, g:)im(T51 £ (i, 9;)) = le(f)lm(f) = 1t(f). Tt
follows from Proposition 2.6. (]



SAGBI BASES OVER THE PRODUCT OF RINGS 7

The following proposition plays an important role in generalizing Theorem 2.11

inductively for n-sets.

Proposition 2.12. Let G; be a subset of R;[z] fori=1,2,3, then
H(H(GlgGg)QG{g) = H(Glgﬁi(ngGg)).

Proof. First, we prove the result for the elements obtained after the S-join of G;
for i = 1,2,3. Let h € k(k(G1LUG2)UG3), we have three cases: h = k(k(g1,0),0),
h = k(k(0,92),0), h = k(0, g3), where g; € G; for i = 1,2,3. Note that, according
to the cases, we can write h as: h = k(k(¢g1,0),0) = k(¢1,0), h = k(k(0, g2),0) =
k(0, k(g2,0)), h = (0, g3) = k(0, k(0, g3)), respectively. In all the cases, h can be
viewed as an element of x(G1Ux(G2UG3)). The reverse inclusion could be proved
in the same way.

Now, we prove the result for the elements of 7(Ag,,g,). Let h € k(x(G1UG2)UG3)
such that Im(h) = Im(k(h', hs)) with b’ = k(hi, ha) € K(G1UG3)), where h; € G;
for i = 1,2,3. Note that Im(h) = im(h') = lm(hs). Moreover, lm(h') = lm(h;) =
Im(hg). We can see an element (hg, h3) € m(Ag, q,) since Im(he) = Im(hs),
therefore k(ha, hs) € k(G2UG3). Thus h = k(h1, k(ha, h3)) € kK(G1UK(G2UG3)).

Similarly, we can show the reverse inclusion. (Il

Remark 2.13. We can compute the necessary critical elements algorithmically:
Let e = (e1,---,e;) € N be the exponent vector of the monomial z{*---z§,
G C Ry[z] and H C Ryz]. For each g € G and h € H, let e, and e be the
leading exponents (exponent of leading monomial) of g and h, respectively. We
need to find non-zero vectors @ € NI¢! and b € NI#| such that Im(G%) = lm(Hg).
Let ¥ = {yg}gec and Z = {zx}ren be variable vectors whose entries can take non-
negative integer values such that Im(GY) = Im(H?). This leads to a system of ¢
linear equations given by:

Z €qYg — Z enzn =0 (1)

e heH

where 0 is the zero vector in Nf. The vectors @ = {a,}scq and b = {by}nhen are

solutions to System 1 if and only if ) . egay = >,y enbn, which implies that

geG
Im(G%) = Im(H), ie., (G% H®) is a critical element. By using a basis of the

solution set of System 1, we have all necessary critical elements of R1[G] x Ro[H].

Based on Theorem 2.11 and Proposition 2.12, we develop the following algorithm
which computes a strong Sagbi basis for a subalgebra in R[z] with the help of
strong S-join of the strong Sagbi bases for the projected subalgebras in R;[z] for

i=1,--,n.
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Algorithm 2.14. Input: a monomial ordering > on R|z], a finite subset F of
R[z], an algorithm SB; to compute strong Sagbi basis for every m;(F) C R;[x]
(i=1,---,n).

Output: A strong Sagbi basis G for subalgebra R[F).

Instructions:

e Fori=1ton;
G; = SB;(m;(F));
minimize G,
o G=0Gy;
o Fori1=2ton;
Compute all the necessary critical elements of R1[G] x R|G;] by using
Remark 2.13;
Compute A(G, G;);
GUG; = GUG; Un(A(G, Gy));
G = k(GUG;);
minimize G;

o return G.

Example 2.15. Let G = {222 + 3z + 1,22 + 1} C Zg[x] and B = Zg[G] as in
Example 2.4. The projected subalgebras m1 (x(B)) = Zz[x + 1,1] and m2(x(B)) =
Z3[22% 4+ 1,2z + 1] have minimal strong Sagbi bases G1 = {g1 = z} and Gs
{91 = 2% + 2,95 = x + 2}, respectively. From Remark 2.5, x ! (k(G1 U Gs)) =
{3x,2+422, 4x+2} is not a strong Sagbi basis of B, therefore, we need a strong join

G1UGy = G1UG2Um(Ag, .G, ). Note that by using the approach of finding necessary
critical elements described in Remark 2.13, the corresponding system is a single
A basis {(2,1,0), (1,0,1), (3,1,1)} to the solution

set of this equation provides us the necessary critical elements: (¢2,g;), (91,9s)

linear equation yg, — 2291 — gl
and (g3,9,94). Therefore, on applying s on these elements, we have Ag, g, =
{(1,1)2? + (0,2), (1, 1)z + (0,2), (1,1)2? + (0, 1)z + (0,1)}. From Theorem 2.11,
X H(k(G1UG2)) = {3z,422 + 2,41 + 2, 2% + 2,2 + 2, 2% + 222 + 22 + 4} is a strong
Sagbi basis for B and G = {3z, 2% 4+ 2,z + 2} is a minimal strong Sagbi basis for
B.

3. Existence of strong Sagbi basis over the principal ideal rings

In this section, as an application of our main results in Section 2, we prove the
existence of a strong Sagbi basis in the case of principal ideal rings. We restrict R

to be a principal ideal ring onwards in this section unless specified.
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Definition 3.1. Let G C Rz] \ {0} be a finite set and f,h € R[z].

(i) We say that f reduces to h with respect to G in one step (and that f is
reducible with respect to G) if h = f — 3. ¢;G* where ¢; € R, o; € NIGI,
such that lt(f) = ), ilt(G*), ¢; # 0, le(f) = >, cile(GY) and Im(f) =
Im(G#), for all i (see [6, Definition 3.2]). We write it as f —¢ h.

(ii) We say that f strongly reduces to h with respect to G in one step (and
that f is strongly reducible with respect to G) if h = f — cG* where ¢ € R,
o € NICl such that It(f) = lt(cG®).

Remark 3.2. A set S is a Sagbi basis for a subalgebra B if and only if for all f € B,
f —%0, i.e., there exists a chain of one-step reductions and hq, hs, -, hy in B
such that f — hy —% hy —5 -+~ h, —9 0 (see [6, Proposition 3.3]) which is
equivalent to the condition that f has a subalgebra standard representation with

respect to S.

Proposition 3.3. Let R be a finite chain ring' and G C R[z] \ {0} be a finite set
and f,h € R|z]. Then f is one step reducible with respect to G if and only if f is
strongly one step reducible with respect to G.

Proof. Let f be one step reducible to h with respect to G, then h = f — %" ¢;G*
where ¢; € R, a; € NI¢ such that It(f) = 3, cilt(GY), ¢; # 0, le(f)
Yo cile(G*) and Im(f) = Im(G*), for all i. The collection of the leading co-
efficients lc(G*) is a subset of R which is a finite chain ring, therefore, by [7,

Proposition 2.2], there exist some j and «; € R such that lc(G*) = a;lc(GY)
for every i. Then lt(f) = lt(cG*) for some ¢ € R. Hence f is strongly one-step
reducible with respect to G. (]

Proposition 3.3 and Remark 3.2 yield the following result.

Corollary 3.4. Let B be a subalgebra over a finite-chain ring R. Then G is a
Sagbi basis for B if and only if G is a strong Sagbi basis for B.

Proof. Let G be a Sagbi basis for B. For any f € B, f —2 0. At the first
one step of the reduction of f, we can assume f —° hy, so hy = f — > G
such that Im(f) = Im(G?) for all 4, and lc(f) = >, c;ile(G**). Since the one-step
reduction is also a strong one-step reduction in R by Proposition 3.3, there exists
some i = ig such that Im(f) = Im(G%o), and lc(f) = cle(G*0) for some ¢ € R,
i.e., lt(f) = lt(cG™o). It implies that G is a strong Sagbi basis for B. The converse
holds trivially. O

LFinite chain rings are precisely finite local rings whose maximal ideals are principal.
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Now, we show the existence of a strong Sagbi basis of a subalgebra over a prin-

cipal ideal ring provided that it has a finite Sagbi basis.

Proposition 3.5. Let R be a principal ideal ring and B be a subalgebra of Rlx]
with a finite Sagbi basis. Then B has a strong Sagbi basis.

Proof. We have R = Ry x --- X R,,,, where each R; is a principal ideal domain or
a finite chain ring (see Theorem 33, Section 15, Chapter 4 of [11]).

In the case when R; is a principal ideal domain, we can obtain a strong Sagbi
basis of 7;(B) over R; (see [1, Proposition 5.1 and Theorem 5.2]).

If R; is a finite-chain ring, from assumption and Proposition 2.1, m;(B) has a
finite Sagbi basis. From Corollary 3.4, it is a strong Sagbi basis for 7;(B).

Each m;(B) C R;[z] admits a strong Sagbi basis. Therefore, with the help of

Theorem 2.11, we can construct a strong Sagbi basis for B in R]z]. O

Example 3.6. Let H = {4xy+xz,32? +y} C Zao[x] and a subalgebra B = Zyo[H],
where Zog is a principal ideal ring isomorphic to Z4 X Zs which is a product of
principal ideal domain Zs and a finite chain ring Z4. The isomorphism x : Zog —
Z4 x Zs induces an isomorphism x : Zgo[x] — (Z4 X Z5)[z] and x(B) = (Z4 x
Zs)[x(H)]. Note that G; = {z,y} and Gy = {4xy + z,2% + 2y} are Sagbi bases
for m (x(B)) = Z4[H1] and ma(x(B)) = Zs5[Hs], respectively, where H; = m;(H).
With the help of Theorem 2.11, we obtain a strong Sagbi basis k(G1UG>) for x(B).
Therefore, x 1 (k(G1UG2)) = {5z, 5y, 4z + 162y, 162 + 12y, vy + 4z, 2% + 12y} is
a strong Sagbi basis for Zgg[H]. Moreover, G = {5x,5y,xy + 4z, 22 + 12y} is a

minimal strong Sagbi basis for Zyo[H].
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