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ABSTRACT. A Com-PreLie bialgebra is a commutative bialgebra with an extra
preLie product satisfying some compatibilities with the product and the co-
product. We here give examples of cofree Com-PreLie bialgebras, including all
the ones such that the preLie product is homogeneous of degree > —1. We also
give a graphical description of free unitary Com-PreLie algebras, explicit their
canonical bialgebra structure and exhibit with the help of a rigidity theorem
certain cofree quotients, including the Connes-Kreimer Hopf algebra of rooted
trees. We finally prove that the dual of these bialgebras are also enveloping

algebras of preLie algebras, combinatorially described.
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1. Introduction

Com-PreLie bialgebras, introduced in [5,6], are commutative bialgebras with an
extra preLie product, compatible with the product and coproduct, see Definition 2.1
below. They appeared in Control Theory, as the Lie algebra of the group of Fliess
operators [7] naturally owns a Com-PreLie bialgebra structure, and its underlying
bialgebra is a shuffle Hopf algebra. Free (non unitary) Com-PreLie bialgebras were
also described, in terms of partitioned rooted trees.

We here give examples of connected cofree Com-PreLie bialgebras. As co-
commutative cofree bialgebras are, up to isomorphism, shuffle algebras Sh(V) =
(T'(V),w, A), where V is the space of primitive elements, we firstly character-
ize Com-PreLie bialgebras structures on Sh(V) in term of operators w : T(V) ®
T(V) — V, satisfying two identities, see Proposition 3.4. In particular, if we
assume that the obtained preLie bracket is homogeneous of degree 0 for the gradu-
ation of Sh(V') by the length, then w is reduced to a linear map f: V — V, and
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the obtained preLie product is given by (Proposition 3.6):

vxl;--'azmvyla"'ayn €V7

n
ml...xmoyl...yn:le...:Ui,lf(xi)(xiﬂ...xmI_Llyl...yn).
i=0

In particular, if V' = Vect(zo,x1) and f is defined by f(z) = 0 and f(z1) = =0,
we obtain the Com-PreLie bialgebra of Fliess operators in dimension 1. If we
assume that the obtained preLie bracket is homogeneous of degree —1, then w is
given by two bilinear products * and {—,—} on V such that x is preLie, {—, —} is

antisymmetric and for all z,y,z € V,

z*{y, 2} = {z*y, 2},
{z,ytxz={zxy, 2} +{z,y =z} + {{z,y}, 2}.

This includes preLie products on V when {—, —} = 0 and nilpotent Lie algebras of
nilpotency order 2 when x = 0, see Proposition 3.9.

We then extend the construction of free Com-PreLie algebras of [5] in terms of
partitioned trees (see Definition 4.1) to free unitary Com-PreLie algebras UCP(D),
with the help of a complementary decoration by integers. We obtain free Com-
PreLie algebras CP(D) as the augmentation ideal of a quotient of UCP(D), the
right action of the unit (} on the generators of UCP(D) being arbitrarily chosen
(Proposition 4.8). Recall that partitioned trees are rooted forests with an extra
structure of a partition of its vertices into blocks; forgetting the blocks, we obtain
the Connes-Kreimer Hopf algebra H i of rooted trees [3], which is given in this way
a natural structure of Com-PreLie bialgebra (Proposition 4.10). Using Livernet’s
rigidity theorem for preLie algebras, we prove that the augmentation ideals of
UCP(D) and CP(D) are free as preLie algebras. Theorem 5.11 is a rigidity theorem
which gives a simple criterion for a connected (as a coalgebra) Com-PreLie bialgebra
to be cofree, in terms of the right action of the unit on its primitive elements.
Applied to CP(D) and H ¢k, it proves that they are isomorphic to shuffle bialgebras,
which was already known for Heg. We also consider the dual Hopf algebras of
UCP(D) and CP(D): as these Hopf algebras are right-sided combinatorial in the
sense of [11], there dual are enveloping algebras of other preLie algebras, which we
explicitly describe in Theorem 5.14, and then compare to the original Com-PreLie
algebras.

This text is organized as follows: the first section contains reminders and lemmas
on Com-PreLie algebras, including the extension of the Guin-Oudom extension of
the preLie product in the Com-PreLie case. The second section deals with the
characterization of preLie products on shuffle algebras. The next section contains

the description of free unitary Com-PreLie algebras and two families of quotients,
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whereas the fifth and last one contains results on the bialgebraic structures of these
objects: existence of the coproduct, the rigidity theorem 5.11 and its applications,
the dual preLie algebras, and an application to a family of subalgebras, named

Connes-Moscovici subalgebras.

Notations 1.1. (1) Let K be a commutative field of characteristic zero. All
the objects (vector spaces, algebras, coalgebras, preLie algebras, .. .) in this
text will be taken over K.
(2) For all n € N, we denote by [n] the set {1,...,n}. In particular, [0] = 0.

2. Reminders on Com-PreLie algebras

Let V be a vector space.
e We denote by T'(V') the tensor algebra of V. Its unit is the empty word,
which we denote by 0. The element v1®...Qv, € V&, withvy,...,v, €V,
will be shortly denoted by vy .. . v,. The deconcatenation coproduct of T'(V)
is defined by

n

YU1,...,0, €V, A(vl...vn):Zvl...vi®vi+1...vn.
i=0

The shuffle product of T(V) is denoted by L. Recall that it can be induc-
tively defined by
Ve,y eV, Vu,v € T(V), Owov=0, zuwyv=2zx(uWyv)+y(zuwwv).

For example, if v1,vq,v3,v4 € V,

U1 L V9U3V4 = V1V2V3V4 + V2U1V3V4 + VaVU3V1V4 + V2U3V407,

V1V9 L 0304 = V10203V, + V1U3V2V4 + V1U3V4V2 + V3V1V2V4 + V3V1V4Vs + V30401 V2,

V1V2V3 LU Vg = V1V2V3V4 + V1V2V4V3 + V1V2V4V3 + V1V4V2V3 + V4V1V2V3.
Sh(V)
V.

e S(V) is the symmetric algebra of V. It is a Hopf algebra, with the coproduct
defined by

(T(V),w, A) is a Hopf algebra, known as the shuffle algebra of

Yo eV, Av)=v@0+0®wv.

e coS(V) is the subalgebra of (T'(V), W) generated by V. It is the greatest
cocommutative Hopf subalgebra of (T'(V), w, A), and is isomorphic to S(V)

via the algebra morphism

0 (S(V)vmv A) — (COS(V)a L, A)
' V..., — vy W...Wvg.
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2.1. Definitions.

Definition 2.1. (1) A Com-PreLie algebra [5,6] is a family A = (A, -, o), where

A is a vector space, - and e are bilinear products on A, such that

Va,b e A, a-b=b-a,

Ya,b,c € A, (a-b)-c=a-(b-c),

Va,b,c€ A, (aeb)ec—ae(bec)=(aec)eb—ae(ceb) (preLie identity),
Va,b,c € A, (a-b)ec=(aec)-b+a-(bec) (Leibniz identity).

In particular, (A4,-) is an associative, commutative algebra and (A,e) is a
right preLie algebra. We shall say that A is unitary if the algebra (A4, -) is
unitary.
(2) A Com-PreLie bialgebra is a family (A, -, e, A), such that

(a) (A,-,e) is a unitary Com-PreLie algebra.

(b) (A,-,A) is a bialgebra.

(c) Forall a,b € A, A(aeb) =aP ®a® eb+a) eV ®a? .13 with

Sweedler’s notation A(z) = (M) @ 2(3).

Remark 2.2. If (A, -, e, A) is a Com-PreLie bialgebra, then for any A € K| also is
(Aa ) A.v A)

Lemma 2.3. (1) Let (A,-, o) be a unitary Com-PreLie algebra. Its unit is
denoted by §. For allac A, Qea = 0.
(2) Let A be a Com-PreLie bialgebra, with counit . For all a,b € A, e(aeb) =
0.

Proof. (1) Indeed, Doa = (D-0)ea = (Dea)-D+0-(lea)=2(0ea),soPea=0.
(2) For all a,b € A,

e(aeb)=(e®c)oA(aeb)

=e(aM)e(a® ob) +e(a™ 0« bM)e(a?® - p?)
=e(aM)e(a® o b) + e(a™® o bW)e(a@)e(b?)
=c(aeb)+e(aeb),

so c(aeb) =0. O

Remark 2.4. Let us give a few reminders on the (dual) Hochschild cohomology
for coalgebras, also called Cartier-Quillen cohomology, see [3]. Let (C,A) be a
coalgebra, and (M, pr., pr) be a bicomodule over C, with left coaction p;, and right
coaction pr. An n-cochain is a map L : M — C®". The coboundary d is given
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on any n-cochain n by

d(L)=(Id® L)op,+ Y (1Y@ A@Id®" V) o L+ (-1)" (L ®1d) o pp.
=1

In particular, if (B, m, A) is a bialgebra, we can consider the bicomodule (M, pr,, pr)
defined by M = B, pr = A and

Vo € B, pr(z) =1®x.
A 1-cocycle is then a map L : B — B such that for any z € B,
AoL(z)=1 L(z)+ (L®Id)o A.
Observe that in any Com-PreLie bialgebra A, if a is primitive, for any b € A,
Alaeb)=0@aeb+aeb?) @b?, (1)
Therefore, the map b — a e b is a 1-cocycle for this cohomology.
2.2. Linear endomorphism on primitive elements.

Notations 2.5. If A is a bialgebra, we denote by Prim(A) the space of its primitive

elements.

Proposition 2.6. Let A be a Com-PreLie bialgebra. Its unit is denoted by ().
(1) If x € Prim(A), then x o ) € Prim(A). We denote by fa the map

{ Prim(A) — Prim(A4)
fa:
a — ael.

(2) Prim(A) is a preLie subalgebra of (A, e) if and only if fa = 0.
Proof. (1) Indeed, if a is primitive, then
Alaol) =a@Del+0Rael+aedR0-N+0elRa-0 =0+0x0ea+aed®0+0,

so a e () is primitive.
(2) Let a,b € Prim(A). Then

Alaeb)=aRDeb+PRaeb+lel®a-bt+aelRb+DebRa+aeb®()
=0®aeb+aeb@0+ fala)R0.

Hence, Prim(A) is a preLie subalgebra if and only if for any a,b € A, fa(a)®@b =0,
that is to say if and only if f4 = 0. (]
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2.3. Extension of the pre-Lie product. Let A be a Com-PreLie algebra. It is
a Lie algebra, with the bracket defined by

Va,y € A, [z,y] =z ey —yeux.

We shall use the Oudom-Guin construction of its enveloping algebra [12,13]. In
order to avoid confusions, we shall denote by x the usual product of S(A4) and by
1 its unit. We extend the prelie product e into a product from S(A) ® S(A) into
S(A) by

e Ifay,....,ap € A, (a1 X...xag)el=ay X...X ag.
e Ifa,ay,...,a, € A,
k-1
ae(ay X...xay) = (ao(a1X...Xak,l))oak—Zao(alX...X(aioak)x...xak,l).
i=1

o Ifa,y,2€ S(A), (xxy)ez= (rezV)) x (yez?) where A(z) = 2(1) @ 2(?
is the usual coproduct of S(A).

Notations 2.7. If ¢1,...,¢, € Aand I = {iy,... i} C [n], we put
X
1_‘[01‘201‘1 X0 X Gy
il
Proposition 2.8. (1) Let A be a Com-PreLie algebra. If a,b,cy,..., ¢, € A,
X X
(a-b)e(cy X...XcE) = Z (aoHcl) . (boHci) .
1C[n] iel i¢l
(2) Let A be a Com-PreLie bialgebra. If a,by,... b, € A,
X X
Alae(by X...xby)) = Z aV) e <H b51)> ® (H bl@)) a? e <H bi> .
IC[n) iel iel i¢l
Proof. These are proved by direct, but quite long, inductions on n. (Il

Lemma 2.9. Let A be a Com-PreLie bialgebra. For all a € Prim(A), k > 0,
bi,...,bi €A, ae*F x by x...xb = fk(a)eby x...xb.
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Proof. This is obvious if £k = 0. Let us prove it for £ = 1 by induction on [. It is

obvious if [ = 0. Let us assume the result at rank [ — 1. Then

aexby X...xby=(ae@xby X...xb_1)eb;+ae(Peb) xby x...xb_q

-1
+Zao@><b1x...x(biobl)x...xbl_l

i=1

= (fa(a)eby x...xb_1)eb;+0

-1
+Zf,4(a)ob1x...x(biobl)x...xbl,l
i=1

:fA(a)oblx...xbl.

The result is proved for £ > 2 by an induction on k. O

3. Examples on shuffle algebras

3.1. Preliminary lemmas. We shall denote by 7 : T(V) — V the canonical

projection.

Lemma 3.1. Let w : T(V)Q@T(V) — V be a linear map.
(1) There exists a unique map o : T(V) @ T(V) — T(V) such that

(a) Toe=1w.

(b) For all u,v € T(V),
Awev)=uM @u® ev+u® 0™ @u® @, (2)
This product e is given by
Vu,v € T(V), uwev=uVwu? o) (u® woe®). (3)

(2) The following conditions are equivalent:
(a) For all u,v,w € T(V),

(uwv)ew = (uew)Wv+uLll(vew).
(b) For all u,v,w € T(V),
w((uwWv)@w) =c(u)w(v ®w)+c(v)w(u® w). (4)

(3) Let N € Z. The following conditions are equivalent:

(a) e is homogeneous of degree N, that is to say
Vk,1 >0, YOk o YO C OR+EN)

(b) For all k,1 >0, such that k+1+ N # 1, (Ve @ V) = (0).
We use the convention VP = (0) if p < 0.
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Proof. (1) Existence. Let e be the product on T'(V) defined by
Yu,v € T(V), uev=uMwu? @) (u® wo®).
As w takes its values in V, for all u,v € T(V),

m(uev) = e(uMw(u® @ vM)e(w® wo®)
- 5(u(1))w(u(2) ® v(l))e(u(B))g(v@))
= w(u®v).
We denote by m the concatenation product of T(V). As (T(V), m,A) is an infini-
tesimal bialgebra (see [9,10]), for all u,v € T(V),
Awev) =1 @ uPo(u® @ oM)W we®) + uVow® @ o) @ u® woe®
+uM @ w(u?® @ W) (u® woe®)
+ 1M w® @ vM)(w® we®) @ u® we®
—uVou® @)@ u® we® —u® @ w(w® @ vM)(W® @ v?)
=1 @ uPwo(® @ vM)(W® woe®)
+ Vo @ vM)w® we®) @ u® wo®
=1V u?® ep4+u® e v® @@ p®,
Unicity. Let ¢ be another product satisfying the required properties. Let us
denote that u ¢ v = u e v for any words u, v of respective lengths k£ and [. If kK = 0,
then we can assume that v = (). We proceed by induction on I. If [ = 0, then we

can assume that v = (. By (2), D e ) and () ¢ ) are primitive elements of T'(V'), so

belong to V. Hence,

fov+Devah+led®v+0ev™ @uv®,
Pov+0ev® @ov®,

The same computation for o and the induction hypothesis on 1, applied to (), (1)),
imply that A(Dev —0ov)=0,s00ev—0ove V. Finally,

foev—Pov=nmBev—0cv)=w(@dxv—0xv)=0.

If kK > 1, we proceed by induction on I. If [ = 0, we can assume that v = 0; (2)

implies that A(ue® —uwo@) =0, s0o ued —wuo@ = 0 and, applying =, finally
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uel) =wuol. If I > 1, by (2), the induction hypothesis on k applied to (u"), v) and
the induction hypothesis on ! applied to (u,?) and (u, v(l)) gives

Awev)=uV @u? ev+ued@v+uev® @v®
=uV @uP ov+uod@v+ucv® @v® =A(uow).

As before, uev =uowv.
(2) = As w takes its values in V, we have

wuwv)@w) =w(uew)Wv+uLl (vew))
=e(W)w(u®w)+e(u)w(v @ w).
<= For all u,v,w € T(V),
(uwv) ew = (v wWoM)w((w?® wv®) @ w)(w® we® ww?)
— g(u@))(u(l) L v(l))w(v(Q) ® w(l))(u(fi) wo® W w(2))
+ (@) woNw@w® @ w®)(w® we® ww®)
= (Y WM w(w® @ w®)(W® we® ww®)
+ @ WM w(@w® @ wM)w® we® ww®)
T (vu)w(v(z) ®w®)(w® W w(2>))
Low (uu)w(u@) ©w)u® w w<2>))
=ul (vew)+ (uew)LLwv.

So the compatibility between LU and e is satisfied.
(3) (a) = (b) immediately implied by w = moe. (b) = (a) comes from
(3). O

Remark 3.2. If (4) is satisfied, for u = v = ), we obtain
Yw e T(V), w(l @ w) = 0.
Lemma 3.3. Let w: T(V)@T(V) — V, satisfying (4), and let o be the product

associated to w in Lemma 3.1. Then (T(V), LU, e, A) is a Com-PreLie bialgebra if
and only if

Yu,v,w € T(V),
wuev@w) —wuRuew)=w(uewv) — w(uwewv). (5)
Proof. = This is immediately obtained by applying 7 to the preLie identity, as
w =Toe.

<= By Lemma 3.1, it remains to prove that e is preLie. For any u,v,w € T(V),

we put PL(u,v,w) = (uev)ew—ue(vew)— (uew)ev+ue(wev). By hypothesis,
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mo PL(u,v,w) = 0 for any u,v,w € T(V). Let us prove that PL(u,v,w) = 0 for
any u,v,w € T(V). A direct computation using (2) shows that
A(PL(u,v,w)) = uV @ PL(u®,v,w) @ u
+ PLuM v wWy @ u® woe® ww®, (6)
Let v € T(V). Then
Doev=>0Dwh)ev=Dev)Wwh+0Lw()ev)=20euv,

so fev = 0 for any v € T(V). Hence, for any v,w € T(V), PL(0,v,w) = 0: by
trilinearity of PL, we can assume that e(u) = 0. In this case, (6) becomes

A(PL(u,v,w)) =0 ® PL(u,v,w) + PL(u, v wM) @ v® ww®

+ PLuM, v® ) @ u® wo® ww®.

We assume that u, v, w are words of respective lengths k, [ and n, with k > 1. Let
us first prove that PL(u,v,w) = 0 if [ = 0, or equivalently if v = @, by induction

on n. If n =0, then we can take w = §) and, obviously, PL(u,0,0) = 0. If n > 1,

(6) becomes

A(PL(u,0,w)) = 0 ® PL(u,v,w) + PL(u, 0, w™) @ w®

=0 ® PL(u,v,w) + PL(u, ), w) ® 0 + PL(u, ), w) @ w®.

By the induction hypothesis on n, PL(u,$,w™) = 0, so PL(u,},w) is primitive,
so belongs to V. As mo PL =0, PL(u,d,w) = 0.

Therefore, we can now assume that [ > 1. By symmetry in v and w, we can
also assume that n > 1. Let us now prove that PL(u,v,w) = 0 by induction on
k. If £ = 0, there is nothing more to prove. If £ > 1, we proceed by induction on

l+n. If |+n < 1, there is nothing more to prove. Otherwise, using both induction

hypotheses, (6) becomes
A(PL(u,v,w)) = PL(u,v,w) @ 0 + 0 ® PL(u, v, w).
So PL(u,v,w) € V. As o PL =0, PL(u,v,w) =0. O
Consequently:

Proposition 3.4. Let w: T(V)@T(V) — V be a linear map such that (4) and
(5) are satisfied. The product e defined by (2) makes (T'(V),w, e, A) a Com-PreLie
bialgebra. We obtain in this way all the preLie products e such that (T'(V),L, e, A)
a Com-PreLie bialgebra. Moreover, for any N € 7Z, o is homogeneous of degree N

if and only if

Vk,l € N, E4+1+N#1= w(V® V) =(0). (7)
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Remark 3.5. Let w : T(V)®T(V) — V, satistying (7) for a given N € Z. Then
(1) (4) is satisfied if and only if for all k,I,n € N such that k+1+n=1- N,

Vu € VEE Yo e VO Yw e VO, w((uwv) @ w) = e(u)w(v @ w) + e(v)w(u @ w).
(2) (5) is satisfied if and only if for all k,I,n € N such that k+14+n=1-2N,
VeV vy e VO vw e VO, w(uev®@w) —w(u®vew)
=wuew®wv) —w(u®wev).
Note that (4) is always satisfied if u = ) or v =}, that is to say if k =0 or I = 0.
In the next paragraphs, we shall look at N > 0 and N = —1.

3.2. PrelLie products of positive degree.

Proposition 3.6. Let f be a linear endomorphism of V. We define a product e
on T(V) by

vxl;--'axmvyla"'ayn 6‘/7
n
T1. Ty ®YL -+ - Yn :le...:L‘i,lf(a:i)(scHl...xmLLIyl...yn). (8)
i=0

Then (T'(V), 1w, e, A) is a Com-PreLie bialgebra denoted by T(V, f). Conversely,
if ® is a product on T(V'), homogeneous of degree N > 0, there exists a unique
f:V —V such that (T(V),w,e,A) =T(V, f).

Proof. We look for all possible w, homogeneous of a certain degree N > 0, such
that (4) and (5) are satisfied. Let us consider such a w. For any k,! € N, we denote
by @y, the restriction of @ to VO @ VO By (7), wi, = 0if k+1 # 1. As (4)
implies that @, = 0, the only possibly nonzero wy,; is w19 : V — V, which we
denote by f. Then (2) gives (8).

Let us consider any linear endomorphism f of V' and consider w such that the
only nonzero component of @ is @y o = f. Let us prove (4) for u € V&* v € V&I,
w € VO with k+1+n=1— N. For all the possibilities for (k,l,n), 0 € {k,l,n},
and the result is then obvious.

Let us prove (4) for u € VEF v € VO 0w c VO withk+1+n=1—-2N. We
obtain two possibilities:

e (k,I,n)=(0,1,0) or (0,0,1). We can assume that u = 0. As § e x =0 for
any x € T(V), the result is obvious.
e (k,l,n) = (1,0,0). We can assume that v = w = ), and the result is then

obvious.

This concludes the proof. (Il
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Remark 3.7. (1) If N > 1, necessarily f =0, so e = 0.
(2) With the notation of Proposition 2.6, frv ) = f.

We obtain in this way the family of Com-PreLie bialgebras of [5], coming from
a problem of composition of Fliess operators in Control Theory. So we have from
[5]:

Corollary 3.8. Let k,l > 0. We denote by Sh(k,l) the set of (k,l)-shuffles, that

is to say permutations o € Sy such that
1) <...<o(k), ok+1)<...<o(k+1).
If o € Sh(k,l), we put
mi(o) =max{i € [k] | o(1) =1,...,0(i) =i},
with the convention my(c) =0 if (1) # 1. Then, in T(V, f), if v1,..., 0541 €V,

V...V ®VUpy1 ... V4]

my (o)
= > > Ve FId® ) (vpm ) o1 ) (9)
ceSh(k,l) i=1

3.3. PreLie products of degree —1.
Proposition 3.9. Let x and {—, —} be two bilinear products on V such that

Va,y,2 €V, (zxy)xz—xx(yxz)=(z%2)xy—z+(zxy), (10)
{z,y} = —{y, =},
v x{y,z} = {z*y,z},
{,y} « 2 ={ox 2y} +{z,y* 2} + {{z, 4}, 2}.

We define a product ® on T(V') in the following way: for all x1,...,Tm,Y1,--,Yn €
v,

n
:cl...xmoyl...yn:Zzl...xi_l(zi*yl)(z1;+1...xmLLly2...yn) (11)
i=1

k—1
+ Zl’l . xi_l{xi,xiﬂ}(wHQ T Wy .. yn)
i=1

Then (T'(V),w, e, A) is a Com-PreLie bialgebra, and we obtain in this way all the
possible preLie products e, homogeneous of degree —1, such that (T(V'), L, e, A) is
a Com-PreLie bialgebra.
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Proof. Let us consider a linear map w : T(V) @ T(V) — V, satisfying (7) for

N = —1. Denoting by wy; = w|yergye: for any k,[, the only possibly nonzero

wy, are for (k,1) = (2,0), (1,1) and (0,2). For all z,y € V, we put
rxy=wii(r®y), {z,y} = @wa,0(zy ®0).

(4) is equivalent to

Yw e V&2, wo,2(0 @ w) =0,
Vr,y eV, @2.0((zy +yz) ®0) = 0.
Hence, we now assume that wg o = 0, and we obtain that (4) is equivalent to (10)-2.
The nullity of w2 and (2) give (11).
Let us now consider (5), withu € V& v € V¥ w € VO k+i4+n =1-2N = 3.

By symmetry between v and w, and by nullity of @ ; for all I, we have to consider

two cases:

ek=l=n=1 Weputu=uz,v=y, w=z with 2,y,z € V. Then (5) is

equivalent to
(xxy)xz—x*x(y*xz)=(r*x2)xy—x*(zxy),

that is to say to (10)-1.

e k=1,1=2,2=0. Weput u ==z, v =yz, w =0, with z,y,2z € V. Then
(5) is equivalent to

{l’*yVZ}*I*{y,Z}:O,

that is to say to (10)-3.
e k=2 1=1,2=0. Weput u =2y, v =2, w=0, with z,y,2z € V. Then

(5) is equivalent to
{zxzy; +{z,y*z} + {z, 0}, 2} = {z,y} * 2,
that is to say to (10)-4.
We conclude with Proposition 3.4. O
Remark 3.10. (1) In particular, * is a preLie product on V, and for all x,y €

Vizey=uaxxy.
(2) fzq,...,2,m €V,

$1...$m.®= xl...xi_l{xi,mi+1}xi+2...a:m.
i=1

Example 3.11. (1) If % is a preLie product on V, we can take {—,—} = 0,

and (10) is satisfied. Using the classification of preLie algebras of dimension
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2 over C of [1], it is not difficult to show that if the dimension of V is 1 or

2, then necessarily {—, —} is zero.
(2) If + =0, then (10) becomes
V%y € Va {l‘,y} = —{y,x},
vx7y7z e ‘/7 {{I7y}7z} :0’
that is to say (V,{—, —}) is a nilpotent Lie algebra, which nilpotency order
is (2).
(3) Here is a family of examples where both * and {—, —} are nonzero. Let V'

be 3-dimensional space, with basis (z,y, z), and let a, b, ¢ be scalars. We

consider the products given by the following arrays:

o | x|y|z {—-, -} x y z
x|yl =z T 0 ay+bz | cy+ (1 —a)z
y|0]0]0 Y —ay — bz 0 0
2|10[0]0 z (a—1)z—cy 0 0

Then (V, e, {—, —}) satisfies (10) if and only if a®—a+bc = 0, or equivalently,
(26 —1)*+(b+c)>—(b—c)? =1.
This equation defines a hyperboloid of one sheet.

4. Free Com-PreLie algebras and quotients

4.1. Description of free Com-PreLie algebras. We described in [5] free Com-
PreLie algebras in terms of decorated rooted partitioned trees. We now work with

free unitary Com-PreLie algebras.

Definition 4.1. (1) A partitioned forest is a pair (F,I) such that

(a) F is a rooted forest (the edges of F' being oriented from the roots to
the leaves). The set of its vertices is denoted by V' (F).

(b) I is a partition of the vertices of F' with the following condition: if z,y
are two vertices of F' which are in the same part of I, then either they
are both roots, or they have the same direct ascendant.

The parts of the partition are called blocks.

(2) We shall say that a partitioned forest F' is a partitioned tree if all the roots
are in the same block. Note that in this case, one of the blocks of F' is
the set of roots of F. By convention, the empty forest ) is considered as a
partitioned tree.

(3) Let D be a set. A partitioned tree decorated by D is a triple (T, 1, d), where
(T, 1) is a partitioned tree and d is a map from the set of vertices of T' into

D. For any vertex x of T, d(z) is called the decoration of x.
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(4) The set of isoclasses of partitioned trees, included the empty tree, will
be denoted by PT. For any set D, the set of isoclasses of partitioned
trees decorated by D will be denoted by PT(D); the set of isoclasses of
partitioned trees decorated by NxD will be denoted by UPT (D) = PT (Nx
D).

Example 4.2. We represent partitioned trees by the underlying rooted forest, the
blocks of cardinality > 2 being represented by horizontal edges of different colors.

Here are the partitioned trees with < 4 vertices:
btV VAL o v vov v oY Yod Y YL

V.=V L =d VoV = =t
Let us fix a set D.

Definition 4.3. Let T = (T, I,d) and T' = (T", J,d’) e UPT (D).

(1) The partitioned tree T - T” is defined as follows.

(a) As a rooted forest, T-T" is TT".

(b) We put I = {I,...,I;} and J = {Jy,...,J;} and we assume that
the block of roots of T' is I; and the block of roots of 7" is J;. The
partition of the vertices of T - T" is {1y U Jy, Io, ..., I, Jo, ..., Ji}.

(UPT (D), ") is a commutative monoid, of unit .

(2) Let s be a vertex of T”.

(a) We denote by Bl(s) the set of blocks of T', children of s.

(b) Let b € Bi(s)U{*}. We denote by T'e, ;7" the partitioned tree obtained
in this way:

e Graft 7" on s, that is to say add edges from s to any root of T".
o If b € Bi(s), join the block b and the block of roots of T".

(c) Let & € Z. The decoration of s is denoted by (i,d). The element
T[k]s € UPT (D) L {0} is defined by the following:

e If i + k > 0, replace the decoration of s by (i + k, d).
o Ifi+k<0, T[k], = 0.

Example 4.4. Let T = !, T/ = .. We denote by r the root of T and by [ the leaf
of T. Then

I.T7*': V, I.n{l}.:v., IOlﬁ*.:}.
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Lemma 4.5. Let A = (A4,-,) be a Com-PreLie algebra, and f: Ay — Ay be
a linear map such that
Yo,y € Ay, fle-y) = fla)-y+a- fy),
flzoy)=flz)ey+xef(y)

We put A = A, ®Vect(0). Then A is given a unitary Com-PreLie algebra structure,
extending the one of A4, by

0-0=0, felh =0,
Vo e Ay, z-0=uz, 0-z=uz,
zel)= f(x), fex=0.

Proof. Obviously, (4,-) is a commutative, unitary associative algebra. Let us
prove the PreLie identity for z,y,z € A4 U {0}.

elfz=0,thenze(yez)=(rey)ez=xe(zey)=(rez)ey=0. Wenow
assume that v € A,.

e If y = 2 = (), then obviously the PreLie identity is satisfied.

e Ify=0and z € Ay, then

ze(yez) =0, (voy)ez=fla)ez,

re(zey) —aef(2), (rez)oy=f(ze2)
As f is a derivation for e, the PreLie identity is satisfied. By symmetry, it
is also true if y € A} and z = ().

Let us now prove the Leibniz identity for ,y,z € A, U{0}. It is obviously satisfied
if z =0 or y = 0); we assume that x,y € A,. If 2 = (), then

(@-y)ez=flz-y), (zez) y=[f(z)y,  z (yoz)=z-f(y.
As f is a derivation for -, the Leibniz identity is satisfied. O

Proposition 4.6. Let UCP(D) be the vector space generated by UPT (D). We
extend - by bilinearity and the PreLie product e is defined by

> Te T ift#0,
VT, T' € UPT(D), TeT ={*V®
> T+ ift =0,
seV(t)
Then UCP(D) is the free unitary Com-PreLie algebra generated by the elements
. (0, d), deD.
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Proof. We denote by UCP_ (D) the subspace of UCP (D) generated by nonempty
trees. By [5, Proposition 18], this is the free Com-PreLie algebra generated by the
elements .« ,a, k € N, d € D. We define a map f : UCP (D) — UCP (D) by
VYT € UPT (D) \ {0}, FI) =Y T+l
seV(t)
This is a derivation for both - and e; by Lemma 4.5, UCP(D) is a unitary Com-

PreLie algebra.
Observe that for all d € D, k € N,

*(0,d)® @Xk = o (k,d)
Let A be a unitary Com-PreLie algebra and, for all d € D, let a4y € A. By [5,
Proposition 18], we define a unique Com-PreLie algebra morphism by
0 Ucp.(D) — A
. o(k,dy — ag X 1216.
We extend it to UCP (D) by sending @) to 14, and we obtain in this way a unitary
Com-PreLie algebra from UCP(D) to A, sending . (o,q) to aq for any d € D. This

morphism is clearly unique. (I
Example 4.7. Let i,j,k € Nand d,e, f € D.

) ® ey = 1Hd,

Gre)xz (k, f)
(i, d) ®(j,e)e=(k, /)= V(i,d)

K, £)
Iiizéﬁ,

, W .
1@ e n= Niiiﬁ +7 NS

RO R

ciay®0= G410,
Mg o0 = 100 + 1D,
PSP =YD 10D 4OV
4.2. Quotients of UCP(D).

Proposition 4.8. We put Vi = Vect(. 0,q),d € D), identified with Vect(.q,d € D).
Let f : Vo — Wy be any linear map. We consider the Com-PreLie ideal I of
UCP(D) generated by the elements «1,a)— f(+(0,a), d € D.

(1) We denote by UPT' (D) the set of trees T € UPT (D) such that for any
vertex s of T, the decoration of s is of the form (0,d), with d € D. It is
trivially identified with PT (D). Then the family (T + If)reup7 (D) 15 @
basis of UCP(D)/Iy.

(2) In UCP(D)/Iy, for any d € D, « 0,000 = f(+(0,a)-
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Proof. First step. We fix d € D. Let us first prove that for all £ > 0,
e+ I = (e 0,0) + I

It is obvious if k = 0,1. Let us assume the result at rank k¥ — 1. We put f(.(0,a)) =
> aee(0,e). Then

eyt Iy = -(1,(1)0@)((]“71) + 1y
= e 000V 41,

=Y acf N ew0)+ I
= f*(.0) + 1,
so the result holds for all k.

Second step. Let T € UPT (D); let us prove that there exists x € Vect(UPT' (D)),
such that T'+ Iy = x + Iy. We proceed by induction on |T|. If |T| = 0, then ¢t = ()
and we can take x = T. If |T| = 1, then T = ., 4 and we can take, by the
first step, # = f¥(.(0,4)). Let us assume the result at all ranks < |T'|. If T has
several roots, we can write T = T} - Ty, with |71, |T2| < |T|. Hence, there exists
z; € Vect(UPT'(D)), such that T; + Iy = x; + Iy for all i € [2], and we take

T = x1 - 9. Otherwise, we can write
T = O(k,d).Tl X ... X Tk,

where Ty,..., Ty € UPT(D). By the induction hypothesis, there exists xz; €
Vect(UPT'(D)) such that T; + I = x; + Iy for all i € [k]. We then take z =
fk(.(o’@) oer X ... X XTg.
Third step. We give CP4 (D) = Vect(PT (D) \ {0}) a Com-PreLie structure by
VT, T' € PT(D)\ {0}, TeT' = Y Te, T,
seV(t)

We consider the map

where, fs(T') is the linear span of decorated partitioned trees obtained by replacing
the decoration dg of s by f(ds), the trees being considered as linear in any of their
decorations. This is a derivation for both - and e, so by Lemma 4.5, CP (D) inherits

a unitary Com-PreLie structure such that for any d € D,

caol=f(ea)

By the universal property of UCP(D), there exists a unique unitary Com-Prelie
algebra morphism ¢ : UCP(D) — CP(D), such that ¢(.(0,4)) = .a for any d € D.
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Then ¢(e1,a) = f(ea)) = ¢(f(c(0,q) for any d € D, so ¢ induces a morphism
¢ : UCP(D)/I; — CP(D). 1t is not difficult to prove that for any T € UPT' (D),
¢(T) =T. As the family PT (D) is a basis of CP(D), the family (T'+1;)rcup7 (D)
is linearly independent in UCP(D)/I;. By the second step, it is a basis. O

Example 4.9. We choose f = Idy,. The product in UCP(D)/Ia,, is the one of
Definition 4.3. If T, 7" € PT (D) and T" # (), then T ¢ T" is the sum of all graftings
of T' over T'. Moreover,

Tel)=|TT.
Hence, we now consider CP(D), augmented by an unit (), as a unitary Com-PreLie

algebra.

Proposition 4.10. Let J be the Com-PreLie ideal of CP(D) generated by the

elements
cao(Fy X Fy)—.q0(Fy - Fy),
with d € D and Fy, Fy € PT(D).
(1) Let T and T" be two elements of PT (D) which are equal as decorated rooted
forests. Then T + J = T' + J. Consequently, if F is a decorated rooted
forest, the element T' 4+ I does not depend of the choice of T' € UPT (D)
such that T' = F as a decorated rooted forest. This element is identified
with F.
(2) The set of decorated rooted forests is a basis of UCP(D)/J.
CP(D)/J is then, as an algebra, identified with the Connes-Kreimer algebra HE,,

of decorated rooted trees [3], which is in this way a unitary Com-PreLie algebra.

Proof. (1) First step. Let us show that for any x1,...,z, € UCP(D), .4 ® (z1 X
cooxXaxp)+J=.qa0(x1-...-2,)+ J by induction on n. It is obvious if n = 1, and

it comes from the definition of J if n = 2. Let us assume the result at rank n — 1.

.do(xlx...xxn)+J

:(.do(xlx...xxn_l))oxnfi.do(xlx...x(xioxn)x...xxn_l)JrJ

i=1
:(.do(xl-...~xn_1))oxn—z—:.do(x1-...~($ioxn)-...-xn_1)+J
=(eao(x1 ... Tp_1)) ez, —eqgo((z1-... - Tp_1)0x,)+J
:.dO((l‘l-...'!Enfl)Xl'n)"‘J

=g (T ... Tpo1-Ty) +J.

So the result holds for all n.
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Second step. Let F,G € PT(D), such that the underlying rooted decorated
forests are equal. Let us prove that F +.J = G + J by induction on n = |F| = |G|.
If n =0, then F = G =1 and it is obvious. If n = 1, then F' = G = .4 and it is
obvious. Let us assume the result at all ranks < n.

First case. If F has k > 2 roots, we can write ' =Ty -...- Ty and G =17 -...-T},
such that, for all i € [k], T; and T have the same underlying decorated rooted forest;
By the induction hypothesis, T; + J =T} + J for all 4, so F + J =G + J.

Second case. Let us assume that F' has only one root. We can write F' =
cq®(Fix..XFy)and G = .q0(Gy x...XG;). Then Fy-...-Fy and Gy -...-G have
the same underlying decorated forest; by the induction hypothesis, Fy-...- Fp+J =
Gi-....Gi+J,80 cq0(Fy-...-Fx)+J=.20(Gy1-...-G))+ J. By the first step,

F+J:.d.(F1Fk)+J:-,1.(G1Gl)+J:G+J

(2) The set RF (D) of rooted forests linearly spans CP(D)/J by the first point.
Let J’ be the subspace of CP(D) generated by the differences of elements of PT (D)
with the same underlying decorated forest. It is clearly a Com-PreLie ideal, and
RF(D) is a basis of CP(D)/J’. Moreover, for all Fy, F» € PT(D), «ae(F) x F3) +
J = .;e(F-Fy)+ J', as the underlying forests of .; @ (F} x F3) and ., e (F; - F3)
are equal. Consequently, there exists a Com-PreLie morphism from CP(D)/J to
CP(D)/J', sending any element of RF (D) over itself. As the elements of RF (D)
are linearly independent in CP(D)/J’, they also are in CP(D)/J. O

4.3. PreLie structure of UCP(D) and CP(D). Let us now consider UCP(D)
and CP(D) as preLie algebras. Their augmentation ideals are respectively denoted
by UCP, (D) and CP4 (D). Note that, as a preLie algebra,

UCP4 (D) = CPL(N x D).
Let D be any set, and let 7' € PT (D). Then T can be written as
T= ('dl o (Tl,l X ... X Ti,sl)) o (‘dk. (Tk,l X ... X Tk,sk))a

where di,...,d; € D and the T; ;’s are nonempty elements of P7 (D). We shortly
denote this as

T = Bdl,.“,dk (Tl,l .. 'T1781; e ;Tk,l . Tk,sk)'
The set of partitioned subtrees T; ; of T' is denoted by St(T').

Proposition 4.11. Let D be any set. One defines a coproduct 6 on CP (D) by

vT € PT(D), §(T)y= > T\T'®T.

T'€SH(T)

Then, as a preLie algebra, CP (D) is freely generated by Ker(d).
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Proof. In other words, for any T' € PT (D), writing
T:Bd1 _____ dk(T1,1~~-T1,sl§~-~§Tk,1~'~Tk,sk)o

we can rewrite

s s

6(T) = Z ZBd17~--,dk (Tl,l L T1,31§ ce T%J .. ~,Ti,j L Ti,si; c.. ;Tk,l .. ~Tk,sk)®Ti7j-

i=1 j=1

This immediately implies that d is permutative [8]:
(0®Id)od = (23).(6 ®1d) o 4.

Moreover, for any x,y € PT (D), using Sweedler’s notation §(z) = () @ (2, we
obtain

Szy) = 2D yos@ +z.yD @y,
For any partitioned tree T' € PT (D), we denote by r(T") the number of roots of T'
and we put d(T') = r(T)T. The map d is linearly extended as an endomorphism of

PT (D). As the product - is homogeneous for the number of roots, d is a derivation
of the algebra (CP(D),-). Let us prove that for any =,y € CP, (D),

d(zey)=d(x) ®y+x(1) oy®x(2) FIPRCO I N E) .y

We denote by A the set of elements of z € CP, (D), such that for any y € CP, (D),
the preceding equality holds. If x1,z9 € A, then for any y € CP (D),

6((w1-x2) 0y) = 0((z10Y) - T2) + (21 - (22 0Y))
(2)

= (z .y)(l) Ty @ (x1 y)(2) + (21 0) ,mél) ®

ot (@ey) @l +ar - (wey)V @ (z20y)@

=d(@1) - w20y + (@7 ey) - wp @at) +all)

t(arey) o) @z + i (wrey) @2y

tayd(ws) @y + a1 (23 ey) @2l 422N @2l ey

2 “To) ey ®x(12) + (21 oxgl)) *yY® xg)

To ®z§2) oy

=d(z1-72) @Y+ (z§
+ (21 '552)(1) ® (21 '952)(2) °y
=d(z1 - 22) @y + (21 22)V ey @ (21 - 22)?
+ (m1 '372)(1) ® (71 '532)(2) °y.

So x1 - g € A.

Let d € D. Note that 6(.4) = 0. Moreover, for any y € CP, (D),

(+a ®y) = 5(Ba(y)) = -a @y,
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S0 «a € A. Let Th,..., T € PT(D), nonempty. We consider z = Bg(Th ... T}).
For any y € CPL(D),

k
S(zey) :6(Bd(T1...Tky))+z5(Bd(T1...(Tj °y)...T})
k

i=1

k k
+ZZBd(T1...Ti...(Tjoy)...Tk)®Ti+ZBd(T1...Ti...Tk)®Tioy
i=1 j#i i=1
k R k R
=d@)®y+Y Ba(Ti..T;..Ti)ey®Ti+ > Ba(Ty...T;.. Ti) @ Ty ey
i=1 =1

— d(ﬂ?) Ry + J;(l) oy .T(2) + .T(l) ® :I;(Q) °y.

Hence, x € A. As A is stable under - and contains any partitioned tree with one
root, A= CP,(D).

1
For any nonempty partitioned tree T' € PT (D), we put 6’ (T') = (T 0(T). Then
1
/ / o
(0’ ®@1d) o §'(T) = RGRE (0 @1d) o §(T),

so ¢’ is also permutative; moreover, for any z,y € CP, (D),
(v ey) =$®y+x(1) oy@x@) + 20 @@ .y.

By Livernet’s rigidity theorem [8], the preLie algebra CP (D) is freely generated by
Ker(d"). For any integer n, we denote by CP,, (D) the subspace of CP(D) generated
by trees T such that r(T") = n. Then, for all n, §(CP, (D)) C CP,(D)® CP,(D),
and d|cp,, (p) = n5|’CPn(D). This implies that Ker(d) = Ker(d’). O
Lemma 4.12. In CP, (D) or UCP4 (D), Ker(d) e ) C Ker(d).

Proof. Let us work in UCP4 (D). Let us prove that for any z € UCP4 (D),

Sael) =M ehmr® + oM @ o,
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We denote by A the subspace of elements z € UCP, (D) such that this holds. If
r1,Ty € A, then

6((z1 - a2) 0 0) = 6((z1 00) - z2) + 6(z1 - (x2 00))
=@V e zo@a® 42"z a0+ (21 00) 2V @ 2?

tar- @V el @ 42128 @al? e+ 2" - (25 00) @ 2

(1) (2) (1)

=(z;” -x2) e 0@ zy” + 7 «x2®$§2)0®

+ (21 -xél)) o) ® xgl) + a1 -xgl) ®x§2) o

= (21 22) Y 0 0@ (21 - 22)® + (21 - 22) V) @ (21 - 22)P @ 0,

soxy-x9 €A IfdeDand Ty,..., Ty € UPT (D), nonempty, if x = Ba(T} ... Tx),

k
5(z @) = 0(Bayr(T1 ... T)) + > _8(Ba(Ty ... (T; 0 0)...T})
=1

k
BdH(Tl...Ti...Tk)®Ti+ZZBd(T1...(Tjoﬁ))...Ti...Tk)®T,»
J=1ij

|

h
Il
—

d(Tl...ﬁ...Tk)@)ﬂ.@

+
M=
o)

@
l
—

k
By(Ty..T;..Th) 0@ T, + > By(Ti...T;...Ty) @ Ty o 0
1 =1

=z e @z® + 20 @z o,

M=

o
Il

sox € A. Hence, A = UCP, (D). Consequently, if z € Ker(d), then z o () € Ker(d).
The proof is immediate for CP (D), as for any tree T € PT (D), Te = |T|T. O

Notations 4.13. We denote by ¢ the endomorphism of Ker(d) defined by ¢(z) =

zel.

Corollary 4.14. The preLie algebra UCP(D), respectively CP(D), is generated by
Ker(6) @ (0), with the relations

o) =

0 0
Vz € Ker(d), fex=0, z o= p(x).
Remark 4.15. We give CP(D) a graduation by putting the elements of D homo-
geneous of degree 1, and we put |D| = d. For any n > 1, we denote by t,(d) the
number of partitioned trees decorated by D with n vertices and by f,,(d) the num-

ber of partitioned forests decorated by D with n vertices. We consider the formal
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series
F(d,X) = fald)X", T(d,X)=> to(d)X".
n=0 n=0
As any partitioned forest is a monomial of partitioned trees, we obtain
Fd,X)= 1 1
( ) ) - ]:‘[1 (1 _Xn)tn(d)'

As any partitioned tree can be seen as a monomial of pairs (e, F'), where e € D and

F' a partitioned forest, we obtain that

ad 1
T(d, X) = Ul S

These two formulas allow to compute t¢,(d) by induction on n, see Table 4.15
(see also [5]). For d = 1, this gives Entry A035052 of the OEIS [14]; for d = 2,
Entry A226269. Moreover, the sequence of the coefficients of (i) in t,(d) is Entry
A052888.

We denote by &, (d) the dimension of Ker(A),, in CP(D). As the preLie algebra

CP(D) is freely generated by Ker(A), we obtain that

T(d) = (Z kn(d)X"> 11 W

This allows to compute the first values of k, (d), see Table 4.15.

5. Bialgebra structures on free Com-PreLie algebras

5.1. Tensor product of Com-PreLie algebras.

Lemma 5.1. Let Ay, Ay be two Com-PreLie algebras and let € : Ay — K such
that

Va,b e A, e(aob) =c(bea).
Then A1 ® As is a Com-PreLie algebra, with the products defined by

(a1 ® az)(by ® bz) = a1by ® azby,
(a1 ® az) o (by @ ba) = a; @ by ® azbs +£(b1)a; @ as e bs.
Proof. A; ® A, is obviously an associative and commutative algebra, with unit

1®1. We take a = a1 ®as, =01 @by, y =c1 ®co € A; ® Ay. Let us prove the
PreLie identity.


https://oeis.org/A035052
https://oeis.org/A226269
https://oeis.org/A052888
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ti(d) =d
_(d
= (1)
3d+1)d
ta2(d) = ( 5 )
d d
—2(7)+(2)
19d? + 9d + 2)d
t3(d) = ( 6 )
d d d
_ 5(1) +22<2) " 19(3),
63d> + 34d? + 13d + 2)d
ta(d) = ( 3 )
d d d d
= 14<1> + 139(2) +309(3) + 189(4),
(644d* + 400d> + 175d? + 35d + 6)d
t5(d) = 30
d d d d d
=42 472 2
<1> +868(2) +3735<3) + 547 (4> - 576<5>,
o(d) = (44683d° + 31695d* + 14635d> + 4185d% + 1162d + 120)d
o 720
d d d d d d
=134 491 40882 1 11 44
3 (1> + 549 (2) + 4088 (3) + 07866(4) + 6990(5) + 683(6>,
br(d) = (941977d5 4 754131d° + 375235d* + 125265d> + 35308d? + 5124d + 720)d
A 5040
~ qaa( + 35452 d + 430446 d + 1821848 d + 3418190 d + 2933664 d
1 2 3 4 5 6
+ 941977 (67[)

TABLE 1. First values of t,(d)

(ae.fB)o.y—ae. (fe.v)=(a10b)ecs ®azbacy +e(c1)ar @by @ (azby) e cy
+e(b1)ar e c1 ® (ag @ by)ca + e(by)e(c1)ar ® (azbes) e o
—aj e (b1 ®cy) ®agbacy —e(c1)ar @by @ az(ba o)
—e(c1)e(br)ar @ as @ (by @ o) —e(by @ ¢1)a; ® as e (bacs)
= ((ay eby)ec; —ay e (b ecy)) ®azbaca
+e(br)e(er)ar @ ((az @ bz) @ c — az @ (b2 @ c2))
+e(c1)ar @by ® (az @ co)ba +e(by)aj @ 1 ® (az @ by)co

(

—e(byecr)ar ® as e (baca).
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b

d+1)d
ko(d) = ( 5
d +
1
2d% + 1)d
ks(d) = @4+ 1)d 3
d d d
= (5)+1(5) +1()
11d% 4+ 2d% + d + 2)d
ky(d) = ( 3 )
d d d d
_ 2(1) +21(2) +51(3) +33(4),
203d* + 60d3 — 5d% — 30d + 12)d
ks (d) = ( )
60
d d d d d
=4 114 4 4
(1> + (2> +5 3(3) +836<4> + 06(5),
(220d° + 89d* + 16d° + 3d? + 4d + 4)d
ke(d) = 21
d d d d d d
=14 1 152 1694
(1> +690(2) + 553 (3) +15 06<4> + 169 5(5) +6600(6>,
ka(d) (66518d° + 33831d° + 9170d* — 735d® — 17084 — 1596d + 360)d
7 =

2520

d d d d d d
=42 42 452 24 4 4 4
(1> + 4258 <2> + 5545 <3) + 243536 <4) + 468055 (5) -+ 40877 (6)
d
-+ 133036 <7>

TABLE 2. First values of k,(d)

As A; and A, are Preliie, the first and second lines of the last equality are symmetric
in 8 and ~y; the third line is obviously symmetric in 8 and ; as m is commutative

and by the hypothesis on ¢, the last line also is. So e. is PreLie.

(af) o v = (a1b1) ® ¢1 ® agbaco +e(c1)arby @ (azbs) @ co
= ((a1 ®c1)by +ay(by @ c1)) ® azbacy
+e(c1)arbr @ ((az @ c2)ba + az(be @ c2))
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= (a1 @ c1 ®azcy +e(c1)ar ® az @ c2)(by @ by)
+ (a1 ® a2)(b1 ®(C ® bQCQ + E(Cl)bl X b2 [ ] CQ)
= (e 7)B+ a(B e 7).

So A1 ® Ay is Com-PreLie. O

Remark 5.2. Consequently, if (4, m,e, A) is a Com-Prelie bialgebra, with counit
g, then A is a morphism of Com-PreLie algebras from (A4, m,e) to (A® A,m,e.).
Indeed, for all a,b € A, c(a®b) =e(bea) =0 and

A(a) o. A(b) = o e p(M)  ¢@p(2) 1 E(b(l))a(l) ®a? e p@
=a® e bW ©a@p?@ £ 1) 242 op
=A(aeb).
Lemma 5.3. (1) Let A, B,C be three Com-PreLie algebras, €4 : A — K and
e : B — K with the condition of Lemma 5.1. Thenea ®ep: A®Q B —
K also satisfies the condition of Lemma 5.1. Moreover, the Com-PreLie

algebras (A® B)®@ C and A® (B ® C) are equal.
(2) Let A, B be two Com-PreLie algebras, and € : A — K such that

Va,b e A, e(ab) = e(a)e(b), e(aeb)=0.

Then e ®@1d: A® B — B is a morphism of Com-PreLie algebras.

(3) Let A,A’,B,B’ be Com-PreLie algebras, ¢ : A — K and e’ : A’ — K
satisfying the condition of Lemma 5.1. Let f : A — A’, g: B — B’ be
Com-PreLie algebra morphisms such thate’of =¢. Then f®g: AQB —>
A’ ® B’ is a Com-PreLie algebra morphism.

Proof. (1) Indeed, if a;,as € A and by, by € B,

ea®ep((a1 ®br) e (a2 ®b2)) =ea(ar @ az)ep(biba) +calar)ealaz)ep(br @ b2)
= €A(a2 [ ] a1)€B(b2b1) + EA(GQ)EA(Q1)€B(b2 ] bl)

=ca®ep((az®by) e (a1 ®by)).
Let a1,a9 € A, bl,bg € B, cy,c0 € C. In (A@B) ®O,

(a1 ®b1 ®cr) e (a2 ®ba @ ca)
= ((a1 ®by) @ (a2 ® b)) ® crc2 + €4 Vep(az @ bz)ay @by @ 1 8 ¢
= a1 0a2 @biby ®cico +ea(az)ar @by @by ® ciez +ealaz)ep(b)ar ® b1 @ ¢y o co.
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In A® (B® (),

(a1 ®b1 ®cr) e (a2 ® by ®ca)
=a; ®ay ®biby ®cica +ea(az)ar @ ((by ®cy) o (b2 @ c2))
=a; ®az ®biby ®cicy +ea(az)ar ® by @by @ ciez +ea(az)ep(bz)ar ® by ®cy @ ca.

So (A® B)®C = A® (B® C).
(2) Let a1,a9 € A, b1,by € B.

e ®Id((a1 ® by)(az ® ba)) e®1d((a1 ® b1) @ (a3 ® bs))

= e(ayas)bibs = e(ay ® az)byby + e(a1)e(az)by @ by
= e(ay)e(az)brbe =e(a1)e(az)by @ by

=e®Id((a1 @ b1)e @ Id(az ® by), =e®Id((a1 ® by) e e ®1d(az @ by).

So € ® Id is a morphism.
(3) f ® g is obviously an algebra morphism. If a;,as € A, by, by € B,

(f @ 9)((a1 ®b1) ® (a2 ® b2))

= (f®g)(a1 ®az ®biby +e(az)a; ® by @ by)

= f(a1) o f(az) @ g(b1)g(b2) +(f(az))f(a1) ® g(b1) ® g(b2)
= (f(a1) ® g(b1)) ® (f(az) ® g(b2)).

So f ® g is a Com-PreLie algebra morphism. O

Lemma 5.4. Let A be a unital associative commutative bialgebra, and V' a subspace
of A which generates A. Let ® be a product on A such that

Ya,b,c € A, (ab)ec= (a®c)b+a(bec).
Then A is a Com-PreLie bialgebra if and only if for all x € V', and for allb,c € A,

(xeb)ec—ze(bec)=(rec)eb—xze(ceb),

Az eb) =z @z eb+ 21 e bV @ z@p3),

Proof. = Obvious, by definition of a Com-PreLie algebra.
<= We consider

B={acA|Vb,ce A,(aeb)ec—ae(bec)=(aec)eb—ae(ceb)}.

We denote by 14 the unit of A. Copying the proof of Lemma 2.3-1, we obtain that
14.b =0 for all b € A. This easily implies that 14 € B. By hypothesis, V C B.
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Let a1,as € B. For all b,c € A,

((a1az) @b) @ c — (ajaz) e (bec)
= ((a; ob)ec)az + (a1 eb)(az®c)+ (a1 ®c)(az ob) + ai((az ®b)ec)
—(are(bec))az —ay(az e (bec))
=((apeb)ec—aj;e(bec))as+ai((azeb)ec—aze(bec))
+ (a1 e b)(az ec)+ (a; ec)(az @ b).

As aj,a9 € B, this is symmetric in b,¢, so ajay € B. Hence, B is a unitary

subalgebra of A which contains V', so is equal to A: A is a Com-PreLie algebra.

Let us now consider
C={acA|Vbe A Aaed) =Y 2a® eb+aP ebV ©a@p?},
By hypothesis, V C C. Let b € B.
1a@1a0b+140b @103 =0=A(14eb),
soly €C. Let aj,ao € C. Forallbe A,
A((araz) e b) = A((a1 @ b)ag + a1(az e b))
= a(ll)aél) ® (a(12) ° b)ag) + (a(ll) ° b(l))agl) ® agz)b(z)ag)
agl)aél) ® a§2) (ag2) ob) + agl)(aél) A agz)aéz)b@)
= agl)aél) ® (a?)aéz)) obh+ (agl)aél)) b a§2)a§2)b(2)
= (alag)(l) ® (alag)@) ob+ (alag)(l) AN (alag)@)b(z).

Hence, ajas € C, and C is a unitary subalgebra of A. As it contains V, C'= A and
A is a Com-PrelLie bialgebra. O

5.2. Coproduct on UCP(D).

Definition 5.5. (1) Let T be a partitioned tree and I C V(T). We shall say
that I is an ideal of T if for any vertex v € I and any vertex w € V(T)
such that there exists an edge from v to w, then w € I. The set of ideals
of T is denoted by Zd(T).

(2) Let T be partitioned forest decorated by N x I, and I € Zd(T).
e By restriction, I is a partitioned decorated forest. The product - of
the trees of I is denoted by P!(F).
e By restriction, 7'\ I is a partitioned decorated tree. For any vertex
v € T\ I, if we denote by (%, d) the decoration of v in T, we replace it
by (i + ¢t1(v),d), where ¢7(v) is the number of blocks C of T, included
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in I, such that there exists an edge from v to any vertex of C. The
partitioned decorated tree obtained in this way is denoted by R!(F).

Theorem 5.6. We define a coproduct on UCP(D) by

VT € PT(N x D), A(T)= Y RNT)®P(T).
I€Td(T)
Then UCP(D) is a Com-PreLie bialgebra. Moreover, CP(D) and HZ); are Com-
PreLie bialgebra quotients of UCP(D), and HZy; is the Connes-Kreimer Hopf al-
gebra of decorated rooted trees [3,4].

Proof. We consider
) UCP(D)
[ o
By Lemma 5.3-1, UCP(D) ®. UCP(D) is a Com-PreLie algebra. It is unitary,
the unit being § ® @. Hence, there exists a unique Com-PreLie algebra morphism
A" : UCP(D) — UCP(D)®. UCP(D), sending « (0, q) over « o, qy®@ D+ 0 @ . (o, q) for
all d € D. By Lemma 5.3-2, (UCP(D) ®. UCP(D)) ®cg. UPC(D) and UCP(D) @,
(UCP(D) ®. UCP(D)) are equal, and as both (Id® A") o A’ and (A’ ®Id) o A’ are
Com-PreLie algebra morphisms sending « (o, 4y over « 0, sy QOO+ PR+« 0,0y QD+ 0

—
— 6F,1-

D ® (0, for all d € D, they are equal: A’ is coassociative. Moreover, (Id ® €) o A’
and (¢ ® Id) o A’ are Com-PreLie endomorphisms of UCP(D) sending . (o, q) over
itself for all d € D, so they are both equal to Id: ¢ is the counit of A’. Hence, with
this coproduct A’, UCP(D) is a Com-PreLie bialgebra.

Let us now prove that A(T) = A'(T) for all T € PT(N x D). We proceed by
induction on the number of vertices n of T. If n = 0 or n = 1, it is obvious. Let
us assume the result at all ranks < n. If T has strictly more than one root, we
can write T'=T" - T", where T" and T" has strictly less that n vertices. It is easy
to see that the ideals of T' are the parts of TV LI T" of the form I’ LI I”, such that
I' e Zd(T") and I € Zd(T"). Moreover, for such an ideal of T,

RI,UI” (T/ . T//) _ RI/ (T/) . RI” (TN)7 PI’I_II” (T/ . TI/) — PII (T/) . PI” (T”).
Hence,
A(T) = > R'(T")- R"(T") ® R" (T"\R"" (T")
I'eZd(T"), 1" €Td(T")
— A(T)- A(T")
— A/(Tl) . A/(T”)
— AI(T . T//)
— A(T).
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If T has only one root, we can write 7= . (;,q) ® (T1 X ... x T), where Ty, ..., T} €
PT (N x D). The induction hypothesis holds for T1,...,Ty. The ideals of T are
e T itself: for this ideal I, P1(T) =T and RI(T) = 0.
o Ideals I; U. ..U Iy, where I; is an ideal of T} for all j. For such an ideal I,
PUT)=Ph(Ty)-...- PI*(Ty). Let J = {i1,...,ip} be the set of indices i
such that I; = T;, that is to say the number of blocks C of I such that is

an edge from the root of T to any vertex of C'. Then
X
RUT) = iy pae [[ RY(T))
J¢d
X
= flUCP(D)('(i, ) e H R (T5)
Ji¢J
X
=.i,a@0*P x tH RU(Ty)
2
=.i,a @ RU(T)) x ... x R'*(Ty,).

We used Lemma 2.9 for the third equality.
By Proposition 2.8, with a = .(5,q) and by X ... X b, =11 x ... x Tk,

A=) cae (ﬁTJ”> ® (HTf)) 0o <HT>

IC[k] il i€l il
X X

* Z De (HTi(1)> ® (HTi(2)> . (i,d) ® (HTz)
IC[K] i€l i€l il
= '<¢,d)°T1(1) X ... ><T,£”®T1(2).,”.Tl£2)+0

+0® i ay@Ty x ... x Ty
= > cwaeRM(T) x...xR™T) @ P (Th)-...- P*(T) + 0@ T

1;€Td(T))
= > R(MeP(T)+0aT
I€Zd(T), I#T
= >  RY(T)ePY(T)
I€Zd(T)
= A(T).
Hence, A’ = A.

For all d € D, «(0,4) — + (1,4 is primitive, so A(.(0,a) — +(1,0)) € I ® UCP(D) +
UCP(D) ® I. Consequently, I is a coideal, and the quotient UCP(D)/I = CP(D)

is a Com-PreLie bialgebra.
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Let z,y € CP(D). By Proposition 2.8, as .4 is primitive,
Alcao(zxy)=.a0 @V xyM)@2® . y& +10.,0 (@ xy),
whereas, by the 1-cocycle property,
Alcae(z-y)=.ae @V -y @2® . y@ 4 0.,z y).
Hence,

Alcao(@xy)—cao(@ y) = (ao @V xy)—.s0 @D . yM)) @a® .y
cJ
+1®(cae(zxy)—.ae(r-y))
eJ
€ J& CP(D) + CP(D) ® J,

so J is a coideal and CP(D)/J = HZj is a Com-PreLie bialgebra.

Let us consider

B, : HlC)’K — HgK
YT T — cieTix ... x Ty,

where T4, ..., T} are rooted trees decorated by D. In other terms, By(Ty ... Ty) is
the tree obtained by grafting the forest 77 ...7T, on a common root decorated by
d. By Proposition 2.8 and Lemma 2.9, for all forest FF =T;...T} € HgK,

AoBy(F)=qoTH x .. . xTV@T® . TP 40+ 0®.00T) x ... x T}
= By(FV)® F@ + 0@ By(F).

We recognize the 1-cocycle property which characterizes the Connes-Kreimer co-

product of rooted trees, so ”HgK is indeed the Connes-Kreimer Hopf algebra. O
Example 5.7. Let 4,5,k € N and d,e, f € D. In UCP(D),

Avay =i, ) 0+ 0R « 4,0,
AIE‘Z,’% = IE%,’&} R0+ 0 IE%';S% Foetit1,d) @ e@e)
A(J'v e) \/zi(,kci)f):(jv e) \/Zi(,kci)f)(@ 0+ 0 ®(J} e) \/Zi(,ké)f)
e @i L) @G0 Feir2a @G emn,
A(j’ e) v“(,kd)f):(j’ e) V(i(,kd')f)@) 0+ 0 ®(j, e) v.(i<,k(i)f)

G Qetn 1D Ot Feir1,0 DG =t )
N

J»
k. f) k, k, f) )
AE%%:E = {éé’:d} ®@+®®£§§j§3 + Y Qe et @ 1EH.
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In CP(D),
da=aQ0+0® .4,
Al =13004+0@ 15 +.4® ..,
AV =V @040V 4150+ 1 @ee +0a @eonr,

AV =N @04+00 V) 41500+ 1L @ et vd ® ey,

f f f
Als =1 w00l 150 +u tf.

In HE,
Ag=0a@0+0® .q,
Alg =1GQ0+0® 115 +.a® .,
AV =V 20400V +150 0+ 1 ®@ee+ea®@acny,

f f f

Az =tz eo+oels +150. +.00 1L
5.3. An application: Connes-Moscovici subalgebras. Let us fix a set D of
decorations. For any d € D, we define an operator Ny : HZ,, — HB, by

Vo € HE ), Ng(z) =z ®.4.
In other words, if F' is a rooted forest, Ny(F') is the sum of all forests obtained by
grafting a leaf decorated by d on a vertex of F: when D is reduced to a singleton,
this is the growth operator N of [3].
For all kK > 1, iq,...,ix € D, we put
Xil,...,ik = le 0...0 Ni2(.¢1).

When |D| =1, these are the generators of the Connes-Moscovici subalgebra of [3].

Proposition 5.8. Let HE,, be the subalgebra of HZ, generated by all the elements
Xiy,...in- Then ’HgM is a Hopf subalgebra.

Proof. Note that Ny is a derivation; as Ng(X;, . i) = X4y, ip.aforalliy, ... ig,d €

D, ’HgM is stable under Ny for any d € D. As the X;, ;. are homogeneous of

degree k,
Xiy,in®l=kXi i

Hence, HZ,, is stable under the derivation D : x +— z @ 1. We obtain

A(Xih---ﬂ'k) = A(Xila--~7ik71 b 'ik) (12)
_ yv(@) (2)
=X ®X %
(1) (2) (1) (2)
+ Xi1,~~-,ik—1 ® i ® Xi1,~-~,ik—1 + Xi17~'~,ik—1 ol ® Xi17-~~,ik—1 ® ke

An easy induction on k proves that A(X;, ., ) belongs to HE,, ® HE,,. O
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Proposition 5.9. We assume that D is finite. Then HE,, is the graded dual of the
enveloping algebra of the augmentation ideal of the Com-PreLie algebra T(V, f),
where V' = Vect(D) and f =Idy.

Proof. We put W = Vect(X;,,. 4, | k= 1,41,...,i, € D). As this is the case for
HP), for any z € W,

Az)—z@1+10x€ W RH ),

This implies that the graded dual of HZ,, is the enveloping of a graded algebra g; as
a vector space, g is identified with W* and its preLie product is dual of the bracket
0 defined on W by (mw @y )oA, where myy is the canonical projection on W which
vanishes on (1) + (HZ,,)%. By (12), using Sweedler’s notation §(z) = 2 @ 2(?),

we obtain

1 2 1 2
6(Xi17~-,ik+1) = Xi(l,)...,ik ® Xi(l,)...,ik hd Xik+1 + Xz'(l,)...,ik, i Xik+1 ® Xi(l,)...,ik
+EX i © Xy

We shall use the following notations. If I C [k], we put
o m(I) =max(i| [¢i] C I), with the convention m(I) =0if 1 ¢ I.
e X;, =X ifI={p1 <...<p}

Tpyseetpg

An easy induction proves that

iy, ..., ix € D, §(Xiyi) = Y. mXi, ® Xy,
0CIC[K]

We identify W* and T(V'), via the pairing given by
Vit, .o s ik, 1,501 €D, (Xip i J1 -+ J1) = Oinin)s(Gaseensdit) -

The preLie product on T'(V'), induced by ¢ is then given by

il...ikOik+1...ik+l = Z mk(o—)ig—l(l)...ia—l(k+l).
oc€Sh(k,l)
By (9), this is precisely the preLie product of T'(V, f). |

Remark 5.10. The following map is a bijection:

Hkl:

i

Sh(k,1) —s Sh(l,k)
o — (k+lk+i-1...0ooo(k+lk+1—1...1).

Moreover, for any o € Sh(k,1),

my(Ox (o)) =min{i € {k+1,....,k+1} | o(i) =4,...,0(k+1) = o(k+1)} = my(0),
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with the convention mj(o) = 0 if o(k +1) # k + . Then the Lie bracket associated

to e is given by
V’il,...,ikJrl €D,

[il ...ik,ik+1 -~-ik+l] = Z (mk(a) —m;(a))iaﬂ(l) ...ig—l(k+l).
oc€Sh(k,l)

5.4. A rigidity theorem for Com-PreLie bialgebras.
Theorem 5.11. Let (A, m,e,A) be a connected Com-PreLie bialgebra. If fa (de-

fined in Proposition 2.6) is surjective, then (A,m,A) and (T'(Prim(A)),w, A) are
isomorphic Hopf algebras.

Proof. We put V = Prim(A).
First step. As fa is surjective, there exists g : V. — V such that fa 0o g = Idy.

I A — A
Tl oy — gl@)ey.

For all x € V', we put

For all y € A,
AoL,(y)=0®@g(x)ey+g(z)ey @y® =0 L,(y) + 1d® L,) o A(y).

Hence, L, is a 1-cocycle of A. Moreover, L, (1) = g(z) @ 1 = f4 o g(z) = z. For all

Z1,...,Tn €V, we define w(zy,...,z,) inductively on n by
Bifn=0,
WXy, xy) = ’
Ly, (w(xe,...,2n-1)) ifn > 1.

In particular, w(v) = v for all v € V. An easy induction proves that

Alw(x1,...,x0)) = Zw(xl, ces @) @ W(Tig1,y .oy Ty).
=0

Hence, the following map is a coalgebra morphism:

w.{ T(V) — A
ol

Ty — w(Ty,. .., Tp)-

It is injective: if Ker(w) is nonzero, then it is a nonzero coideal of T(V'), so it
contains nonzero primitive elements of T'(V'), that is to say nonzero elements of V.
For all v € V, w(v) = L,(1) = v: contradiction. Let us prove that w is surjective.
As A is connected, for any & € A, there exists n > 1 such that A (z) = 0. Let us
prove that € Im(w) by induction on n. If n = 1, then x € V, so = w(x). Let us
assume the result at all ranks < n. By coassociativity of A, A= (z) e V& We
put AV (z) =2, ®... @z, € VO Then A" D(z) = Ar"D(w(xy,...,z,)).
By the induction hypothesis, © — w(z1,...,z,) € Im(w), so z € Im(w).
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We proved that the coalgebras A and T'(V') are isomorphic. We now assume that
A =T(V) as a coalgebra.

Second step. We denote by 7 the canonical projection on V' in T(V). Let
w : T4 (V) — V be any linear map. We define

T(V) — T(V)

Fy:
@ Ty... Ty — Z Z w(@1.. Tiy) o (i i1 Tn)-
k=1i1+4+...+ig=n

Let us prove that F, is the unique coalgebra endomorphism such that mo F, = w.

Firstly,

AFp(rr...xn) = Y, A@@r...i,) . @@ i1 Tn))
i1+...+ig=n

= E E w - Liy "'w(xi1+~~~+7;j—1+1 "'xi1+...+ij)

i1+...+ig=n j=0

Y w('ri1+-~+ij+1 s $i1+~-ij+1) ce w(mi1+---+ik71+1 v l’n))
= (Fw ® Fp)oAxy ... xy).

Moreover,

ToF, Z > al@@y i) D@ i1 T)

k=1t1+4...4ip=n

=nmow(zy...zy) +0

=w(ry...2).
Let us now prove the unicity. Let F,G be two coalgebra endomorphisms such
that ToF =moG =w. If F # G, let x1...x, be a word of T'(V), such that
F(xy...zy) — G(z1...2,) # 0, of minimal length. By minimality of n,

A(F(z1...2,)) = (FOF)oA(zy ... x,) = (GRG)oA(xy ... 2,) = A(G(x1 ... x0)).
Hence, F(x1...2,) — G(x1...2,) € Prim(T(V)) =V, so

Flxy...xp) —G(xr...xp) =7(F(x1...25) — G(x1...2,))
=w(xy...2) —w(T1...2,)

=0.

This is a contradiction, so F' = G.
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Third step. Let wy, w2 : T4 (V) — V and let Fy = Fy,, F» = Fy, be the

associated coalgebra morphisms. Then

moFyoFy(xy...1,) = Z wa(w1 (1. Ziy) o 1L (Tiy 4 tig_g 1 - - - Tn))-
i1t Fig=n

We denote this map by ws ¢ wy. By the unicity in the second step, Fy o F} =
Foyow,- It is not difficult to prove that for any w : T (V) — V, there exists
w' : Ty (V) — V, such that @’ o w = wow’ = 7 if and only if @)y is invertible.
If this holds, then F o F,y = F, o F, = F; = 1Id, by the unicity in the second
step. So, if @)y is invertible, then Fy is invertible.

Fourth step. We denote by * the product of T(V'). Let us choose @ : T (V) —
V such that w(T4 (V) * T4 (V)) = (0). Let F' = F_ be the associated coalgebra
morphism. As ) is the unique group-like element of T'(V'), the unit of * is (). Let
us prove that for all z,y € T(V), F(xxy) = F(z)- F(y). We proceed by induction
on length(z) + length(y) = n. As ) is the unit for both x and - and F(0) = 0, it
is obvious if z or y is equal to (): this observation covers the case n = 0. Let us
assume the result at all rank < n. By the preceding observation on the unit, we
can assume that z,y € T4 (V). Weput G = Fox and H = -o (F ® F). They are
both coalgebra morphisms from T'(V) @ T'(V) to T'(V'). Moreover,

ToGxRy)=noF(z*xy)=w(z*xy)=0.

As the shuffle product is graded for the length, 7o H(z ® y) = 0. By the induction
hypothesis,

AoGzey)=(GeG)oAlr®y)=(FRF)oAr®y)=AoF(z®y).
Hence, G(z ® y) — F(x ® y) is primitive, so belongs to V. This implies
GzRy) —Flrzey =71(Glzey) - Flza®y)=0-0=0.

So Flzxy) = Gla®y) = Flx ®y) = F(z) W F(y). Hence, F is a bialgebra
morphism from (T'(V),*, A) to (T'(V),ww, A).

By the third and fourth steps, in order to prove that (T'(V), %, A) and (T'(V), W, A)
are isomorphic, it is enough to find w : Ty (V') — V, such that @)y is invertible
and @w(T4(V)*T4(V)) = (0); hence, it is enough to prove that VN (AL xAy) = (0).

Last step. We define A : End(A) — End(A® A, A) by A(f)(z®@y) = f(x*
y). We denote by x the convolution product of End(A) induced by the bialgebra
(A, *,A). Let f,g € End(A). We assume that we can write A(f) = f() @ f? and
A(g) = ¢V @ g@, that is to say, for all z,y € A,

flay) = fP(2) = fP(y), g(zy) = g (z) x g@ (y).
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Then, as * is commutative,

frglaxy) = f@®xy™) s« g(a® *y@))
= fO @) 5 fO (M) s« g (2®)) 5 g ()
— f(l)(x(l)) % (1)( 2)) >|<f(2 (
= W gW (@)« fO % g@(y).
Hence, A(f xg) = A(f) * A(g).

Let p be the canonical projection on A4 and 1 be the unit of the convolution
algebra End(V). Then 1+ p=1d. As A(Id) =Id®1d and A(1) = 1 ® 1, this gives

y M)« gy

Ap)=p@1+1Rp+pR®p.

We consider
et n+1

¢ =1In(1+p) = Z

n=1
As A is connected, for all z € A, p*(x) = 0 if n is great enough, so v exists.
Moreover, as A is compatible with the convolution product,
AW)=m(1@1+p@1+1p+p®p)
=In((1+p)®(1+p))
=In(1+p)®@1)+In(1® (1+p))
=In(l+p)®1+1xIn(l+p)
=yYR1+1®.

Weused (1+p)@1)*x(1@1+p)=101+p)*x(1+p)@1)=1+p)(1+p)
for the third equality. Hence, for all z,y € A,

Pz xy) = P(@)e(y) + (@)Y (y).
In particular, if 2,y € Ay, ¥(z *y) =0. If & € V, then pl(2) = z and if n > 2,
P (x) = Zp(l) .ok p(l)xp(x) xp(1)*...%xp(1) =0.

So ¥(z) = x. Finally, ifz e VN (Ay x Ay), ¥(z) =2 =0. SoVN(A; xA;) =
(0). O

The following result is proved for 2y in [2] and in [4]:

Corollary 5.12. The Hopf algebras CP(D) and HE, are isomorphic to shuffle

algebras.
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Proof. CP(D) is a connected Com-PreLie bialgebra. Moreover, if x € CP(D),
homogeneous of degree n, x e ) = nx. Hence, as the homogeneous component of
degree 0 of Prim(CP(D)) is zero, fop(py is invertible. By the rigidity theorem,
CP(D) is, as a Hopf algebra, isomorphic to a shuffle algebra. The proof is similar
for HgK. O

Remark 5.13. (1) This is not the case for UCP(D). For example, if d, e are
two distinct elements of D, it is not difficult to prove that there is no element
x € UCP(D) such that

A(x) :x®1+l®x+.(0,d> & « (0, ¢)-

So UCP(D) is not cofree.

(2) CP(D) and HE, are not isomorphic, as Com-PreLie bialgebras, to any
T(V, f). Indeed, in T(V, f), for any x € V such that f(z) =z, x Wz =
27 @z = 2zx. In CP(D) or HBy, for any d € D, with x = .4, f(z) =«
but x - x # 2z e x.

5.5. Dual of UCP(D) and CP(D). We identify UCP(D) and its graded dual by
considering the basis of partitioned trees as orthonormal. Similarly, we identify
CP(D) and HEZ, with their graded dual.

Let us consider the Hopf algebra (UCP(D),-, A). As a commutative algebra, it
is freely generated by the set UPT1(D) of partitioned trees decorated by N x D
with one root. Moreover, if T € UPT1(D),

A(T) —1® T € VectUUPT (D)) ® UCP(D).

Consequently, this is a right-sided combinatorial bialgebra in the sense of [11], and
its graded dual is the enveloping algebra of a preLie algebra gycp(D). Direct

computations prove the following result:

Theorem 5.14. The preLie algebra gycp (D) is the linear span of UPT (D). For
any T,T' € UPT1(D), the PreLie product is given by

Tol = Z (T AN T/)[_l]s-
seV(T),
beBI(s)u{x}

Example 5.15. If D = {1}, forgetting the second decoration of the wvertices, in
gucp(D),

ei Oy :(17(51'70):%‘_1,

Howu=(1 —53‘,0)%371 + (1 —di0) (J.v.ik—l VA 1).
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Similarly, the Hopf algebra (CP(D),-,A) is, as a commutative algebra, freely
generated by the set PT1(D) of partitioned trees decorated by D with one root.
Moreover, if T € PT1(D),

A(T) = 1® T € Vect(PT, (D)) ® CP(D).

Consequently, its graded dual is the enveloping algebra of a preLie algebra gcop (D),
described by the following theorem:

Theorem 5.16. The preLie algebra gop(D) is the linear span of PT1(D). For
any T,T' € PT1(D), the PreLie product is given by

ToT = Z Tey,T.
seV(T),
beBI(s)L{*}

Example 5.17. If D = {1}, forgetting the decorations, in gop (D),

coe=1, lo.=14 V 4+ V.

Notations 5.18. Let T' € PT1(D). We can write T = .4 @ (T1 X ... x T},) =
By(Ty ... Ty), where Ty,..., T, € PT(D). Up to a change of indexation, we will
always assume that T,...,T, € PT1(D) and Tp41,...,Tx ¢ PT1(D). The integer
p is denoted by ¢(T).

Proposition 5.19. As a preLie algebra, gop(D) is freely generated by the set of
trees T € PT1(D) such that <(T) = 0.

Proof. We define a coproduct on gep(D) by
s(T)
VT = By(Ty ... Ty) € PT1(D), §(T) =Y By(Ty...T;...Ty) @ T.

i=1

This coproduct is permutative: indeed,

@eId)od(T)= > ByTi..T,..T;...T}) ® T; ® Ty,
1<ii<s(T)

50 (0 ®Id)od =(23).(0 ®1d)od. Let T'= By(Ty...Tx), T" € PT1(D). Then

ToT' = Bg(T'Ty ... Ty, +ZBd (ToT") ... Ty, +ZBd (TwT’). .. Ty).
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Hence,
S(TeT)
<(T)
=By(Ty..Te)®T' + Y _ By(T'Ty ... T;.. Th) @ T;
=1
k <(T) . s(T) R

+3 N Ba(Ty...Tj.. (T;oT).. . Ty)@Tj+ Y Ba(Ty...T;.. Th) @ Tyo T’

=1 j=1 =1

i
k <(T) .

+Z§yﬁnmnmmmTyJw®n

=1 j=1

g

s(T) . k .
:E:A&uﬁy“nnjw+§:ma}”nnxnoT+nuuﬂnjm T

j=1 i=1

i#j

s(T) N
+§:mu3“n”jm®noT+T®T

=1

s(T) . s(T) R
:E:&H}“E”JM0T®E+E:RM}“E“JH®EOT+T®T

j=1 i=1

=TW T @T® 4+ TH @TD T + TR T

By Livernet’s rigidity theorem [8], gop(D) is freely generated, as a preLie algebra,
by Ker(9).
We define
. { gcr(D)@gcp(D) — gop(D)
TRT — Teyp), T,

where r(T') is the root of T'. In other words, Y (Bg(T} ... Tx)RT") = By(T'Ty ... Ty);
this implies that for any T € PT1(D), YT o 6(T) = <(T)T. Hence, if z = > arT €
Ker(d), T o d(z) = > ars(T)T = 0, so z is a linear span of trees T such that
¢(T) = 0. The converse is trivial. O

We denote by PTl(O)(D) the set of partitioned trees T € PT1(D) with ¢(T') =
0. The preceding Proposition implies that the Hopf algebras (CP(D),-,A) and

(0)
(nggl (D),m,A) are isomorphic. We obtain an explicit isomorphism between

them:

Definition 5.20. Let T' € PT(D) and m = {P1,..., P} be a partition of V(T).
We shall write < T if the following condition holds:
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e For all i € [k], the partitioned rooted forest T}p,, denoted by T;, belongs to
PT (D).
If 7 < T, the contracted graph T/ is a rooted forest (one forgets about the blocks

of T). The vertex of T/m corresponding to P; is decorated by T;, making T'/7 an
element of T(PT&O) (D)).

Corollary 5.21. The following map is a Hopf algebra isomorphism:

(CP(D)’ ) A) — (H’,C;"Z(_?)(D)a *y A)
TePT(D) — > T/m

T

CHE

Example 5.22. If D = {1}, forgetting the decorations, with a = . and b= V|
O )=1a, O =12, O(V)=""  OV)="V"+.,.

5.6. Extension of the preLie product ¢ to all partitioned trees. We now
extend the preLie product ¢ to the whole CP(D):

Proposition 5.23. We define a product on CP(D) by

VT, T' € PT(D), ToT'= > Te,T.
seV(T),

beBI(s)U{*}
Then (CP(D),o,-) is a Com-PreLie algebra.

Proof. Obviously, for any z,y,z € PT (D), (z-y)oz= (zoz)-x+z-(yoz). Let
Tl, Tg, T3 S PT(D) Then

(ThoTr) 0 T3 = > S (T es b, To) s, Ts
s1€V(Th), s2€V(T1),
b1 €BI(s1)U{*} ba€Bl(s2)L{*}
+ Z Z (Tl .Sl,bl T2) .Sg,bg T3

s1€V(Th), s2€V(Ts),
br€Bl(s1)U{*} bo€Bl(s5)LI{*}

— Z Z (T1 @4, 5, T2) @5, 5, T3

s1€V(Ty), s2€V(Ty),
b1€Bl(s1)U{*} ba€Bl(s2)U{*}

+ Z Z Ty e, 5, (T2 055,02 T3)

s1€V(T1), $2€V (T2),
bi1€BI(s1)U{*} ba€Bl(s2)U{x}
== Z Z (Tl .Sl,bl TQ) .52,b2 T3 + Tl % (T2 < T3)’
s1EV(TY), s2€V(Th),

b1 €BI(s1)U{*} ba€Bl(sz)U{x}
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Hence,

(TyoTy)oTs —Tio(TroTs)= Y S (Tiegn, To) ey, Ts

s1€V(Ty), sa€V (1),
by €BI(s1)U{*} by €BI(s2)U{x}

Z (T1 5,6, T2) @550, T3

s17#s2€V (T1)
bi€Bl(s1)U{*},
bo€Bl(s2)U{x}

+ Z (Ty 055, T2) @5, T3
seV(Ty),
by#ba€BI(s)U{x}
+ Z (T1 05 T) @5, T.

seV(T1),
beBL(s)U{x}

The three terms of this sum are symmetric in T5, T3, so
(Tl <>T2) <>T3 — T1 < (T2 <>T3) = (Tl <>T3) <>T2 — T1 < (Tg <>T2).
Finally, (CP(D),o,-) is a Com-PreLie algebra. O

Definition 5.24. Let T = (t,I,d) and T’ = (t,I’,d) be two elements of PT (D)
with the same underlying decorated rooted trees. We shall say that T < T is I’ is
a refinement of I. This defines a partial order on PT (D).

c c b b c
Example 5.25. If a,b,c,d € D, A gb'%d ,C\Vf ,““V; A
Theorem 5.26. The following map is an isomorphism of Com-PreLie algebras:

(CP(D),0,) — (CP(D),o,-)
ey TePT(D) — > T
T'<T
Proof. As < is a partial order, ¥ is bijective. Let T},T5 € PT (D).
(HDUT <Ty-Ty, let usput Ty =Ty NT' and Ty = T NT’. Then, obviously,
T) < Ty and T < Tz. Moreover, T" = T} < T4. Conversely, if TY < T} and Tj < 1o,
then Ty - Tj < T} - T». Hence,

U(Ty - Ty) = Z T = Z Ty - Ty = V(T1) - U(T3).
T'ST) Ts T{<Ty, TL< Ty
(2) Let s € V(Ty) and T' < Ty ey, To. We put T) = T' ATy and T4 = T’ N T
Then, obviously, Ty < T1 and Ty < Ts. If the block of roots of T5 is also a block
of TV, then T = TY e, . Tj. Otherwise, there exists a unique b € Bl(s) such that
T =1T] e, Ts. Conversely, if T{ < Th, Ts < Ts, s € V(T7]) and b € Bl(s) U {x},
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then T7 e, ;, T < T e, . T5. Hence,

U(TyoTy) = Z Z T’

seV(T1) T'<Tre,,.T5

Z Z Tll .s,b T2/

TITy, TS< Ty s€V (T]),bEBI(s)U{*}

= \IJ(Tl) <& ¢(Tg)

So ¥ is a Com-PreLie algebra isomorphism. |

Example 5.27. In the non-decorated case,

V() =., v =1,

T(l)=1, V)=V +3V 4+ V,
vVy=V +V, wV)y=V +V,
V)=V, V)=V
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