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ABSTRACT. We study the notion of small iso-retractable modules. We prove
that a small iso-retractable module is either J-semisimple or iso-retractable
(iso-simple). Further, we prove that a ring R is a left V-ring if and only if
every left R-module is small iso-retractable. Also, we give a new characteriza-

tion of semisimple modules in terms of small iso-retractable modules.
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1. Introduction

One of the significant topics in the module theory is the retractability of mod-
ules. The notion of retractable modules was introduced by Khuri [12] in 1979. He
called an R-module M retractable if for each nonzero submodule N of M, there
exists a nonzero homomorphism 6 : M — N. Recently, many people studied and
generalized this notion. In 2016, the second author in [3,4] used the notion of iso-
retractable modules. Such modules are properly contained in the class of retractable
modules. He called a module M iso-retractable if every nonzero submodule of M
is isomorphic to M. In [8], Facchini et al. called nonzero iso-retractable modules
as iso-simple modules and Behboodi et al. [2] called as virtually simple modules.

Recall [15], a submodule N of a module M is called an essential submodule and
denoted by N <, M if NN K # 0 for any nonzero submodule K of M. In 2021,
we and Prakash [7] introduced the notion of essentially iso-retractable modules
as a generalization of iso-retractable modules to describe the iso-retractability of
modules in terms of their essential submodules. They called a module M essentially
iso-retractable if every essential submodule of M is isomorphic to M.

A submodule N of a module M is called a complement submodule and denoted
by N <. M if there exists a submodule K for which N is maximal with respect
to the property that N N K = 0. Further in 2022, we [5] study the notion of

iso-c-retractable modules as a generalization of iso-retractable modules to describe
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the iso-retractability of modules in terms of their complement submodules. We
called a module M iso-c-retractable if every nonzero complement submodule of M
is isomorphic to M.

For a notion dual to essential submodule, we recall [15], a submodule N of a
module M is a small submodule and denoted by N <, M if N + K # M for any
proper submodule of M.

The above facts motivate us to study the iso-retractability of modules in terms
of their small submodules. For this purpose, we introduce two notions, one is the
class of small iso-retractable modules (Definition 2.1) which generalizes the notion
of iso-retractable modules. The second notion is the class of small iso-coretractable
modules (Definition 4.1) which is dual to the notion of essentially iso-retractable.

Throughout the paper, all modules are unital and all rings are associative rings
with identity. We denote the Jacobson radical of a module M by Rad(M). We

refer the readers to [1,15] for all undefined terminologies and notions.

2. Examples and properties of small iso-retractable modules

Definition 2.1. We call a module M small iso-retractable if each nonzero small
submodule of M is isomorphic to M.

We call a ring R left (resp., right) small iso-retractable if g R (resp., Rg) is small
iso-retractable; and we call a ring R small iso-retractable if R is both left and right

small iso-retractable.

Example 2.2. Every iso-retractable module is small iso-retractable. However, its
converse need not be true. For example, Zg is a small iso-retractable Z-module but

not iso-retractable.

Remark 2.3. Recall [15, pp. 351] that a module M whose all proper submodules
are small is called as a hollow module. In [7, Proposition 4], it has been proved
that a module M is iso-retractable if and only if M is essentially iso-retractable and
uniform. One may think a dual characterization that a module M is iso-retractable
if and only if M is small iso-retractable and hollow. But this does not hold as Z is
an iso-retractable module which is not hollow. However, we observe that a hollow

module is small iso-retractable if and only if it is iso-retractable.

Example 2.4. Recall [6], a module having unique nonzero small submodule is
called as us-module. We observe that a us-module cannot be small iso-retractable.
To prove it, let M be a us-module. Then Rad(M) is a small and simple submodule
of M by [6, Proposition 3.1]. If possible, assume that M is small iso-retractable.



186 NIRBHAY KUMAR AND AVANISH KUMAR CHATURVEDI

Then Rad(M) = M. This implies that M is also simple. But then Rad(M) = 0 or
Rad(M) = M which contradicts the fact that Rad(M) is small and simple. Thus,

M cannot be small iso-retractable.

Recall [15, pp. 180], a module M is J-semisimple if and only if it’s all small
submodules are zero. In the following, we observe a very interesting classification
of the class of small iso-retractable modules in two classes of J-semisimple and
iso-retractable modules. Thus the study of small iso-retractable modules explores

many new properties of aforesaid two important classes.

Proposition 2.5. A small iso-retractable module is either J-semisimple or iso-

retractable.

Proof. Let M be a small iso-retractable module. Suppose that M is not J-
semisimple. Then, M has a nonzero small submodule, say, N. Let 0 # L < N.
It follows by [15, 19.3(2)] that 0 # L <, M. Then L = M as M is small iso-
retractable. This implies that L =2 M = N. This proves that IV is iso-retractable.
Therefore, M is iso-retractable. [l

A homomorphic image (quotient) of a small iso-retractable module need not be
small iso-retractable. For example, Z is small iso-retractable but Z/47Z is not small
iso-retractable. However, in the following, we find a sufficient condition for the

quotient to be a small iso-retractable.

Proposition 2.6. Let N be a small submodule of a small iso-retractable module
M such that f(N) + f~1(N) C N for every injective endomorphism of M. Then,

M/N is small iso-retractable.

Proof. Let 0 # L/N <, M/N. Then 0 # L <4, M as N <, M. Since M is small
iso-retractable, there exists an isomorphism f : M — L which can be extended
to a monomorphism f : M — M. Hence, by assumption, f(N)+ f~}(N) C N.
Therefore, the map f : M/N — L/N given by f(m + N) = f(m) + N is a well-

defined isomorphism. ([l

In the following, small iso-retractable modules are preserved under isomorphisms

and being (small) submodules.

Proposition 2.7. The following properties hold for small iso-retractable modules:
(1) The isomorphic copy of a small iso-retractable module is small iso-retractable.
(2) A submodule of a small iso-retractable module is small iso-retractable.

(3) A small submodule of a small iso-retractable module is iso-retractable.
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(4) The radical of a small iso-retractable module is a small submodule.

(5) Being small iso-retractable is a Morita invariant property.

Proof. (1) Let M be a small iso-retractable module and M’ is a module isomorphic
to M. Let f: M — M’ be an isomorphism and let 0 # N’ <, M’. Then, 0 #
N := f~}(N’) <, M. Since M is small iso-retractable, there exists an isomorphism
g: M — N. Since f and g are isomorphisms, fogof *(M') = f(g(f~*(M"))) =
flg(M)) = f(N) = f(f~Y(N")) = N'. It follows that h = fogof~!: M' — N’ is
an isomorphism. Thus, M’ is small iso-retractable.

(2) Let N be a submodule of a small iso-retractable module M. If N has no
nonzero small submodule, then obviously, IV is small iso-retractable. Suppose that
N has a nonzero small submodule, say K. Then K is a nonzero small submodule
of M. Hence M is not J-semisimple and so M is iso-retractable by Proposition 2.5.
Therefore N is iso-retractable and so small iso-retractable.

(3) Let N be a small submodule of a small iso-retractable module M. In case
N = 0, the proof is clear. If N # 0, then N is iso-retractable by using the same
argument as in case of (2).

(4) Let M be a small iso-retractable module. If Rad(M) = 0, we have nothing
to prove. If Rad(M) # 0, then M has a nonzero small submodule. Hence M is
iso-retractable by Proposition 2.5 and so M is cyclic by [4, Theorem 1.12]. Since
the radical of every nonzero finitely generated module is small, Rad(M) <; M.

(5) Clear. O

Lemma 2.8. [7, Lemma 1(2)] A nonzero left ideal I of a ring R is R-isomorphic
to R if and only if there exists a left reqular element a € R such that I = Ra.

Recall from [2, Definitions 1.4] that an R-module M is called virtually uniserial
if for every finitely generated nonzero submodule K of M, K/Rad(K) is virtually

simple.

Example 2.9. Every J-semisimple module is obviously small iso-retractable. How-
ever, its converse need not be true. For example, let R be a left principal ideal do-
main having more than one but finitely many maximal left ideals. Then by Lemma
2.8, rR is iso-retractable and so small iso-retractable.

If possible, suppose that Rad(rR) = 0. Let I = Ra be a nonzero left ideal of R.
Then Rad(rRa) < Rad(rR) = 0 and so Rad(gRa) = 0. Hence Ra/Rad(rRa) =
Ra/0 = Ra = R is virtually simple (iso-retractable) as rR is iso-retractable. This

implies that rR is virtually uniserial. But by [2, Lemma 2.11], it follows that R
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has either one or infinitely many maximal left ideals which is a contradiction. Thus
Rad(rR) # 0 and so rR is not J-semisimple.

Recall [14], a module M is called a Co-module if every submodule of M which is
isomorphic to a direct summand of M is itself a direct summand of M. Recall [13],
a module M is said to be d-Rickart (or dual Rickart) if for every f € Endgr(M),
Im(f) is a direct summand of M.

In the following, we give some sufficient conditions under which small iso-retractable

modules are J-semisimple.

Proposition 2.10. A small iso-retractable module M is J-semisimple if any one
of the following holds:

(1) M is injective.

(2) M is finite.

(3) M is a Cy-module.

(4) M is d-Rickart.

Proof. Let M be a small iso-retractable module. If possible, assume that M is not
J-semisimple. Then, M has a nonzero small submodule, say N. Since M is small
iso-retractable, there is an isomorphism ¢g : M — N.

(1) If M is injective, then N is also injective. Since injective submodule of a
module is always a direct summand of the module, N is a direct summand of M
which is a contradiction as N is a nonzero small submodule of M. Thus, our
assumption is wrong and so M is J-semisimple.

(2) If M is finite, then M = N yields that M = N which is a contradiction.
Thus M is J-semisimple.

(3) If M is a Cy-module, then N is isomorphic to a direct summand of M, it
follows that NV is itself a direct summand of M. Which is a contradiction as N is
a nonzero small submodule of M. Thus M is J-semisimple.

(4) If M is a d-Rickart module, then h = iyof : M — M is a monomorphism
such that h(M) = N, where iy : N — M is the inclusion map. Since M is d-
Rickart, Im(h) = N is a direct summand of M which is a contradiction as N is a

nonzero small submodule of M. Thus M is J-semisimple. O

In the following, we discuss some properties of small iso-retractable modules

related to chain conditions.

Proposition 2.11. Let M be a small iso-retractable module. Then

(1) M satisfies ACC on small submodules.



ISO-RETRACTABILITY OF MODULES RELATED TO SMALL SUBMODULES 189

(2) If M satisfies DCC' on non-small submodules, then M is iso-Artinian.

Proof. (1) If M has no nonzero small submodules, then trivially M satisfies ACC
on small submodules. Suppose that M has a nonzero small submodule. Then M
is iso-retractable by Proposition 2.5 and so M is Noetherian by [4, Theorem 1.12]
and so M satisfies ACC on small submodules.

(2) If M has no nonzero small submodule, by assumption, it follows that M
is Artinian and so iso-Artinian. If M has a nonzero small submodule, then M is

iso-retractable by Proposition 2.5 and so M is iso-Artinian. (|

Since iso-retractable modules are cyclic, Noetherian and uniform (see [4, The-
orem 1.12]), small submodules of a small iso-retractable module M are cyclic,
Noetherian and uniform by Proposition 2.7(3). Also if M has a nonzero small

submodule, then M is cyclic, Noetherian and uniform by Proposition 2.5.

Lemma 2.12. Let M be a small iso-retractable module. Then every simple sub-

module of M is a direct summand of M.

Proof. Let S be a simple submodule of M. If S is small, then S = M and so M
is simple. Hence S = M is a direct summand of M. Suppose that S is not small.
Then, there exists a proper submodule K such that M = S+ K. Since S is simple,
SNK=0or SNK=S5.If SNK =5, then S C K andso M =S+ K = K which
is a contraction. Hence SN K =0 andso M =S & K. O

3. Some characterizations

Recall from [9, 7.32A] that a ring R is called a left V-ring if every simple left R-
module is injective. In the following, we give a new characterization of left V-rings

in terms of small iso-retractable modules.

Theorem 3.1. A ring R is a left V-ring if and only if every left R-module is small

iso-retractable.

Proof. Suppose that R is a left V-ring and M is a left R-module. Then Rad(M) =
0 by [9, 7.32A]. This implies that M has no nonzero small submodule and so M is
obviously a small iso-retractable module.

Conversely, suppose that every left R-module is small iso-retractable. Let M be
a simple left R-module and E(M) be the injective hull of M. By hypothesis, E(M)
is small iso-retractable. So by Lemma 2.12, M is a direct summand of E(M) which
implies that M = E(M) is injective. Thus R is a left V-ring. O
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In [4, Open Problem 2.11], second author raised a problem that “if every R-
module is iso-retractable, then what will be the ring?”. We observe that there is
no such ring as for any nonzero ring R, there is a module M = R[z; : i € N] over
R which is not finitely generated and so not iso-retractable.

We give the following characterization of a right small iso-retractable ring, whose

proof directly follows from Lemma 2.8.

Lemma 3.2. A ring R is right small iso-retractable if and only if for every nonzero

small right ideal I of R, there is a right reqular element a € R such that I = aR.

Lemma 3.3. Let N be a nonzero small submodule of a small iso-retractable module
M. Then, ann(N) = ann(M).

Proof. Since N is a subset of M, clearly ann(M) C ann(N). Since M is small
iso-retractable, there exists an isomorphism f : M — N. Let r € ann(N). Then
rN =0 and so rM = rf~Y(N) = f~1(rN) = 0. This implies that r € ann(M).
Thus, ann(N) C ann(M). Therefore, ann(N) = ann(M). O

Lemma 3.4. Let M be an iso-retractable module over a commutative ring R. Then,

ann(x) is a prime ideal of R for any nonzero x € M.

Proof. Since R is commutative, clearly ann(x) is an ideal of R. Let a,b € R such
that ab € ann(z). Suppose that b ¢ ann(z). Then bz # 0 and so 0 # Rbz < N.
Therefore, by Lemma 3.3, ann(Rbx) = ann(M) = ann(Rx). Since abr = 0,
a € ann(Rbx) = ann(Rzx). Since R is commutative, ann(x) = ann(Rz). So,

a € ann(z). Thus, ann(z) is a prime ideal of R. O

The following result describes a unique property of all small iso-retractable mod-
ules over a PID: Let Sy be the set of all small iso-retractable modules over a PID
R up to isomorphisms and Sy be the set of all J-semisimple modules over R up to

isomorphisms. Then, we have S = §; U {R}.

Theorem 3.5. Let M be a small iso-retractable module over a commutative ring
R. Then M is either J-semisimple or isomorphic to a PID R/P, where P is some
prime ideal. In particular, if R is also a PID, then M 1is either J-semisimple or

isomorphic to R.

Proof. If M = 0 or M has no nonzero small submodule, then clearly M is J-
semisimple. Suppose that M is a nonzero small iso-retractable module having a
nonzero small submodule. Then M is not J-semisimple and so M is iso-retractable
by Proposition 2.5. Let 0 #% « € M. Then, 0 # Rx < M. Hence M = Rx as M
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is iso-retractable. But we know that Rx = R/ann(z) and so M = R/ann(z). By
Lemma 3.4, P = ann(x) is a prime ideal of R and so R/ P is an integral domain. Let
J/P be a nonzero ideal of R/P. Since R/P is iso-retractable being isomorphic to M,
there exists an R-isomorphism f : R/P — J/P. Hence J/P = f(R/P) = Rf(1+P)
is a principle ideal of R/P. Thus, M is isomorphic to R/P, where R/P is a PID.
In particular case over a PID R, since by above M = R/P where R/P is a PID,
if possible, suppose that P # 0. Then P is a nonzero prime ideal of R and so
P is a maximal ideal of R. This implies that M = R/P is simple and so M is
J-semisimple which is a contradiction. Thus P =0 and M = R. (I

Corollary 3.6. A small iso-retractable module M over a PID R is either J-

semisimple or free.

Recall from [14], a module M is called as a D;1-module if for every submodule N of
M, there is a decomposition M = M7 & Ms such that M; C N and NN M, <, M.
A module M is a Cy-module if every submodule of M which is isomorphic to a
direct summand of M is also a direct summand of M. In the following, we give a

characterization of a semisimple module in terms of a small iso-retractable module.

Theorem 3.7. The following are equivalent for a module M :
(1) M is semisimple
(2) M is a small iso-retractable, Dy-module and a Cy-module.

(3) M is a J-semisimple and Dy-module.

Proof. (1) = (2) Clear.

(2) = (3) It follows from Proposition 2.10.

(3) = (1) Suppose that M is a J-semisimple and D;-module. Let N be a sub-
module of M. Since M is a Di-module, by [14, Proposition 4.8], N can be written
as N = K ® S such that K is a direct summand of M and S <, M. But since M
is J-semisimple, so S = 0. Thus N = K is a direct summand of M. ([l

Proposition 3.8. Let M be an injective module. Then M is semisimple if and

only if M is a small iso-retractable and D1-module.

Proof. Suppose that M is a small iso-retractable and D;-module. Since M is
injective, M is J-semisimple by Proposition 2.10. Thus by Theorem 3.7, M is

semisimple. The converse is clear. O

Theorem 3.9. A torsion-free small iso-retractable module M over any ring R is

either J-semisimple or isomorphic to R.
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Proof. If M = 0 or M has no nonzero small submodule, then clearly M is J-
semisimple. Suppose that M is a nonzero small iso-retractable module having a
small submodule. Then, by Proposition 2.5, M is iso-retractable. Since M # 0,
there exists m € M such that m # 0. Let N = Rm. Then N is a nonzero submodule
of M and so there exists an isomorphism f : N — M as M is iso-retractable.
Since M is torsion-free, the map g : R — N, given by g(r) = rm,Vr € R, is an
isomorphism. Thus fog : R — M is an isomorphism. (]

Corollary 3.10. A torsion-free small iso-retractable module M over any ring R is

either J-semisimple or free.

Let U, V be two submodules of a module M. The submodule V is called a
supplement of U in M if M = U+ V and UNV <; V. Recall from [11] that
the submodule V is called an SS-supplement of U in M it M =U+V, UNV <,
V and U NV is semisimple. A module M is called supplemented (respectively,
SS-supplemented) if every submodule of M has a supplement (respectively, SS-
supplement) in M.

Proposition 3.11. The following are equivalent for a small iso-retractable module
M:

(1) M is SS-supplemented;

(2) M is supplemented and Rad(M) C Soc(M);

(3) M is semisimple.

Proof. (1) = (2) Since M is small iso-retractable, Rad(M) <; M by Proposition
2.7(4). The rest of the proof follows from [11, Theorem 20].

(2) = (3) First assume that Rad(M) = 0. Then M has no nonzero small
submodules. Let K be a submodule of M. Since M is supplemented, K has a
supplement in M, say H. Hence, we have M = K + H and K N H <, H. Since
KNH <, H and H is a submodule of M, KNH <, M. It follows that K "H = 0.
Thus, every submodule of M is a direct summand of M and so M is semisimple.
Next assume that Rad(M) # 0 and let N be a nonzero small submodule of M.
Then N is cyclic and uniform by Proposition 2.7(3). Hence 0 # = € Rad(M) such
that N = Rzx. Since 0 # Rad(M) C Soc(M), x belongs to a simple submodule,
say S, of M. But then N = Rz = S. Since M is small iso-retractable, we have
M = N = 5. Thus M is simple and so M is semisimple.

(3) = (1) Clear. O

Recall [10] that a module M is called Hopfian if every surjective endomorphism is

an isomorphism. A small iso-retractable module need not be Hopfian. For example,
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Zs(= 2Z¢ @ 3Z¢) is a small iso-retractable Z-module as it has no nonzero small
submodule. But it is not Hopfian as the projection map 7 : Zg — 2Zg is a surjective

map which is not an isomorphism.

Lemma 3.12. Let M be a small iso-retractable module. If f : M — M is an

epimorphism such that kerf <, M, then f is an isomorphism.

Proof. Let f: M — M be an epimorphism such that kerf <, M. If possible,
suppose that kerf # 0. Then M is not J-semisimple and so M is iso-retractable
by Proposition 2.5. Hence M is Noetherian and so Hopfian. Hence kerf = 0, a
contradiction. Thus, kerf = 0. O

Recall [10] that a module M is called generalized Hopfian if every surjective

endomorphism has small kernel.

Proposition 3.13. Let M be a small iso-retractable module. Then,

(1) M is Hopfian if and only if M is generalized Hopfian.
(2) M is discrete if and only if M is quasi-discrete.

Proof. (1) It follows from Lemma 3.12.
(2) Tt follows from Lemma 3.12 and [14, Lemma 5.1]. |

4. Small iso-coretractable module

We plan to study a notion dual to the class of essentially iso-retractable modules.

Definition 4.1. A module M is called small iso-coretractable if for every small
submodule N of M, M/N = M.

Remark 4.2. Recall that a module M is called J-semisimple if and only if the only
small submodule of M is the zero submodule. This implies that every J-semisimple
module M is small iso-coretractable. However, its converse need not be true. For
example, the Priifer group Z,~ is a small iso-coretractable Z-module as for any
proper submodule K, Z,e /K = Z,. However, it is not J-semisimple. In fact, its

all proper submodules are small.

Lemma 4.3. Let M = M; & My be a module such that ann(My) + ann(Mz) = R.
Then for any N <; M, there exists N1 <; My and Ny <; My such that N =
N1 & No.

Proof. Since ann(M;) + ann(Ms) = R, there exist 71 € ann(M;) and ro €
ann(Ms) such that r1 +ro = 1. Let Ny = roN and Ny = r1N. Then, clearly
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N = Ny + Ny. Let x € Ni. Then, x = ron for some n € N. Since N < M,
n = mq + meo for some m; € M; and mo € M,. This implies that x = ron =
ro(my + mg) = romy € M as ro € ann(Mz). Hence N; is a submodule of M;.
By symmetry, Ny is a submodule of My and N = N; & Ny. Let m; : M — M;
be the projection map for ¢ = 1,2. Then by [15, 19.3(4)], m;(N) = N; <, M; for
1=1,2. O

Proposition 4.4. Let My and My be small iso-coretractable R-modules such that
ann(My) + ann(Mz) = R. Then M = My & Ms is small iso-coretractable.

Proof. Let N be a small submodule of M. Then, by Lemma 4.3, there exist
N1 <¢ M7 and Ny <g M such that N = N; & N,. Since M; and M are small iso-
coretractable, there exist isomorphism f : My /Ny — My and fo : My/No — Mo.
Define a map h : M/N — M given by h((mi+mz)+ N) = fi(m1+ N1)+ fa(ma+
Ny), for all (my +mg)+ N € M/N. Then f is an isomorphism. O

Corollary 4.5. Let {M;}_, be a family of small iso-coretractable R-modules such
that >_1"_, ann(M;) = R. Then M = &I, M, is small iso-coretractable.

Proof. Clear. 0

Remark 4.6. Recall from [8] that for a module M, I-Rad(M) = (\{kerh|h €
Hompg(M,I) for some iso-retractable module I} = (\{N < M|M/N is an iso-
retractable module}. If I); denotes the class of all iso-retractable R-modules, then
following notations from [1, 109], I-Rad(M) = Rejn(Inr). Hence from [1, Corol-
lary 8.13], I-Rad(M) = 0 if and only if M is isomorphic to a submodule of a direct

product of iso-retractable (iso-simple) modules.

Since it is well known that a module M is J-semisimple if and only if Rad(M) =0
if and only if M is isomorphic to a submodule of a direct product of simple modules;
and the class of small iso-coretractable modules is a proper generalization of the
class of J-semisimple modules (see Remark 4.2). Hence in view of Remark 4.6, it

is natural to ask the following problem:

Question 4.7. Do the following two equivalent statements provide a characteri-
zation of small iso-coretractable module M? M is isomorphic to a submodule of a

direct product of iso-retractable (iso-simple) modules if and only if I-Rad(M) = 0.

Acknowledgement. We are thankful to the referee for careful reading and valu-
able suggestions to improve this paper.
Disclosure statement. The authors report there are no competing interests to

declare.



[

[10]

[11]

[12]

[13]

[14]

[15]

ISO-RETRACTABILITY OF MODULES RELATED TO SMALL SUBMODULES 195

References

F. W. Anderson and K. R. Fuller, Rings and Categories of Modules, Second
edition, Graduate Texts in Mathematics, 13, Springer-Verlag, New York, 1992.
M. Behboodi, A. Moradzadeh-Dehkordi and M. Qourchi Nejadi, Virtually unis-
erial modules and rings, J. Algebra, 549 (2020), 365-385.

A. K. Chaturvedi, On iso-retractable modules and rings, In: S. Rizvi, A. Alj,
V. D. Filippis (eds), Algebra and its Applications, Springer Proc. Math. Stat.,
Springer, Singapore, 174 (2016), 381-385.

A. K. Chaturvedi, Iso-retractable modules and rings, Asian-Eur. J. Math.,
12(1) (2019), 1950013 (7 pp).

A. K. Chaturvedi and N. Kumar, Iso-c-retractable modules and rings, Palest.
J. Math., 11 (2022), 158-164.

A. K. Chaturvedi and N. Kumar, Modules with finitely many small submodules,
Asian-Eur. J. Math., 16(1) (2023), 2350005 (14 pp).

A. K. Chaturvedi, S. Kumar, S. Prakash and N. Kumar, FEssentially iso-
retractable modules and rings, Carpathian Math. Publ., 14(1) (2022), 76-85.
A. Facchini and Z. Nazemian, Modules with chain conditions up to isomor-
phism, J. Algebra, 453 (2016), 578-601.

C. Faith, Algebra: Rings, Modules, and Categories-I, Die Grundlehren
der mathematischen Wissenschaften, Band 190, Springer-Verlag, New York-
Heidelberg, 1973.

A. Ghorbani and A. Haghany, Generalized Hopfian modules, J. Algebra, 255(2)
(2002), 324-341.

E. Kaynar, H. Calisici and E. Turkmen, SS-supplemented modules, Commun.
Fac. Sci. Univ. Ank. Ser. A1 Math. Stat., 69(1) (2020), 473-485.

S. M. Khuri, Endomorphism rings and lattice isomorphisms, J. Algebra, 56(2)
(1979), 401-408.

G. Lee, S. T. Rizvi and C. S. Roman, Dual Rickart modules, Comm. Algebra,
39(11) (2011), 4036-4058.

S. H. Mohamed and B. J. Miiller, Continuous and Discrete Modules, London
Mathematical Society Lecture Note Series, 147, Cambridge University Press,
Cambridge, 1990.

R. Wisbauer, Foundations of Module and Ring Theory, Algebra, Logic and
Applications, 3, Gordon and Breach Science Publishers, Philadelphia, PA,
1991.



196 NIRBHAY KUMAR AND AVANISH KUMAR CHATURVEDI

Nirbhay Kumar

Department of Mathematics
Feroze Gandhi College
Raebareli-229001, India

e-mail: nirbhayk2897Qgmail.com

Avanish Kumar Chaturvedi (Corresponding Author)
Department of Mathematics

University of Allahabad

Praygarj-211002, India

e-mails: akchaturvedi.math@gmail.com

achaturvedi@allduniv.ac.in



	1. Introduction
	2. Examples and properties of small iso-retractable modules
	3. Some characterizations
	4. Small iso-coretractable module
	toReferences

