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Abstract. LetA be a unital ∗-algebra containing nontrivial projections Pj (j =

1, 2). In this article, we examine the nature of nonlinear mixed skew bi-skew

Jordan n-derivations onA. Further, we extend our main results to some special

classes of ∗-algebras such as prime ∗-algebras, factor von Neumann algebras

and standard operator algebras and prove that on these ∗-algebras every non-

linear mixed skew bi-skew Jordan n-derivation is an additive ∗-derivation.
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1. Introduction

ConsiderA to be a unital ∗- algebra with unity I over the ground field C (the field

of complex numbers). An additive map ϱ : A → A is called an additive derivation

if ϱ(R1R2) = ϱ(R1)R2 +R1ϱ(R2) for all R1, R2 ∈ A. Recall that a map ∗ : A → A
is said to be an involution if (R + S)∗ = R∗ + S∗; (RS)∗ = S∗R∗ ; (αR)∗ = αR∗

and (R∗)∗ = R for all R,S ∈ A, α ∈ C. An additive derivation ϱ : A → A is called

an additive ∗-derivation if ϱ(R∗) = ϱ(R)∗ for all R ∈ A.

Let us denote some different kinds of products based on involution operation,

such as R1•R2 = R1R2+R2R
∗
1 (skew Jordan product), R1⋄R2 = R1R

∗
2+R2R

∗
1 (bi-

skew Jordan product), R1⊙R2 = R∗
1R2+R∗

2R1 (left bi-skew Jordan product) for any

R1, R2 ∈ A. These products have captured keen interest of many researchers who

have worked to characterize certain mappings concerning these types of products

on different kinds of rings and algebras (see [1,3,4,10–15,18,20,21,24–26]). A linear

mapping ϱ : A → A is called a skew Jordan n-derivation if

ϱ(R1 •R2 • · · · •Rn) =

n∑
i=1

R1 • · · · • ϱ(Ri) • · · · •Rn

holds for all Ri ∈ A, (1 ≤ i ≤ n). In particular, for n = 2, 3 the skew Jordan

2-derivation and skew Jordan 3-derivation are respectively called as skew Jordan
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derivation and skew Jordan triple derivation. If ϱ is not linear in the above defini-

tion, then it is called a nonlinear skew Jordan n-derivation. Exploring the nature

of skew Jordan derivations and uncovering the relationship between ∗-derivations
and skew Jordan derivations many mathematicians devote themselves and obtain

several results. For instance, Taghavi et al. [22] investigated the behaviour of a non-

linear derivation on factor von Neumann algebras and proved that every nonlinear

∗-Jordan derivation on factor von Neumann algebras is an additive ∗-derivation.
Darvish et al. [6] extended this result to nonlinear skew Jordan triple derivation

on prime ∗-algebras. Li et al. [15] considered the more general case of nonlinear

skew Jordan n-derivation and proved that every nonlinear ∗-Jordan n-derivation

on ∗-algebras having certain conditions is an additive ∗-derivation. A map (not

necessarily linear) ϱ : A → A is said to be a nonlinear bi-skew Jordan n-derivation

if

ϱ(R1 ⊙R2 ⊙ · · · ⊙Rn) =

n∑
i=1

R1 ⊙ · · · ⊙ ϱ(Ri)⊙ · · · ⊙Rn

holds for all Ri ∈ A, (1 ≤ i ≤ n).

Darvish et al. [5, 7] considered the structure of prime ∗-algebras and proved

that every nonlinear bi-skew Jordan derivation and nonlinear bi-skew Jordan triple

derivation become additive ∗-derivations on them. Furthermore, Zhao et al. [26]

extended these results to bi-skew Jordan n-derivations and characterized nonlinear

bi-skew Jordan n-derivations on ∗-algebras.
In recent years, many researchers constructed new types of products by mixing

different kinds of products as mentioned above (see [2, 9, 16, 17, 19, 23]). Li and

Zhang [16, 17] studied the products ([R,S]∗ • T ) and ([R • T, S]∗), where R • T

is the bi-skew Jordan product and [R,S]∗ = RS − SR∗ is known as the skew Lie

product of R and S. Very recently, Ali et al. [2] constructed a new mixed triple

product known as the Jordan bi-skew Lie triple product and obtained the structure

of nonlinear mixed Jordan bi-skew Lie triple derivations on ∗-algebras. They proved

that a map on a unital ∗-algebra A containing a nontrivial projection and satisfying

ϱ([R ◦ S, T ]•) = [ϱ(R) ◦ S, T ]• + [R ◦ ϱ(S), T ]• + [R ◦ S, ϱ(T )]•

for all R,S, T ∈ A, is an additive ∗-derivation. Furthermore, a map (not necessarily

linear) ϱ : A → A, satisfying

ϱ(R1 ◦R2 ◦ · · · ◦Rn−1 ⊙Rn) =

n∑
i=1

R1 ◦ · · · ◦ ϱ(Ri) ◦ · · · ◦Rn−1 ⊙Rn
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for all Ri ∈ A, (1 ≤ i ≤ n) is called a nonlinear mixed ∗-Jordan n-derivation.

In [9], the authors proved that every nonlinear mixed ∗-Jordan-type derivation is

an additive ∗-derivation.
In view of the above observations, we construct a mixed Jordan n-product by

taking the following products: R ⋆ S = RS∗ + SR and R ⊙ S = R∗S + S∗R.

Considering these products the mixed Jordan n-product can be defined in four

different ways, according as n is even or odd, which are as follows: (R1 ⊙ R2 ⋆

R3 ⊙ · · · ⋆ Rn); (R1 ⊙ R2 ⋆ R3 ⊙ R4 ⋆ · · · ⊙ Rn); (R1 ⋆ R2 ⊙ R3 ⋆ · · · ⊙ Rn) and

(R1 ⋆R2 ⊙R3 ⋆R4 ⊙ · · · ⋆Rn). These mixed Jordan n-products are evaluated from

left to right, that is, R1 ⊙R2 ⋆ R3 ⊙ · · · ⋆ Rn = (. . . ((R1 ⊙R2) ⋆ R3)⊙ · · · ⋆ Rn). A

map ϱ : A → A (not necessarily linear) termed as a nonlinear mixed skew bi-skew

Jordan n-derivation if

ϱ(R1 ⊙R2 ⋆ R3 ⊙ · · · ⋆ Rn) =

n∑
k=1

R1 ⊙R2 ⋆ R3 ⊙ · · · ⋆ ϱ(Rk)⊙ · · · ⋆ Rn

holds for all Rk ∈ A, 1 ≤ k ≤ n and n ≥ 3 is a fixed positive integer. The

main objective of this article is to examine the nature of nonlinear mixed skew

bi-skew n-Jordan derivations on ∗-algebras with some mild conditions and extend

these results to special classes of ∗-algebras such as prime ∗-algebras, factor von

Neumann algebras and standard operator algebras.

2. Main results

Theorem 2.1. Let A be a unital ∗-algebra with identity I, containing nontrivial

projections Pj (j = 1, 2) such that UAPj = (0) implies that U = 0 for any U ∈ A.

If a map ϱ : A → A satisfies

ϱ(R1 ⊙R2 ⋆ · · · ⊙Rn−1 ⋆ Rn) =

n∑
k=1

R1 ⊙R2 ⋆ · · · ⊙ ϱ(Rk) ⋆ · · · ⊙Rn−1 ⋆ Rn

for all R1, R2 ∈ A and Ri =
1
2I for all i ∈ {3, 4, . . . , n} where n ≥ 3 is any fixed

odd integer, then ϱ is an additive ∗-derivation.

Theorem 2.2. Let A be a unital ∗-algebra with identity I, containing nontrivial

projections Pj (j = 1, 2) such that UAPj = (0) implies that U = 0 for any U ∈ A.

If a map ϱ : A → A satisfies

ϱ(R1⊙R2 ⋆R3⊙· · ·⋆Rn−1⊙Rn) =

n∑
k=1

R1⊙R2 ⋆R3⊙· · ·⋆ϱ(Rk)⊙· · ·⋆Rn−1⊙Rn

for all R1, R2 ∈ A and Ri =
1
2I for all i ∈ {3, 4, . . . , n} where n ≥ 4 is any fixed

even integer, then ϱ is an additive ∗-derivation.
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Theorem 2.3. Let A be a unital ∗-algebra with identity I, containing nontrivial

projections Pj (j = 1, 2) such that UAPj = (0) implies that U = 0 for any U ∈ A.

If a map ϱ : A → A satisfies

ϱ(R1 ⋆ R2 ⊙ · · · ⋆ Rn−1 ⊙Rn) =

n∑
k=1

R1 ⋆ R2 ⊙ · · · ⋆ ϱ(Rk)⊙ · · · ⋆ Rn−1 ⊙Rn

for all R1, R2 ∈ A and Ri =
1
2I for all i ∈ {3, 4, . . . , n} where n ≥ 3 is any fixed

odd integer, then ϱ is an additive ∗-derivation.

Theorem 2.4. Let A be a unital ∗-algebra with identity I, containing nontrivial

projections Pj (j = 1, 2) such that UAPj = (0) implies that U = 0 for any U ∈ A.

If a map ϱ : A → A satisfies

ϱ(R1 ⋆R2⊙R3 ⋆ · · ·⊙Rn−1 ⋆Rn) =

n∑
k=1

R1 ⋆R2⊙R3 ⋆ · · ·⊙ ϱ(Rk) ⋆ · · · ⊙Rn−1 ⋆Rn

for all R1, R2 ∈ A and Ri =
1
2I for all i ∈ {3, 4, . . . , n} where n ≥ 4 is any fixed

even integer, then ϱ is an additive ∗-derivation.

3. Proof of our main theorems

Here we prove only Theorem 2.1 and the remaining theorems can be proved in

the similar manner.

We begin by introducing some notations that are essential for proving our results.

Throughout the article, we assume that Pj ∈ A (j = 1, 2) are two nontrivial

projections such that P2 = I −P1 and Aij = PiAPj , where i, j ∈ {1, 2}. Moreover,

by Peirce decomposition of A, we can write it as A = A11 + A12 + A21 + A22.

Additionally, let K = {U ∈ A : U∗ = U} and L = {V ∈ A : V ∗ = −V }. Denote

Kii = PiKPi and K12 = {P1UP2 + P2UP1 | U ∈ K}. For every U ∈ K, we can write

U = U11 + U12 + U22 for every Uii ∈ Kii (i = 1, 2) and U12 ∈ K12.

Using the given notation in [8], we can denote a monomial q of degree n by the

following expression

q(X1, X2, . . . , Xn) = X1 ⊙X2 ⋆ X3 ⊙ · · · ⋆ Xn.

Also, if the last n − 2 variables in the monomial take the same value, then it can

be written as

q(X1, X2, R,R, . . . , R) = ηR(X1, X2)

for any R ∈ A.

The following series of claims are essential to prove Theorem 2.1.

Claim 3.1. ϱ(0) = 0.
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By the hypothesis, we have

ϱ(0) = ϱ(ηR(0, 0))

= ηR(ϱ(0), 0) + ηR(0, ϱ(0)) +
∑
ϱ(R)

ηϱ(R)(0, 0)

= 0.
Claim 3.2. ϱ(U)∗ = ϱ(U) for any U ∈ K, i.e., ϱ preserves self adjoint elements of

A.

For any U ∈ K, we have U = η 1
2 I
(U, 1

2I). Therefore

ϱ(U) = ϱ(η 1
2 I
(U,

1

2
I))

= η 1
2 I
(ϱ(U),

1

2
I) + η 1

2 I
(U, ϱ(

1

2
I))

+
∑
ϱ( 1

2 I)

ηϱ( 1
2 I)

(U,
1

2
I)

=
(1
2
ϱ(U)∗ +

1

2
ϱ(U)

)
+

(
Uϱ(

1

2
I) + ϱ(

1

2
I)∗U

)
+
(
Uϱ(

1

2
I)∗ + ϱ(

1

2
I)U

)
+ · · ·+

(
Uϱ(

1

2
I) + ϱ(

1

2
I)∗U

)
=

1

2

(
ϱ(U)∗ + ϱ(U)

)
+

n− 1

2

(
Uϱ(

1

2
I) + ϱ(

1

2
I)∗U

)
+

n− 1

2

(
Uϱ(

1

2
I)∗ + ϱ(

1

2
I)U

)
.

Thus

ϱ(U) = ϱ(U)∗ + (n− 1)
(
Uϱ(

1

2
I) + ϱ(

1

2
I)∗U

)
+ (n− 1)

(
Uϱ(

1

2
I)∗ + ϱ(

1

2
I)U

)
. (1)

Also

ϱ(U)∗ = ϱ(U) + (n− 1)
(
ϱ(

1

2
I)∗U + Uϱ(

1

2
I)
)

+ (n− 1)
(
ϱ(

1

2
I)U + Uϱ(

1

2
I)∗

)
. (2)

Using equations (1) and (2), we get

ϱ(U)∗ = ϱ(U)

for any U ∈ K.

Claim 3.3. For any X11 ∈ K11, Y12 ∈ K12 and Z22 ∈ K22, we have

(a) ϱ(X11 + Y12) = ϱ(X11) + ϱ(Y12);

(b) ϱ(Y12 + Z22) = ϱ(Y12) + ϱ(Z22).
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(a) Let G = ϱ(X11 + Y12)− ϱ(X11)− ϱ(Y12). Then, we can easily see by Claim

3.2 that G∗ = G. We have to show that G = 0, where G = G11 +G12 +G22. Since

η 1
2 I
(P2, X11) = 0, using Claim 3.1, we have

η 1
2 I

(
ϱ(P2), X11 + Y12

)
+ η 1

2 I

(
P2, ϱ(X11 + Y12)

)
+

∑
ϱ( 1

2 I)

ηϱ( 1
2 I)

(
P2, X11 + Y12

)
= ϱ

(
η 1

2 I
(P2, X11 + Y12)

)
= ϱ

(
η 1

2 I
(P2, X11)

)
+ ϱ

(
η 1

2 I
(P2, Y12)

)
= η 1

2 I

(
ϱ(P2), X11

)
+ η 1

2 I

(
P2, ϱ(X11)

)
+

∑
ϱ( 1

2 I)

ηϱ( 1
2 I)

(
P2, X11

)
+ η 1

2 I

(
ϱ(P2), Y12

)
+ η 1

2 I

(
P2, ϱ(Y12)

)
+

∑
ϱ( 1

2 I)

ηϱ( 1
2 I)

(
P2, Y12

)
= η 1

2 I

(
ϱ(P2), X11 + Y12

)
+ η 1

2 I

(
P2, ϱ(X11) + ϱ(Y12)

)
=

∑
ϱ( 1

2 I)

ηϱ( 1
2 I)

(
P2, X11 + Y12

)
.

This implies that, η 1
2 I

(
P2, G

)
= 0, using G∗ = G, we get G12 = 0. Similarly,

η 1
2 I

(
Y12, (P2 − P1)

)
= 0, so we have

ϱ
(
η 1

2 I
(X11 + Y12, (P2 − P1))

)
= ϱ

(
η 1

2 I
(X11, (P2 − P1))

)
+ ϱ

(
η 1

2 I
(Y12, (P2 − P1))

)
= η 1

2 I
(ϱ(X11), (P2 − P1)) + η 1

2 I
(X11, ϱ(P2 − P1))

+
∑
ϱ( 1

2 I)

ηϱ( 1
2 I)

(
X11, (P2 − P1)

)
+ η 1

2 I
(ϱ(Y12), (P2 − P1))

+ η 1
2 I
(Y12, ϱ(P2 − P1)) +

∑
ϱ( 1

2 I)

ηϱ( 1
2 I)

(
Y12, (P2 − P1)

)
.

Furthermore

ϱ
(
η 1

2 I
(X11 + Y12, (P2 − P1))

)
= η 1

2 I
(ϱ(X11 + Y12), (P2 − P1))

+ η 1
2 I
(X11 + Y12, ϱ(P2 − P1))

+
∑
ϱ( 1

2 I)

ηϱ( 1
2 I)

(
X11 + Y12, P2 − P1

)
.
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From the last two equations, we get η 1
2 I

(
G, (P2 − P1)

)
= 0. Thus, by using Claim

3.2, we have G(P2 − P1) + (P2 − P1)G = 0 which implies that G11 = G22 = 0.

Hence G = 0. In the similar manner one can prove (b).

Claim 3.4. For any X11 ∈ K11, Z22 ∈ K22 and Y12 ∈ K12, we have

ϱ(X11 + Y12 + Z22) = ϱ(X11) + ϱ(Y12) + ϱ(Z22).

Let G = ϱ(X11 + Y12 + Z22) − ϱ(X11) − ϱ(Y12) − ϱ(Z22). Then, by Claims 3.1,

3.3 and η 1
2 I
(Z22, P1) = 0, we have

η 1
2 I

(
ϱ(X11 + Y12 + Z22), P1

)
+ η 1

2 I

(
X11 + Y12 + Z22, ϱ(P1)

)
+

∑
ϱ( 1

2 I)

ηϱ( 1
2 I)

(
X11 + Y12 + Z22, P1

)
= ϱ

(
η 1

2 I
((X11 + Y12 + Z22), P1)

)
= ϱ

(
η 1

2 I
(X11 + Y12, P1)

)
+ ϱ

(
η 1

2 I
(Z22, P1)

)
= η 1

2 I

(
ϱ(X11 + Y12), P1

)
+ η 1

2 I

(
X11 + Y12, ϱ(P1)

)
+

∑
ϱ( 1

2 I)

ηϱ( 1
2 I)

(
X11 + Y12, P1

)
+ η 1

2 I

(
ϱ(Z22), P1

)
+ η 1

2 I

(
Z22, ϱ(P1)

)
+

∑
ϱ( 1

2 I)

ηϱ( 1
2 I)

(
Z22, P1

)
= η 1

2 I

(
ϱ(X11) + ϱ(Y12), P1

)
+ η 1

2 I

(
X11 + Y12, ϱ(P1)

)
+

∑
ϱ( 1

2 I)

ηϱ( 1
2 I)

(
X11 + Y12, P1

)
+ η 1

2 I

(
ϱ(Z22), P1

)
+ η 1

2 I

(
Z22, ϱ(P1)

)
+

∑
ϱ( 1

2 I)

ηϱ( 1
2 I)

(
Z22, P1

)
= η 1

2 I

(
ϱ(X11) + ϱ(Y12) + ϱ(Z22), P1

)
+ η 1

2 I

(
X11 + Y12 + Z22, ϱ(P1)

)
+

∑
ϱ( 1

2 I)

ηϱ( 1
2 I)

(
X11 + Y12 + Z22, P1

)
.

This implies that η 1
2 I

(
G,P1

)
= 0 and by using Claim 3.2, we get G11 = G12 = 0.

Similarly, if we replace P1 by P2 in the above calculation, we can easily get G22 = 0.

Hence G = 0, which is our aim.

Claim 3.5. For any X12, Y12 ∈ K12, we have

ϱ(X12 + Y12) = ϱ(X12) + ϱ(Y12).
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For any A12, B12 ∈ A12, let X12 = A12 +A∗
12 ∈ K12 and Y12 = B12 +B∗

12 ∈ K12.

Then

η 1
2 I

(
(P2 +B12 +B∗

12), (P1 +A12 +A∗
12)

)
= (A12 +A∗

12) + (B12 +B∗
12) + (A12B

∗
12 +B12A

∗
12 +A∗

12B12 +B∗
12A12)

= X12 + Y12 +X12Y
∗
12 + Y12X

∗
12,

where

X12Y
∗
12 + Y12X

∗
12 = A12B

∗
12 +B12A

∗
12 +A∗

12B12 +B∗
12A12

= U11 + V22.

Note that U11 = (A12B
∗
12 + B12A

∗
12) ∈ K11 and V22 = (A∗

12B12 + B∗
12A12) ∈ K22.

Since A12 +A∗
12, B12 +B∗

12 ∈ K12, using Claims 3.3 and 3.4, we have

ϱ(X12 + Y12) + ϱ(U11) + ϱ(V22)

= ϱ(X12 + Y12 + U11 + V22)

= ϱ(X12 + Y12 +X12Y
∗
12 + Y12X

∗
12)

= ϱ
(
η 1

2 I
(P2 +B12 +B∗

12), (P1 +A12 +A∗
12)

)
= η 1

2 I

(
ϱ(P2) + ϱ(B12 +B∗

12), (P1 +A12 +A∗
12)

)
+ η 1

2 I

(
P2 +B12 +B∗

12, ϱ(P1) + ϱ(A12 +A∗
12)

)
+

∑
ϱ( 1

2 I)

ηϱ( 1
2 I)

(
P2 +B12 +B∗

12, P1 +A12 +A∗
12

)
= η 1

2 I
(ϱ(P2), P1) + η 1

2 I
(P2, ϱ(P1))

+
∑
ϱ( 1

2 I)

ηϱ( 1
2 I)

(P2, P1) + η 1
2 I

(
ϱ(P2), (A12 +A∗

12)
)

+ η 1
2 I

(
P2, ϱ(A12 +A∗

12)
)
+

∑
ϱ( 1

2 I)

ηϱ( 1
2 I)

(P2, A12 +A∗
12)

+ η 1
2 I

(
ϱ(B12 +B∗

12, P1)
)
+ η 1

2 I

(
B12 +B∗

12, ϱ(P1)
)

+
∑
ϱ( 1

2 I)

ηϱ( 1
2 I)

(
B12 +B∗

12, P1

)
+ η 1

2 I

(
ϱ(B12 +B∗

12, A12 +A∗
12)

)
+ η 1

2 I

(
B12 +B∗

12, ϱ(A12 +A∗
12)

)
+

∑
ϱ( 1

2 I)

ηϱ( 1
2 I)

(
B12 +B∗

12, A12 +A∗
12

)
= ϱ

(
η 1

2 I
(P2, P1)

)
+ ϱ

(
η 1

2 I
(P2, A12 +A∗

12)
)

+ ϱ
(
η 1

2 I
(B12 +B∗

12, P1)
)
+ ϱ

(
η 1

2 I
(B12 +B∗

12, A12 +A∗
12)

)
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= ϱ(X12) + ϱ(Y12) + ϱ(A12B
∗
12 +B12A

∗
12 +A∗

12B12 +B∗
12A12)

= ϱ(X12) + ϱ(Y12) + ϱ(U11) + ϱ(V22).

This gives

ϱ(X12 + Y12) = ϱ(X12) + ϱ(Y12).

Claim 3.6. For any Xii, Yii ∈ Kii (i = 1, 2), we have

ϱ(Xii + Yii) = ϱ(Xii) + ϱ(Yii).

We assume that G = ϱ(X11 + Y11)− ϱ(X11)− ϱ(Y11) and show that G = 0. For

it, using Claim 3.1, and η 1
2 I
(X11, P2) = η 1

2 I
(Y11, P2) = 0, we have

η 1
2 I

(
ϱ(X11 + Y11), P2

)
+ η 1

2 I

(
X11 + Y11, ϱ(P2)

)
+

∑
ϱ( 1

2 I)

ηϱ( 1
2 I)

(
X11 + Y11, P2

)
= ϱ

(
η 1

2 I
(X11 + Y11, P2)

)
= ϱ

(
η 1

2 I
(X11, P2)

)
+ ϱ

(
η 1

2 I
(Y11, P2)

)
= η 1

2 I

(
ϱ(X11), P2

)
+ η 1

2 I

(
X11, ϱ(P2)

)
+

∑
ϱ( 1

2 I)

ηϱ( 1
2 I)

(
X11, P2

)
+ η 1

2 I

(
ϱ(Y11), P2

)
+ η 1

2 I

(
Y11, ϱ(P2)

)
+

∑
ϱ( 1

2 I)

ηϱ( 1
2 I)

(
Y11, P2

)
= η 1

2 I

(
ϱ(X11) + ϱ(Y11), P2

)
+ η 1

2 I

(
X11 + Y11, ϱ(P2)

)
+

∑
ϱ( 1

2 I)

ηϱ( 1
2 I)

(
X11 + Y11, P2

)
.

Therefore, η 1
2 I

(
G,P2

)
= 0. By using Claim 3.2, we get G12 = G22 = 0. Now it only

remains to show that G11 = 0. For it, let Z = U12+U∗
12 ∈ K12 for some U12 ∈ A12.

Thus η 1
2 I

(
X11, Z

)
, η 1

2 I

(
Y11, Z

)
∈ K12 also using Claim 3.5, we have

ϱ
(
η 1

2 I
(X11 + Y11, Z)

)
= ϱ

(
η 1

2 I
(X11, Z)

)
+ ϱ

(
η 1

2 I
(Y11, Z)

)
= η 1

2 I

(
ϱ(X11) + ϱ(Y11), Z

)
+ ϱ

(
η 1

2 I
(X11 + Y11, ϱ(Z))

)
+

∑
ϱ( 1

2 I)

ηϱ( 1
2 I)

(
X11 + Y11, Z

)
.
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Alternatively,

ϱ
(
η 1

2 I
(X11 + Y11, Z)

)
= η 1

2 I

(
ϱ(X11 + Y11), Z

)
+ η 1

2 I

(
X11 + Y11, ϱ(Z)

)
+

∑
ϱ( 1

2 I)

ηϱ( 1
2 I)

(
X11 + Y11, Z

)
.

Thus, we have η 1
2 I

(
G,Z

)
= 0 which implies that G11(U12+U∗

12)+(U12+U∗
12)G11 =

0. Multiplying P1 from the left and P2 from the right, we get P1GP1AP2 = 0 and

using the hypothesis, we get G11 = 0.

Remark 3.7. From Claims 3.3–3.6, we can say that ϱ is additive on K.

Claim 3.8. ϱ(I) = 0.

Since η 1
2 I

(
I, P1

)
= 2P1, and using Claim 3.2, Remark 3.7, we get

2ϱ(P1) = ϱ
(
η 1

2 I
(I, P1)

)
= η 1

2 I

(
ϱ(I), P1

)
+ η 1

2 I

(
I, ϱ(P1)

)
+

∑
ϱ( 1

2 I)

ηϱ( 1
2 I)

(I, P1)

= 2ϱ(P1) + (n− 1)
(
ϱ(I)P1 + P1ϱ(I)

)
.

Thus, ϱ(I)P1 + P1ϱ(I) = 0. From this, we get P1ϱ(I)P1 = P1ϱ(I)P2 = P2ϱ(I)P1 =

0. Similarly, replacing P1 by P2 in the above calculation, we can easily see that

P2ϱ(I)P2 = 0. Hence ϱ(I) = 0.

Claim 3.9. ϱ(V )∗ = −ϱ(V ) for every V ∈ L.

Since η 1
2 I

(
I, V

)
= 0, from Claims 3.1, 3.8 and Remark 3.7, we have

0 = ϱ
(
η 1

2 I
(I, V )

)
= η 1

2 I

(
I, ϱ(V )

)
= ϱ(V ) + ϱ(V )∗.

Hence ϱ(V )∗ = −ϱ(V ) for every V ∈ L.

Claim 3.10. ϱ(iI) is a central element of A.
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For any U ∈ K, using Claim 3.9 and Remark 3.7, we get

0 = ϱ
(
η 1

2 I
(iI, U)

)
= η 1

2 I

(
ϱ(iI), U

)
+ η 1

2 I

(
iI, ϱ(U)

)
= ϱ(iI)∗U + Uϱ(iI)

= −ϱ(iI)U + Uϱ(iI).

Thus ϱ(iI)U = Uϱ(iI) for any U ∈ K. Since any W ∈ A can be written as

W = W1 + iW2 for some W1,W2 ∈ K, we have ϱ(iI)W = Wϱ(iI) for all W ∈ A,

i.e., ϱ(iI) is a central element of A.

Claim 3.11. For any V ∈ L, ϱ(iV ) = iϱ(V ) + ϱ(iI)V .

Since, η 1
2 I
(iI, V ) = −2iV , we have

−2ϱ(iV ) = ϱ(−2iV ) = ϱ
(
η 1

2 I
(iI, V )

)
= η 1

2 I

(
ϱ(iI), V

)
+ η 1

2 I

(
iI, ϱ(V )

)
= −2V ϱ(iI)− 2iϱ(V ).

Thus ϱ(iV ) = iϱ(V ) + ϱ(iI)V .

Claim 3.12. ϱ is additive on L.

Let V1, V2 ∈ L. Then from Claim 3.11 and Remark 3.7, we obtain

ϱ(iI)(V1 + V2) + iϱ(V1 + V2)

= ϱ
(
i(V1 + V2)

)
= ϱ(iV1 + iV2)

= ϱ(iV1) + ϱ(iV2)

= ϱ(iI)V1 + iϱ(V1) + ϱ(iI)V2 + iϱ(V2).

Hence, we get

ϱ(V1 + V2) = ϱ(V1) + ϱ(V2).

Claim 3.13. ϱ is additive on A.
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Let V, V ′ ∈ L. Using Remark 3.7, Claims 3.8, 3.10 and 3.11, we have

2
(
V ′ϱ(iI) + iϱ(V ′)

)
= 2ϱ(iV ′)

= ϱ(2iV ′)

= ϱ
(
η 1

2 I
(I, V + iV ′)

)
= η 1

2 I

(
I, ϱ(V + iV ′)

)
= ϱ(V + iV ′) + ϱ(V + iV ′)∗. (3)

Furthermore, we have

−2iϱ(V )− 2ϱ(iI)V = −2ϱ(iV )

= ϱ(−2iV )

= ϱ
(
η 1

2 I
(iI, V + iV ′)

)
= η 1

2 I

(
ϱ(iI), V + iV ′)+ η 1

2 I

(
iI, ϱ(V + iV ′)

)
= −2V ϱ(iI)− iϱ(V + iV ′) + iϱ(V + iV ′)∗.

Thus

2ϱ(V ) = ϱ(V + iV ′)− ϱ(V + iV ′)∗. (4)

From (3) and (4), we have

ϱ(iI)V ′ + iϱ(V ′) + ϱ(V ) = ϱ(V + iV ′) (5)

for all V, V ′ ∈ L. Now assume that R,S ∈ A such that R = R1 + iR2 and

S = S1 + iS2 for all R1, R2, S1, S2 ∈ L. Using (5) and Claim 3.12, we get

ϱ(R+ S) = ϱ
(
(R1 + iR2) + (S1 + iS2)

)
= ϱ

(
(R1 + S1) + i(R2 + S2)

)
= ϱ(R1 + S1) + iϱ(R2 + S2) + ϱ(iI)(R2 + S2)

=
(
ϱ(R1) + iϱ(R2) + ϱ(iI)R2

)
+
(
ϱ(S1) + iϱ(S2) + ϱ(iI)S2

)
= ϱ(R1 + iR2) + ϱ(S1 + iS2)

= ϱ(R) + ϱ(S).

Hence ϱ is additive on A.

Claim 3.14. ϱ(T ∗) = ϱ(T )∗ for all T ∈ A.



264 ASMA ALI, CLAUS HAETINGER, TOOBA NAZ AND MOHD TASLEEM

Any element T ∈ A can be written as T = T1 + iT2 for T1, T2 ∈ L. Now using

(5) and Claim 3.9, we obtain

ϱ(T )∗ = ϱ(T1 + iT2)
∗

=
(
ϱ(T1) + iϱ(T2) + ϱ(iI)T2

)∗
= ϱ(−T1 + iT2)

= ϱ(T ∗).

Claim 3.15. ϱ is a derivation on L.

For any L1, L2 ∈ L, it follows from Claims 3.9, 3.11 and 3.13 that

−ϱ
(
L1L2 + L2L1

)
= ϱ

(
η 1

2 I
(L1, L2)

)
= η 1

2 I

(
ϱ(L1), L2

)
+ η 1

2 I

(
L1, ϱ(L2)

)
= −

(
ϱ(L1)L2 + L1ϱ(L2) + ϱ(L2)L1 + L2ϱ(L1)

)
.

Thus,

ϱ(L1L2) + ϱ(L2L1) = ϱ(L1)L2 + L1ϱ(L2) + ϱ(L2)L1 + L2ϱ(L1). (6)

Furthermore,

ϱ
(
η 1

2 I
(iL1, L2)

)
= η 1

2 I

(
ϱ(iL1), L2

)
+ η 1

2 I

(
iL1, ϱ(L2)

)
= ϱ(iL1)

∗L2 + L∗
2ϱ(iL1) + (iL1)

∗ϱ(L2) + ϱ(L2)
∗(iL1)

= iϱ(L1)L2 + ϱ(iI)L1L2 − iL2ϱ(L1)

− ϱ(iI)L2L1 + iL1ϱ(L2)− iϱ(L2)L1. (7)

On the other side, we get

ϱ
(
η 1

2 I
(iL1, L2)

)
= ϱ

(
i(L1L2 − L2L1)

)
= iϱ(L1L2 − L2L1) + ϱ(iI)(L1L2 − L2L1). (8)

Using (7) and (8), we have

ϱ(L1L2)− ϱ(L2L1) = ϱ(L1)L2 + L1ϱ(L2)− ϱ(L2)L1 − L2ϱ(L1). (9)

Hence from (6) and (9), we get our desire result, i.e.,

ϱ(L1L2) = ϱ(L1)L2 + L1ϱ(L2).

Claim 3.16. ϱ(iI) = 0.
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Since η 1
2 I

(
iI, 1

2 iI
)
= I, using Claims 3.1, 3.8, 3.9 and Remark 3.7, we get

0 = ϱ(I) = ϱ
(
η 1

2 I
(iI,

1

2
iI)

)
= η 1

2 I

(
ϱ(iI),

1

2
iI
)
+ η 1

2 I

(
iI, ϱ(

1

2
iI)

)
= −2iϱ(iI).

Thus ϱ(iI) = 0.

Claim 3.17. ϱ(iD) = iϱ(D) for all D ∈ A.

Since η 1
2 I
(iD, iI) = D∗ +D, using Claims 3.2, 3.8, 3.14, 3.16 and Remark 3.7,

we have

ϱ(D)∗ + ϱ(D) = ϱ(D∗) + ϱ(D)

= ϱ
(
η 1

2 I
(iD, iI)

)
= η 1

2 I

(
ϱ(iD), iI

)
= iϱ(iD)∗ − iϱ(iD).

Thus we get

−ϱ(iD)∗ + ϱ(iD) = iϱ(D)∗ + iϱ(D). (10)

Furthermore

ϱ
(
η 1

2 I
(iD, I)

)
= ϱ

(
η 1

2 I
(D,−iI)

)
η 1

2 I

(
ϱ(iD), I

)
= η 1

2 I

(
ϱ(D),−iI

)
ϱ(iD)∗ + ϱ(iD) = −iϱ(D)∗ + iϱ(D). (11)

From (10) and (11), we obtain ϱ(iD) = iϱ(D).

Claim 3.18. For any C,D ∈ A, ϱ(CD) = ϱ(C)D + Cϱ(D).

From Claim 3.14, for any C,D ∈ A, we have

ϱ(CD +D∗C∗) = ϱ
(
η 1

2 I
(C∗, D)

)
= η 1

2 I

(
ϱ(C∗), D

)
+ η 1

2 I

(
C∗, ϱ(D)

)
= ϱ(C∗)∗D +D∗ϱ(C∗) + Cϱ(D) + ϱ(D)∗C∗

= ϱ(C)D + Cϱ(D) + ϱ(D∗)C∗ +D∗ϱ(C∗). (12)

Using (12), we get

ϱ
(
i(CD −D∗C∗)

)
= ϱ

(
C(iD) + (iD)∗C∗)

= ϱ(C)iD + Cϱ(iD) + ϱ
(
(iD)∗

)
C∗ + (iD)∗ϱ(C∗).
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From Claim 3.17, we have

ϱ(CD −D∗C∗) = ϱ(C)D + Cϱ(D)− ϱ(D)∗C∗ −D∗ϱ(C∗). (13)

Thus (12) and (13) yield that

ϱ(CD) = ϱ(C)D + Cϱ(D).

Hence by Claims 3.13 and 3.14, ϱ is an additive ∗-derivation.

4. Corollaries

The following are the immediate consequences of Theorem 2.1. Since a prime

∗-algebra satisfies the hypothesis of Theorem 2.1, so we have

Corollary 4.1. Let A be a unital prime ∗-algebra containing nontrivial projections

Pj (j=1,2). If a map ϱ : A → A satisfies

ϱ(R1 ⋆ R2 ⊙R3 ⋆ · · · ⊙Rn) =

n∑
k=1

R1 ⋆ R2 ⊙R3 ⋆ · · · ⊙ ϱ(Rk) ⋆ · · · ⊙Rn

for all R1, R2 ∈ A and Ri =
1
2I for all i ∈ {3, 4, . . . n} where n ≥ 3, then ϱ is an

additive ∗-derivation.

A von Neumann algebra A is a weakly closed, self-adjoint algebra of operators

on a Hilbert space H. Moreover, a factor von Neumann algebra is a von Neumann

algebra whose center is trivial, i.e., it contains only scalar operators. Also, a factor

von Neumann algebra is a prime ∗-algebra, so we have the following corollary:

Corollary 4.2. Let A be a factor von Neumann algebra with dim(A) ≥ 2. If a map

ϱ : A → A satisfies

ϱ(R1 ⋆ R2 ⊙R3 ⋆ · · · ⊙Rn) =

n∑
k=1

R1 ⋆ R2 ⊙R3 ⋆ · · · ⊙ ϱ(Rk) ⋆ · · · ⊙Rn

for all R1, R2 ∈ A and Ri =
1
2I for all i ∈ {3, 4, . . . n} where n ≥ 3, then ϱ is an

additive ∗-derivation.

Suppose that F (H) (⊆ B(H)) denotes the subalgebra of all bounded finite rank

operators. If a subalgebra A of B(H) contains F (H), we call it a standard operator

algebra. As we know, a standard operator algebra is a prime ∗-algebra, we have

the following:
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Corollary 4.3. Suppose that A is a standard operator algebra on an infinite di-

mensional complex Hilbert space H with identity operator I and is closed under the

adjoint operation. If a map ϱ : A → A satisfies

ϱ(R1 ⋆ R2 ⊙R3 ⋆ · · · ⊙Rn) =

n∑
k=1

R1 ⋆ R2 ⊙R3 ⋆ · · · ⊙ ϱ(Rk) ⋆ · · · ⊙Rn

for all R1, R2 ∈ A and Ri =
1
2I for all i ∈ {3, 4, . . . n} where n ≥ 3, then ϱ is an

additive ∗-derivation.
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