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ABSTRACT. Given a finite group G acting as automorphisms on a ring A, the
skew group ring A * G is an important tool for studying the structure of G-
stable ideals of A. The ring A * G is G-graded, i.e. G coacts on A *x G. The
Cohen-Montgomery duality says that the smash product A* G#k[G]* of AxG
with the dual group ring k[G]* is isomorphic to the full matrix ring My (.A)
over A, where n is the order of G. In this note we show how much of the
Cohen-Montgomery duality carries over to partial group actions in the sense
of R.Exel. In particular we show that the smash product (A *o G) #k[G]* of
the partial skew group ring A *, G and k[G]* is isomorphic to a direct product
of the form K X eMy, (A)e where e is a certain idempotent of M, (A) and K is
a subalgebra of (A xo G) #k|[G]*. Moreover A *q G is shown to be isomorphic
to a separable subalgebra of eMy,(A)e. We also look at duality for infinite

partial group actions.
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1. Introduction

Let k be a commutative unital ring and 4 a untial k-algebra. Given a finite
group G acting as k-linear automorphisms on A, Cohen and Montgomery showed
in [1] that the smash product A * G#Ek[G]* of the skew group ring A * G and the
dual group ring k[G]* = Hom(k[G], k) is isomorphic to the full matrix ring M, (.A)
over A, where n is the order of G.

The notion of a partial group action on a k-algebra A has been introduced by
R.Exel in the study of C*-algebras (see [4]). One says that G acts partially on A
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by a family {ag : Dyg-1 — Dy}geq if for all g € G, Dy is an ideal of A and ay is an
isomorphism of k-algebras such that for all g,h € G:

(i) D. = A and «, is the identity map of A4;

(ii) ag(Dy-1 N Dy) =Dy N Dyp;

(iii) ag(an(z)) = agn(z) for all z € Dp—1 N D(gpy-1.

The partial skew group ring of A and G is defined to be the projective left
A-module A x, G = @, Dy whose multiplication will be defined in the next
section. Since A %, G is naturally G-graded, the question arises how much of the
Cohen-Montgomery duality carries over to partial group actions.

As in [3] we will assume that the ideals D, are generated by central idempotents,
ie. D, = Al, with central idempotent 1, € A for all ¢ € G. For any g € G we
define the following endomorphism 3, : A — A of A by

Bg(a) = agaly-1) Vae A
This map gives rise to a k-linear map k[G] ® A — A with
g®ar g ai=f,(a) = aylaly)
for all g € G,a € A.
Lemma 1.1. With the notation above we have that
(1) By are k-algebra endomorphisms of A for all g € G, i.e.
g-(ab)=(g-a)(g-b) Va,be A.

(2) g-(h-a)=((gh)-a)ly forall g,h € G and a € A.
(3) (g-a)b=g-(a(g™* b)) for alla,b € A and g € G.

Proof. (1) follows since the a4 are algebra homomorphisms and the idempotents

14 are central, i.e. for all a,b € A:
By(ab) = ag(ablys) = ag(aly-bly) = agalys)ag(bly1) = By(a)5,(b)
(2) follows from [3, 2.1(ii)]:
ag(an(alp-1)lg-1) = agnlalp-14-1)14

what expressed by [ yields the statement of (2).
(3) Using (1), (2) and the fact that 8. = id and that the image of 3, is D, = Al,

we have that

g-(alg™ b)) =(g9-a)(g-(g7" b)) =(g9-a)bly = (g-a)b.
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Obviously we also have g-1 = ag(1,-1) = 15 and g-(g~*-a) = ((997')-a)1ly = aly
for all @ € A and g € G using property (2). Moreover using the fact that o is
bijective and 1, central we have for all a € A and g € G that g-a = 0 if and only
ifa e A1 —1y).

2. Grading of the partial skew group ring

The partial skew group ring is the projective left A-module A x*, G = @gec Dy,.

We will write an element of A %, G as a finite sum of elements ) _, a,g where

geG
ag € Dy = Al, and g is a placeholder for the g-th component. A *, G becomes an

associative k-algebra by the product:
(a) (R = gy -+ (a)b)gh
for all g,h € G and a € D, and b € D;. Using our “-”-notation we see easily
(a) (bR) = a(g - b)gh.

The algebra A #, G is naturally G-graded where the homogeneous elements are
those in {Dy}geq, i.e. DgDy C Dy, by definition of the multiplication in A %, G.
Thus A *, G becomes a k[G]-comodule algebra. Note that the G-grading is strong,
in the sense that D,Dy, = Dgy, if and only if D, = A for all g € G, i.e. the G-action
is global (since if D,Dj, = Dy, for all g, h € G, then

Alyly 1 = DyDyr = Dyy1 = D, = A,

thus 1, is an invertible central idempotent and hence equals 1, i.e. D, = A).
Known results on graded rings can be applied to the G-grading of A %, G. and we
will point out some of those results now. Recall that a graded ring is called graded

semiprime, if it has no non-zero nilpotent graded ideals.

Theorem 2.1. Let G be a finite group acting partially on A.

(1) A is semiprime if and only if A*, G is graded semiprime.

(2) If A is |G|-torsion free, then A is semiprime if and only if A x, G is
semiprime.

(3) If P C Q are prime ideals in Ax, G, then PNA C QN A are primes in A.

(4) If P is a prime in A x, G, then there are k < |G| primes p1,...,px in A
minimal over PNA, and moreover PNA = piN---Npk. The set {p1,...,px}
18 uniquely determined by P.

(5) Given any prime p of A, there exists a prime P of Ax, G so that p is
minimal over P N A. There are at most m < |G| such primes Py,..., Py,

of A, G.
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Proof. (1) follows from [1, 2.9], if we show that the grading of the partial skew
group ring is non-degenerated. The grading of a G-graded ring A = GagEG Ay is
called non-degenerated if for any g € G and 0 # a4 € Ay also agA,—1 #0 # Aj-1a,
(see [1, Lemma 2.5]). Take any 0 # ay = ag € Ay = D,g of the partial skew group
ring A #, G. Then

0# aé = (ag) (1,-19 ') € agA,~1 and

0 # a;l(a)é =11 (97" -a)e= (1,-177") (ag) € Ay-1a,.
Hence the G-grading of A *, G is non-degenerated.
(2) follows from [1, 5.5]; (3) follows from [1, 7.1]; (4)+(5) follow from [1, 7.3]. O

3. Duality for partial actions of finite groups

Assume G to be finite, then k[G]* becomes a Hopf algebra with projective basis
pg € k[G]* where py(h) = &4 for all g,h € H. The multiplication is defined as
Pg * P = dg,npy and the identity element of k[G]* is 1 = >, pr. Now Ax, G
becomes a k[G]*-module algebra by

pr > (ag) = dg,nag
forall g, h € G and ay € D,. The multiplication of the smash product (A x, G) #k[G]*

is defined as

(ag#tpn) (bh#p) =Y _ (ag)[ps> ()| #ps—1pxp1 = (ag) (V) #pe—1 1501 = a(g-b)gk#6n ripi-
seG

The identity element of B = A %, G#kK[G]* is D, .o 1€#pn. In the case of global
actions Cohen and Montgomery proved in [1] that A x G#k[G]* ~ M, (A) where
n = |G| and M,,(A) denotes the ring of n x n-matrices over A. We will index the
matrices of M, (A) by elements of G and denote by E,; the elementary matrix

that has the value 1 in the g-th row and the h-th column and zero elsewhere.

Proposition 3.1. Let G be a finite group of n elements, acting partially on a
k-algebra A and consider the k-algebra B = (A *o G) #k[G]|*. The map

O :B— M,(A) with

Zag,hg#ph — Z ht(g7t- ag.n)Egh.h
g,h g,h

is a k-algebra homomorphism.
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Proof. First note that for any g,h,k € G and a € D,,b € D), we have, using
Lemma refproperties(2) in the 2nd, 4th and 6th line and Lemma 1.1(1) in the 3rd

line:

K= ((gh) ™ - (alg - b))

Il
7
—_
—

) -a)((g ) (g-0)))
)] [k71- (71 0]
(ghk)_l ‘a)((hk)_l “b) Ly
(ghk)™" - @)1y -1 ((hk) ™ - b) 1
(hk)™" - (g7t - a)) (k™ - (W™ b))

Thus we showed:

k- ((gh) ™! - (alg - b)) = (hR) ™ - (g7 - a)) (K1 - (71 - D)) (1)
For any ag#pn, bidip, € (A o G) #k[G]* we have, using equation (1):
O((ag#pn) (bk#m)) = ‘I’(G(Q - 0)gk#0n, kip1)

= 171 ((gk) ™" - (alg - b)) Eght,i0n, ki
= ((R)7 - (g -a)) (7 (k71 0)) Egn,n Bt 10,k
= (W (97" a)Egnn (171 - (k71 0) Epry
= D(ag#pn)®(bk#pr)

Hence & is an algebra homomorphism. 0

Note that ® restricted to A *, G is injective, i.e. A x, G can be considered a
subalgebra of M,,(A). In general Ker(®) is non-trivial, unless the partial action is
a global action. Recall the partial order on the boolean algebra B(A) of central
idempotents of A: for any e, f € B(A) : e < f & e = ef. For our situation of a
partial group action G on A set for any g € G:

Ag={heG |1y &1}
Proposition 3.2. Ker(®) = EBgeG @heA A(L = 1g4)14g#pn-

Proof. Suppose v =}, agng#pn € Ker(®), then h=t-(g7' - aypn) = 0 for all
g,h € G. Thus (g7 - agn) € A(1 — 1) N Dy-1 = A(1 —1;)1,-1. Hence

ag,h = 9 (971 cagn) € Ag- (1 —15) = A(1, — 1,14),

Le. v € @, Al = 1gn)1yg#pn = DByec Dren, AL — 1gn)14g#pn. The other
inclusion follows because ® ((g - (1 — 15))g#pn) =h~ (g7 - (g- (1 —11))) Egnp =
ht. ((1 — ]-h)lg)Egh,h =0. [l
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Hence the kernel depends on the partial order of the central idempotent 1,. In
particular A, = () means 1 = 1, for all g € G.

Note that the inclusion of A *, G into (Ax, G)#k[G]* is given by ag —
Yoheq ag#tpn for all g € G and a € Dy. If Y, o ag#pn, € Ker(®), then a €
A(1 —1gp)1, for all h € G. In particular for h = e we have a € A(1 —1,)1, = 0.
Hence & restricted to A x, G is injective.

We will describe the image of ®. By definition of ®, the image of an arbitrary
element v = }_  agng#ph is

(I)('V) = Z((gh)_l : ag,h)l(gh)*llhflEgh,h = (br,slrfllsfl)nseg
g,h

1

with by s =77 - a,5-1 ¢ forall r,s € G.

Proposition 3.3. The image of ® consists of all matrices of the form (bg7hlg—l 1h*1)q heG

for any matriz (by ) of elements of A. In particular Im(®) = eM,,(A)e, where e
is the idempotent 3 o 1,-1Eg .

Proof. We saw already that an element of the image of ® is of the given form.

Note that by definition of partial group action we have
Dy N Dgp, = ag(Dy-1 N Dy)
for all g,h € G. Hence also
Dy NDp-1 =ay-1(DgNDyp-1)
holds for all g, h € G. Thus for all b € A there exists a € A such that
bly-1lp1 = ay-1(aly-11y) =g ' (alyy-1).

This implies that

®(alglgn-1gh~tpn) = h71-((hg™") - (alglgn-1))Egn
97" (alglgn1))1p1Egp

= blg—l 11 g,h
Hence given any matrix (b, ) there are elements a4, such that

P Zag,hlglghflghfl#ph = Zbg,hlg*1 1h*1Eg,h = (bg7h1971 lhil)g,hEG'
g:h g,h

This shows that Im(®) consists of all matrices of the given form and hence is equal
to eM,,(A)e. Note that e is the image of the identity element of 5. O

The last Propositions yield our main result in this section



DUALITY FOR PARTIAL GROUP ACTIONS 59

Theorem 3.4. (Ax, G) #k[G]* ~ Ker(®) x eM,,(Ae.

Proof. The kernel of ® is an ideal and a direct summand of B = (A x, G) #k[G]*.
To see this we first show that the left A-module I = ®g,hEG Algnl,g#pn is a
two-sided ideal of B. For any zk#p, € B and algy,1,g#pn € I we have

(algnlyg#pn)(bk#p) = algnly(g- bly)gk#0n mp = alg - b)on rlgrlgngk#tp € 1.
(bk#p) (algnlyg#pn) = bk - algnly)kg#0k gnpn = b(g - a)dn kilignlegkg#pn € 1.

Since I @ Ker(®) = B and both direct summands are two-sided ideals we have
B = I x Ker(®) (ring direct product). Moreover ®(I) = eM,,(A)e = Im(P). This
implies B ~ Ker(®) x eM,,(A)e. O

Note that ® embedds A #, G into the Pierce corner eM,(A)e.
Corollary 3.5. A x, G is isomorphic to a separable subalgebra of eM,,(A)e.

Proof. Recall that the subalgebra A %, G sits into B by ag — >, . ag#pn. The
right action of A *, G on B is given by

(zk#p1) - ag = (zk#p1) (Z flg#Ph) (zk)(ag)#py-11

heG

The left action is given by

(zk#p) = <Z ag#m) (zk#p1) = (ag)(zk)#pi

heG

The element

f=) e#p, @F#p, € BOa,c B

geG
is A %, G-centralising, i.e. for all ah € A %, G we have
fah = Z e#py ® aﬁ#ph_lg = Z aﬁ#ph_lg Q e#pp-1g = ahf
geG geG
Since also u(f) = e# decpg = 1p we have that f is a seperability idempotent for
B over Ax, G. Hence eM,,(A)e ~ ®(B) is separable over ®(A*, G) ~ Ax,G. O

4. Trivial partial actions

The easiest example of partial actions arise from (central) idempotents in a k-
algebra A. Suppose that A admits a non-zero central idempotent, i.e. there exist
algebras R, S such that A = R xS as algebras. For any group G set Dy = Rx0 and
ag =idp, for all g # e and D, = A and a, = id4. Then {a, | g € G} is a partial
action of G on A. The partial skew group ring turns out to be A *, G ~ R[G] x S,
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where R[G] denotes the group ring of R and G. Note that 0 x S is in the zero-
component of the G-grading on A %, G. If G is finite, say of order n, then a short
calculation (using Cohen-Montgomery duality, Proposition 3.2 and Theorem 3.4)
shows that B = (A %, G)#k|[G]* is isomorphic to M, (R) x S™ where S™ denotes
the direct product of n copies of S. Depending on the rings R and S, B might
or might not be Morita equivalent to \A. For instance if R = S = k is a field,
then any progenerator P for A has the form k" x k° for numbers r,s > 1. Thus
Endy(P) ~ M, (k) x My(k), whose center is isomorphic to k& = A. On the other
hand B = (A *, G)#k[G]* ~ M, (k) x k™ has center k"*!, i.e. B will be Morita
equivalent to A if and only if G is trivial.

On the other hand, there are algebras which satisfy (as algebras) A" ~ A ~
M, (A) for any n. To give an example, let R be the ring of sequences of elements
of a field k, i.e. R = kY with componentwise multiplication and addition. The
function e with e(2n) = 1 and e(2n + 1) = 0 for all n defines an idempotent of R.
The map ¥ : eR — R with ¥(ef)(n) = f(2n) is a ring isomorphism. Analogously
we can show that (1 —e)R ~ R. Hence R? ~ R. Now take A = Endy(S), where

S = RM™ denotes the countable infinite free R-module. Using again e we have that
eA~(l-e)AA=(eA) x(1-e)A) 2 AXx A= .. =2 A"

for any n > 2. Moreover for any partition of N into n infinite disjoint subsets
A4,...,A,, we have that

S =RM ~ R o .. g RO ~ g7,

Hence A = Endy(S) ~ Endg(S™) ~ M, (A). Applying the double skew group ring

construction again we conclude that

B = (Ax%y G)#Ek[G]" ~ Mp(ed) x (1 —e)A)" 2~ Ax A~ A

5. Infinite partial group actions

Following Quinn [6] we define ® in case of G being infinite as a map from A, G to
the ring of row and column finite matrices. Let Mq(.A) be the subring of Endy (AI€)
consisting of row and column finite matrices (a4.1)g nrec indexed by elements of G
with entries in A, i.e. for any g € G the sets {agn|h € G} and {apg|h € G} are finite.
Let E, 5 be, as above, those matrices that are 1 in the (g, h)th component and zero
elsewhere. Note that E, E, s = 0, rEg 5. Then define ® : A%, G — Mg(A) by

Clg — Z h71 : (971 : a’)Egh,h
heG
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for any ag € A %, G. Note that the (infinite) sum on the right side makes sense in
M¢(A). As above one checks that @ is an algebra homomorphism.

Proposition 5.1. Let G be any group acting partially on A. Then A x, G is
isomorphic to a subalgebra of eMa(A)e where Mg(A) denotes the ring of row and
column finite matrices indexed by elements of G and with entries in A. The element

e is the idempotent Y- 5 1,-1Eg,.

Proof. For all ag,bh € A *, G we have using equation (1) in the 4th line:

D(ag)®(bh) = (Z k(g 'a)Egk,k> <le (bt b)Ehl,l>

keG leG

>0 (K (g7 ) () By By

k,JleG

= SR (g7 @) (B B) Egna
leG

= St ((gh) - (alg - b)) Egna
leG

— ®(alg-b)gh)

—  ®((ag)(bh))

Hence @ is an algebra homomorphism. Since
®(ag) =0 (VheG):h - (g7 a)=0=g-(¢7"-a)=al,=0=a=0,

we have that ® is injective. Moreover ®(ag) € eM¢(A)e as above. O
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