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ABSTRACT. Rege and Chhawchharia, as well as Nielsen, introduced the con-
cept of a right McCoy ring, based on McCoy’s theorem in 1942 for the anni-
hilators in polynomial rings over commutative rings. Alhevaz et al. in 2012
investigated a natural generalization of a right McCoy ring that is called a weak
(0,8)-skew McCoy ring, where o is an endomorphism and § is a o-derivation of
a given ring. In this paper, we continue to investigate the structural properties
of these rings and examine their behavior under various extensions. Specifi-
cally, we prove that while the full matrix ring over a weak (o, d)-skew McCoy
ring does not generally preserve this property, the upper triangular matrix
ring does under suitable conditions. Furthermore, we explore the stability of
this property in polynomial extensions, direct products, classical right quotient

rings, and skew power series rings.
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1. Introduction

Throughout this paper R denotes an associative ring with identity unless other-
wise stated. Let N(R) be the set of all nilpotent elements in R. We use R[z] to
denote the polynomial ring with an indeterminate = over R. Let Cy(,) denote the
set of all coefficients of f(x) € R[z]. Denote the n by n full matrix ring over R
by Mat,(R) and the n by n upper triangular matrix ring over R by U, (R). Use
E;; for the matrix with (4, j)-entry 1 and elsewhere 0. By Z,, we mean the ring of
integers modulo n.

In 1942, McCoy [18] showed that if two polynomials annihilate each other over a
commutative ring, then each polynomial has a nonzero annihilator in the base ring.
Weiner [22] showed this fact fails in noncommutative rings. Based on this result,
Nielsen [20] and Rege and Chhawchharia [21] called a noncommutative ring R right
McCoy (resp., left McCoy) if whenever any nonzero polynomials f(x),g(x) € R[x]
satisfy f(z)g(x) = 0, then f(x)c = 0 (resp., cg(xz) = 0) for some nonzero ¢ € R,
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and a ring R is called McCoy if it is both left and right McCoy. The concept of a
McCoy ring is generalized in [7] to a weak McCoy ring. A ring R is called right weak
MecCoy if for any nonzero polynomials f(z) and g(z) in R[z], f(z)g(z) = 0 implies
f(z)c € N(R)[z] for some 0 # ¢ € R, equivalently, there exists 0 # ¢ € R such that
ac € N(R) for any a € Cy(,). Left weak McCoy rings are defined analogously, and
a ring R is called weak McCoy if it is both left and right weak McCoy. To have
the terminology be more expressive, Camillo et al. [4] called a weak McCoy ring a
nilpotent coefficient McCoy ring, or an NC-McCoy ring for short. Furthermore, the
structure and several kinds of extensions of right weak McCoy rings are investigated,
and the structure of minimal right weak McCoy rings is also examined in [4]. Recall
that a ring R is called reduced if N(R) = 0. There exist several generalizations of
a reduced ring. Cohn [5] called a ring R reversible if ab = 0 implies ba = 0 for
a,b € R. Due to Narbonne [19], a ring R is called semicommutative if ab = 0
implies aRb = 0 for a,b € R. A ring is called Abelian if every idempotent is
central. Semicommutative rings are easily shown to be Abelian, but not conversely
in general. Nielsen developed and extended the concept of a McCoy ring. In
particular, he showed that any reversible ring is McCoy [20, Theorem 2] and gave
an example that is a semicommutative ring but not McCoy [20, Section 3]. Let
N.(R) and N*(R) denote the prime radical and the upper nilradical (i.e., the sum
of all nil two-sided ideals) of a ring R, respectively. Note N,(R) C N*(R) C N(R).
A generalization of a semicommutative ring is the 2-primal condition. A ring R
(possibly without identity) is called 2-primal [3] if N.(R) = N(R). Note that a ring
R is 2-primal if and only if R/N,(R) is reduced. In [17], a ring R (possibly without
identity) is called NIif N*(R) = N(R). Note that R is NI if and only if N(R) forms
a two-sided ideal if and only if R/N*(R) is reduced. It is well-known that 2-primal
rings are NI, but the converse need not hold. But if R is an NI ring of bounded
index of nilpotency, then R is 2-primal by [14, Proposition 1.4]. Recall that for an
endomorphism o of a ring R, the additive map ¢ : R — R is called a o-derivation
if 6(ab) = 6(a)b+ o(a)d(b) for any a,b € R. For a ring R with an endomorphism
o of R and a o-derivation 0, the Ore extension R[x; o, §] of R is the ring obtained
by giving the polynomial ring over R a new skew-multiplication xr = o(r)x + 6(r)
for all r € R (while R[[z;0,0]] is called a skew power series ring). If § = 0, then
we write R[x;o] for R[x;0,0] and it is called a skew polynomial ring (or, an Ore
extension of endomorphism type), and for an identity endomorphism 1g of R, we
write R[x;d] for R[x;1g,d] and it is called an Ore extension of derivation type. In
particular, R[z; 1g, 0] is the polynomial ring R[z] over R. In 2009, Basger et al. [2]

introduced the notion of a skew McCoy ring R with respect to an endomorphism o
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of R. Let o be an endomorphism of a ring R. The ring R is called a skew McCoy
ring with respect to o (simply, o-skew McCoy ring) if for any nonzero polynomials
p(z) = Y gaix’ and g(x) = Y7 bja’ € Rlz; 0], p(x)g(x) = 0 implies p(z)c =0
for some nonzero ¢ € R. Habibi et al. [10] called a ring R (o, d)-skew McCoy if
for any nonzero polynomials p(z) = > i~ a;z’ and g(z) = Z?:o bjz! € Rlz;0,0],
p(z)q(x) = 0 implies a;z‘c = 0 for some nonzero ¢ € R for each i, where § is the
o-derivation. Each McCoy ring is (o, §)-skew McCoy, where 0 = 1z and 6 = 0, but
not conversely in general. In the special case, the concept of a (o,0)-skew McCoy

ring coincides with what Bager et al. [2] called o-skew McCoy ring.

From now on, we let o denote an endomorphism with o(1) = 1 (where 1 is the
identity of R) of a given ring R; we do not assume that o is nonzero or nonidentity,
so that the special case ¢ = 1g discussed later in the paper is included, and the
additive map ¢ denote a o-derivation, unless specified otherwise. Alhevaz et al. [1]
generalized the concept of a (o, §)-skew McCoy ring as follows and they just studied

the class of rings which strictly contains such rings.

2. (0,0)-skew McCoy rings

Definition 2.1. [1, Definition 3.1] A ring R is called weak (o, )-skew McCoy if for
any nonzero polynomials p(z) = 321" a;z" and g(z) = >7_( bja’ € R[z;0,6] with
p(x)g(x) = 0, there exists nonzero ¢ € R such that a;z'c € N(R)[z;0,d] for all i.

In this paper, we continue the study of weak (o,d)-skew McCoy rings, such
as their structure, characterization and extensions. Basic properties of weak (o, d)-
skew McCoy rings are observed and some of the known results on right weak McCoy

rings are obtained as corollaries.

As basic examples of weak (o, §)-skew McCoy rings, we have the following Propo-

sition 2.2 and Proposition 3.3 which extend the results of [4, Proposition 3(1, 2)].

Recall that an ideal (a subset) I of a ring R is called a o-stable ideal (subset)
(resp., 0-stable ideal (subset)) of R if o(I) C I (resp., 6(I) C I), and if I is both a
o-stable ideal (subset) and a d-stable ideal (subset), then we call I a (0,4 )-stable
ideal (subset).

Proposition 2.2. If a ring R contains a nonzero nil (o,0)-stable ideal, then R is

a weak (0,9 )-skew McCoy ring.

Proof. Let I be a nonzero nil (o, §)-stable ideal of R, and choose 0 # ¢ € I. Since

I is stable under both ¢ and §, every coefficient occurring in the expansion of z'c
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belongs to I for each i > 0. Hence, for every r € R, all coefficients of rz’c belong
to RI C I, and therefore are nilpotent. Now let

p(x) = Zaixi, q(z) € R[x;0,0]

be nonzero polynomials such that p(z)g(z) = 0. The above argument shows that,
for each 4, the polynomial a;x’c has all its coefficients in N(R). Thus R is weak
(0,0)-skew McCoy. O

Corollary 2.3. (1) If0# N*(R) is a (0,9)-stable ideal of a ring R, then R is a
weak (0,0 )-skew McCoy ring.
(2) [7, Proposition 2.7] If R is an NI ring, then R is weak McCoy.

Proof. (1) follows from Proposition 2.2. O

3. Matrix rings

For a ring R with an endomorphism ¢ and o-derivation §, the corresponding
(ai;) = (o(a;;)) induces endomorphism of Mat,(R). We denote each of them by
. Similarly, the o-derivation ¢ is also extended to & defined by 6((ai;)) = (6(aij))-

One may conjecture that the n x n full matrix ring over any ring is weak (&, §)-

skew McCoy for n > 2, but the possibility is erased by the next example, in general.

Example 3.1. We adopt the argument in the proof of [4, Theorem 5]. Let R be a
reduced ring with a monomorphism o. Consider the ring Mat,,(R) for n > 2. Note
that Mat, (R)[z;0] = Mat, (R[x;0]) for n > 2. Consider nonzero polynomials

x €T xr
1 T n—1

" Zntl oo p2n—l -1 -1 -1

p(x) = , and g(z)=| 0 0 0
xn(n—l) xn(n—l)—i—l L. mn2—1

0 0 0

in Mat,(R)[x;5] with p(x)g(z) = 0. Assume to the contrary that Mat,(R) is
weak &-skew McCoy. Then there exists 0 # C' = (¢;;) € Mat,(R) such that
p(x)C € N(Mat,(R))[x;a]. For

p(x) = E1y 4+ Erox 4 -+ 4 E1,2™ ' + Ena™ + Egpa™ ™ + o+ B2 4

+ Enlxn(n—l) + En2x7L(n—1)+1 4ot Evnnxnz_l7
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we have
EMC, E125(C), ey E1n5n71(0)7 E215”(C) E220'n+1(0) Egn_Qn 1(0), ey
En5" " D(C), Enpa™ ™ DH(C), ..., Enne™ ~1(C) € N(Mat,(R)).

Then there exists k;; for any ¢ and j such that

[Br1((ei))]™ = 0, [Bra(o(ciy))]2 = 0, [Era (0" (ey)))" 1 =0,
[E21(0™ (ei3))™* = 0, [Baz (0" (c; ))]k” =0, [Ban (0 (i) = 0,.
[Bar (6" (eig))F = 0, [Bnz (™"~ (ey))]F2 = 0. [B nn(ankl(czj))]k"" =0.

To see why this forces C = 0, fix 1 < p,q < n and k > 0, and write *(C) =
(0%(cij)). Since Ep, has 1 in the (p,q) position and 0 elsewhere, matrix multipli-

cation gives
(Epg@* ()1 = 0"(cq) for all I, (Epga*(C))s1 =0 for s # p.

Thus qu(_fk (C) has all its nonzero entries confined to row p, and an easy induction

on m gives

(B (C)", = (0" (cqp))™ ' oF(eqr)  (m > 1), and (Epya"(C))7, =0 (s #p).

Hence if quﬁk (C) is nilpotent, say its kpq-th power is 0, then taking [ = p gives
(ak(cqp))kpq = 0, so o%(cyp) € N(R). Since R is reduced, N(R) = 0, and so
o (cgp) = 0; as o is a monomorphism, so is o*, and therefore c,, = 0. Applying
this to each of the n? terms listed above - where, following the indexing of p(z),
the pair (i, ) ranges over all 1 < i,7 < n with exponent k = n(i — 1)+ (j — 1) -
yields ¢j; = 0 for every 4,5 € {1,...,n}. Thus C = 0; which is a contradiction.
Thus Mat,(R) is not weak (7,0)-skew McCoy.

Note that the class of weak (o, §)-skew McCoy rings is not closed under homo-
morphic images by the following example. For a ring R with an endomorphism o
and the o-derivation 4, let I be a (o, d)-ideal of R. Then & : R/I — R/I defined by
o(r+1) = o(r) + I is an endomorphism of the factor ring R/I and & : R/I — R/I
defined by &(r + I) = §(r) + I is a &-derivation of R/I.

Example 3.2. It is a well-known fact that if D is any domain with a monomor-
phism ¢ and a o-derivation §, then D[z; o, 0] is also a domain. Hence D is (o, §)-skew
McCoy, and therefore weak (o, d)-skew McCoy. Now, let R be the ring of quater-
nions with integer coefficients with the identity endomorphism ¢ = 1 and § = 0
(so that the derivation induced on the factor ring below is also 0, matching the hy-

pothesis of Example 3.1), then R is weak (o, d)-skew McCoy, since R is a domain.
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But for any odd prime integer ¢, we have R/qR = Mats(Z,) by the argument in
[8, Exercise 2A]. Since ¢ is prime, Z, is a field and in particular reduced, and o
induces a monomorphism & on R/qR; since § = 0, Example 3.1 applies directly to
R/qR = Mats(Z,). Then the factor ring R/qR is not weak (7,0)-skew McCoy by
Example 3.1.

Alhevaz et al. [1] introduced a skew triangular matriz ring as a set of all upper
triangular matrices with addition point-wise and new multiplication defined by
(aij)(bij) = (cij), where ¢;; = aiibij + a;ip1)0(biig1y;) + - - - +aiza? "' (bs;) for each
i < j, where (ai;), (bi;) € U,(R) (n > 2) over a ring R with an endomorphism
a, and denoted by U,(R,«). Note that U,(R,1r) = U,(R), where 1g is the
identity endomorphism of R. Let D,(R) be the ring of all matrices in U,(R)
whose diagonal entries are all equal, and V,,(R) be the ring of all matrices (a;;)
in D,(R) such that as; = a4y fors =1,...,n —2andt = 2,...,n — 1.
Then D, (R,«) and V,,(R, «) are subrings of U,(R,a), and V,,(R,«a) is a subring
of Dp(R,«). There is a ring isomorphism ¢ : R[z;a]/(z™) — Vo (R, @), given by
élag + a1z + -+ ap_12" L+ (2")) = (ag,as,...,an_1), with a; € R, where (z™)
is the ideal generated by ™. So V,,(R, ) = R[z; a]/(z™).

Let 0 and a be endomorphisms and § a o-derivation of R such that ca =
ao, 6o = ad and 06 = do. Then the corresponding (a;;) — (o(a;;)) induces
endomorphisms of U, (R, a), Dy (R, @) and V,, (R, «), respectively. We denote each
of them by &. Similarly, the o-derivation 4 is also extended to ¢ defined by §((a;;)) =
(0(aij))-

The following generalizes the results of [4, Proposition 3(4, 5, 6)] and [7, Propo-
sition 2.2].

Proposition 3.3. Let 0 and o be endomorphisms and § a o-derivation of R such
that ca = ao, da = ad and 06 = do. Then we have the following.

(1) Un(R,a) is a weak (7,0 )-skew McCoy ring for n > 2.

(2) Dn(R,q) is a weak (7,6 )-skew McCoy ring for n > 2.

(3) Vu(R,a) is a weak (5,6 )-skew McCoy ring for n > 2.

Proof. (1) Put ¢ = Ey,. Then 0 # ¢ € Up(R, a). For every B = (b;;) € U, (R, cv),
the definition of the multiplication in U, (R, &) gives BE1,, = b11 E1,,. Consequently,
(BE1,)? = 0 since n > 2, and hence BE1,, € N(U,(R, «)).

Since o(1) = 1 and ¢ is a o-derivation, §(1) = 0. Thus &(E1,) = E1, and
5(E1,) = 0. Therefore, in U,(R,a)[x;5,0], 2E1, = Ei,z, and hence 2°F;, =

Eqpzt for every i > 0.
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Now let p(z) = Y i",A;z" be a nonzero polynomial. For every i, A;z'c =
A;E1,7t € N(Uy (R, ))[z;5,6). Thus the same nonzero element ¢ = Ey,, satisfies
the condition in Definition 2.1, and U, (R, ) is weak (7, §)-skew McCoy.

(2) and (3) Since Fy, € V,(R,a) C D,(R,«a), and both subrings are stable
under & and &, the same argument applies verbatim. Hence D,, (R, «) and V,,(R, o)
are weak (7, §)-skew McCoy. O

The next example shows that the class of weak (o, d)-skew McCoy rings strictly

contains (o, §)-skew McCoy rings, in general.

Example 3.4. For any ring R with a monomorphism o, & = 1 and § = 0, let
A =Us(R). Then A is weak g-skew McCoy by Proposition 3.3(1). For

1 0 0 -1 0 0 0 1 _
r=(1 Yo (8 Yerwar=(8 ) (4 Yoo

we have p(z)g(xz) = 0. To see that there cannot exist a nonzero C' € A with
b
p(x)C =0, write C = <g d) € A. Since p(z) = E11 — E1oz and 6 = 0, we have

2C = ¢(C)z, we compute

p(a:)C = EllC — Emé’(C)JJ = (g g) — (8 O—E)d)> x

Thus p(z)C = 0 forces a = 0, b = 0, and o(d) = 0; since ¢ is a monomorphism,
o(d) = 0 implies d = 0, so C' = 0. Hence there cannot exist nonzero C' € A such
that p(x)C = 0, and thus A is not 5-skew McCoy.

A ring R is called Dedekind finite if ab = 1 implies ba = 1 for a,b € R. Every
Abelian ring is Dedekind finite but not conversely. Moreover there exists a weak
(0, 6)-skew McCoy ring which is not Dedekind finite by almost the same argument
as in [4, Example 7].

4. Polynomial rings

For an endomorphism o and a o-derivation ¢ of a ring R, the map & : R[y] — R[y]
defined by 6(>_1" a;y’) = Y.~ o(a;)y’ is an endomorphism of the polynomial ring
RJy], and clearly this map extends o, and the o-derivation ¢ of R is also extended to
§ : Rly] — R[y] defined by 6(3 %, a:iy’) = Yir 0(a;)y’. It can be easily checked
that 0 is a o-derivation of the ring R[y]. Throughout this section, we reserve x
for the indeterminate of an Ore extension (such as R[z;a,d] or (R[y])[z;,d]) and
y for the indeterminate of the ordinary polynomial ring R[y], so as to avoid any

confusion between the two.
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Theorem 4.1. For a ring R, let o be an endomorphism of R and 6§ a o-derivation
with 6o = o6. If R[y| is weak (&, 0)-skew McCoy, then R is weak (o, )-skew McCoy.

Proof. Suppose that R[y] is weak (7,4)-skew McCoy, and let p(z) = >i" a;a!
and ¢(z) = >0, bjz? be nonzero elements of R[z;a,d] such that p(z)g(z) = 0.

Via the natural embedding ¢ : R[x;0,0] — (R[y])[z;7,0], we may regard p(z)
and ¢(z) as nonzero polynomials in (R[y])[z;,0], still satisfying p(z)q(z) = 0.
Hence there exists 0 # c(y) = co + a1y + -+ + ¢y" € R[y] such that a;z’c(y) €
N(R[y))[x;&,0] for every 0 < i < m.

Since 0§ = do, we have zic(y) = 22:0 ()7 =*6*(c(y))z'*. Therefore a;z’c(y)
ZZ:O (,i)aﬁi*kgk(c(y))mi*k. Thus, for every ¢ and every 0 < k < i, hiy(y) =
(L)aio 5" (c(y)) € N(R[y).

Let [ be the least integer such that ¢; # 0. Since ¢; = 0 for j < [, the polynomial
R (y) has no terms of degree less than I, and the coefficient of y' is (,’C) a;o " 7kSk ().

Since hg(y) is nilpotent, say hix(y)! = 0, the coefficient of y'* in hy(y)! is
((,i)ami_kék(cl))t. Hence (})a;0i%6%(¢;) € N(R) for every i and k.

Consequently, every coefficient of a;x’c; = ZZ:O (i)aiai_kék(cl)xi_k is nilpo-
tent. Therefore a;x'c; € N(R)[z;0,d] for every i. Since ¢; # 0, Definition 2.1 shows
that R is weak (o, d)-skew McCoy. O

Remark 4.2. For a ring R, let 0 be an endomorphism and § a o-derivation of R.
If R is a ring with the nonzero nilpotent (o, §)-stable ideal N*(R), then N*(R) and
N*(R)[y] are nil (o, §)-ideals of R and R|[y], respectively. Thus R is weak (o, §)-skew
McCoy and R[y] is weak (&, d)-skew McCoy by Proposition 2.2.

According to Krempa [16], an endomorphism o of a ring R is called rigid if
ac(a) = 0 implies a = 0 for a € R. Hong et al. [12] called a ring R a o-rigid ring
if there exists a rigid endomorphism o of R. Note that any rigid endomorphism of
a ring is a monomorphism and o-rigid rings are reduced rings by [12, Proposition
5]. Following [11], a ring R is called o-compatible if for each a,b € R, ab = 0 &
ac(b) = 0, and R is called §-compatible if for each a,b € R, ab =0 = ad(b) = 0.
If R is both o-compatible and §-compatible, then R is called (o, §)-compatible, in
this case, the endomorphism o is clearly a monomorphism. In [1, Corollary 3.7],
every (o,d)-compatible and semicommutative ring is weak (o, d)-skew McCoy. On
the other hand, for a o-ideal I of a ring R, I is called a o-rigid ideal of R [13] if
ao(a) € I for a € R implies a € I. Obviously, R is a o-rigid ring if and only if the
zero ideal of R is a o-rigid ideal. If R is a o-rigid ring, then N*(R) = 0 is clearly a
o-rigid ideal, but not conversely by [15, Example 2.4].



SOME RESULTS OF WEAK (o, 5)-SKEW MCCOY RINGS 9

Proposition 4.3. For a ring R, let o be an endomorphism and § a o-derivation
of R. If N*(R) is a o-rigid and 6-ideal of R, then R is weak (o,0)-skew McCoy.

Proof. Suppose that N*(R) is a o-rigid and d-ideal and let p(x)q(z) = 0 for
nonzero polynomials p(z) = ag+ a1z + -+ apa™ and g(z) = bo+ bz +- -+ bpa”
in R[z;0,d]. Since p(x)q(x) = 0, in particular p(x)q(z) € N(R)[z;0,d] (the zero
polynomial trivially has all coefficients nilpotent). As N*(R) is a o-rigid d-ideal of
R, [15, Theorem 2.12] applies with n = 2 to p(x), ¢(x) € R[x;0,d] and gives

abj € N(R) for every a; € Cp(yy = {ao, ..., am} and bj € Cyrzy = {bo, ..., by}

Fix any nonzero coefficient b;, of ¢(x) (one exists since g(z) # 0). By [15,
Proposition 2.5(1)] (again using that N*(R) is a o-rigid d-ideal), a;b;, € N(R) for
each i implies a;f}(bj,) € N(R) forall0 < k < i, where f} is the sum of all
words in @, d occurring in the generalized Leibniz expansion z'r = S°1 _ fi(r)z* of

R[z; 0,6]. Hence every coefficient of
aixibjo = a; ( Z f]z(bjo)mk) = Z alflzc(bjo)xk
k=0 k=0

lies in N(R), that is, a;z’bj, € N(R)[z;0,0] for every i, showing that R is weak
(0,0)-skew McCoy. O

Corollary 4.4. Every (o,0)-compatible NI ring is weak (0,0)-skew McCoy.

Proof. By [15, Proposition 2.3], if R is a (o, d)-compatible NI ring, then N*(R) is
a o-rigid d-ideal of R. It follows from Proposition 4.3 that R is weak (o, d)-skew
McCoy. O

Note that we don’t know whether or not the weak (o, §)-skew McCoy property
of R can go up to the weak (7, §)-skew McCoy property of R[z]. But the following
provides us some condition for a weak o-skew McCoy ring R such that R[z] becomes

a weak g-skew McCoy ring.

Proposition 4.5. For a ring R, let o be an endomorphism of R such that ot = 1g
for some positive integer t where 1g denotes the identity endomorphism of R. If R
is a weak o-skew McCoy ring with N(R)[z] C N(R[z]), then R[x] is weak 7-skew
McCoy.

Proof. Let R be a weak o-skew McCoy ring and N(R)[z] C N(R[x]). Suppose
that p(y) = fo(x) + -+ + fmn(@)y™ and g(y) = go(x) + - + ga(2)y™ are nowzero
polynomials in (R[z])[y;a] with p(y)q(y) = 0. We also let fi(z) = a;, + -+ +
ai, ', gi(z) = bjy 4+ -+ + ijjxj“i for each 0 < ¢ < mand 0 < j < n,

wq



10 TAI KEUN KWAK

where ai07...,aiwi,bjo,...7ijj € R. Take a positive integer k such that k =
1+ >0 deg(fi) + E?:o deg(g;) where the degree of the zero polynomial is taken
to be 0. Now set

P = fo(z') + fi(ah)a™ ! + o 4 £ (ah) DM,

and
Q — go(l't) +g1($t)xtk+l 4. +gn($t)l‘(tk+l)n

in R[z;0]. Then P # 0 and Q # 0 from p(y) # 0 and ¢(y) # 0. Thus p(y)q(y) =
0 in (R[z])[y;&] implies PQ = 0 in R[z;o], since the set of coefficients of the
fi’s (resp., g;’s) equals the set of coefficients of P (resp., Q) and z' commutes
with all elements of R in R[z;0] from o' = 1z by hypothesis. Since R is weak
o-skew McCoy, there exists nonzero ¢ € R such that Pc € N(R)[z;0]. Then
fi(z")o'(c) € N(R)[x;0,0] and so a;,0'(c) € N(R) for each i = 0,...,m and
j =0,...,w;. Hence (aj, + -+ a;, x'i)o’(c) € N(R)[z] C N(R[z]) for all i
and thus fi(x)5'(c)y’ € N(R[z])[y;7,0], entailing that p(y)c € N(R[z])[y;5] for
0 # ¢ € R[x]. Therefore R[z] is a weak g-skew McCoy ring. O

In Proposition 4.5, if N(R]x]) is a subring of R[], then the condition “N(R)[z] C
N(R[z])” can be obtained. In fact, for any a € N(R) and nonnegative integer t,
ax® is nilpotent. Thus ax! € N(R][z]), and so N(R)[z] C N(R[z]) as the latter is

closed under addition.

5. Other relations

Let R, be a ring with an endomorphism o, and a o,-derivation J,, for each
v €. Let H'yeF R, and @©,crR, be the direct product and direct sum of R,
ver By or R = @,er Ry, then the map o : R — R
defined by o((ay)) = (0(ay)) is an endomorphism and the map § : R — R defined

respectively. If we take R =[]

by §((ay)) = (6(ay)) is a o-derivation.

Recall that a ring R is said to be of bounded index (of nilpotency) if there exists
a positive integer n such that ™ = 0 for all a € N(R).

For the direct-sum assertion below, rings are allowed to be without identity when

T" is infinite.

Proposition 5.1. Let R, be a ring with an endomorphism o., and a o.-derivation

0y for each v € I', and let o be an endomorphism and 6 a o-derivation of R =
[, er By as defined above.
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(1) Suppose that the direct product R = Hwer R, is of bounded index of nilpo-
tency. If R, is weak (0,0, )-skew McCoy for each v € T, then the direct
product of R., is weak (o, 0)-skew McCoy.

(2) If R, is weak (0,0, )-skew McCoy for each v € T', then the direct sum of
R, is weak (0,0)-skew McCoy.

Proof. (1) Let R = H’yEF R, and suppose that R has bounded index of nilpotency.
Then N(R) =[], cr

common bound on the nilpotency indices in R also bounds the nilpotency indices

N(R,). Indeed, one inclusion is immediate. Conversely, the

in every R, and hence any element of [[_ . N(R,) is nilpotent in R.

Let p(z) = > 1" gaia’ and gq(z) = 3°7_;bja’ be nonzero elements of R[z;a,d]
with p(z)g(x) = 0. Write p(z) = (p17)(z)) er and q(z) = (¢ (2))er-

For each v € T, choose ¢, € R, as follows. If ¢")(z) = 0, put ¢, = 0. If
¢ (z) # 0 and p)(x) = 0, choose any 0 # ¢, € R,. Finally, if both p(¥ (z)
and ¢()(z) are nonzero, the weak (0, 0)-skew McCoy property of R, provides
0 # ¢y € R, such that, for every ¢, agv)xicﬁ, € N(Ry)[z; 0, 0,].

Put ¢ = (¢,)er. For every i, each coefficient of a;x’c has its y-coordinate in
N(R,). Hence, by N(R) =[], cp N(R,), we obtain a;x'c € N(R)[z;0,0] for every
i. Since g(z) # 0, there exists v such that ¢(70)(z) # 0. By the construction above,
¢y, # 0, and hence ¢ # 0. Therefore R is weak (o, d)-skew McCoy.

(2) Let R =€D, cr
whenever ¢()(z) = 0, we have supp(c) C supp(q), and the latter is finite. Thus
cE @vep R,.

Moreover, N(@%F R,) = @D, cr N(R,), because every element of the direct
sum has finite support. The same coordinatewise argument therefore gives a;z'c €
N(R)[x;0,0] for every 4, with ¢ # 0. Hence the direct sum is weak (o,J)-skew
McCoy. O

R,. Use exactly the same choice of ¢, as above. Since cy =0

Recall that a subset S of a ring R is strictly multiplicative if 0 ¢ S, 1 € S, and
ab € S for any a,b € S. The set S is a right Ore set if for any ¢« € R and s € S,
aSNsR # Q. If S is the set of all regular elements of R, and S is a right Ore set,
then R has a classical right quotient ring Q(R) = {as™! | a € R,s € S}.

To extend o and § to Q(R), we assume throughout this part of the section that

(x) o(s)=s and d(s)=0 for every s € S.

This is the natural compatibility needed to make the extension well defined, and, as
shown below, is exactly what allows elements of S to be moved freely past = when
clearing denominators. Under (), the extensions 7,6 : Q(R) — Q(R) defined by
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Ql

(as™') = o(a)o(s)™t = o(a)s™t, 6(as™t) = 6(a)o(s) ™! —o(a)o(s)1o(s)o(s) " =
(a)s~t

Q(R) extending d. In particular, (x) gives, for every s € S,

[«

make & an endomorphism of Q(R) extending ¢ and § a &-derivation of

xs =o(s)x + 0(s) = sz,

so every element of S commutes with  in Q(R)[z;7, 6], and hence x's = s’ for
all 7 > 0.

Remark 5.2. For any nonzero F(x) = Zf:o virt € Q(R)[z;7, 9], there exist v € S
and co,...,c; € R with ;v = ¢; for every i (a common right denominator for the
finitely many coefficients v;), obtained by the standard iterated application of the
right Ore condition (see e.g. [8, Ch. 9]). By (%),

F(x)v = Z’yixiv = Z%vxi = Z cix' =: f(z) € R[z;0,9],

and f(x) # 0 since v is invertible in Q(R). Note that the correspondence ¢; = ;v

is degree-preserving: distinct powers of x are never mixed.

Theorem 5.3. Let R be a ring with a classical right quotient ring Q(R), where S
satisfies (¥), and let @, 0 be the extensions of 0,6 to Q(R) described above. If R is
weak (0, 68)-skew McCoy, then Q(R) is weak (7,0)-skew McCoy.

Proof. Let P(z)Q(z) = 0 for nonzero P(x) = Y, a;z’, Qz) = >, a7 €

Q(R)[z;7,6]. By Remark 5.2 applied to P(x), there is v € S with p(z) :=
P(z)v = >, ¢;z" € R[z;0,6] nonzero, where ¢; = a;v. Since P(z) = p(x)v?,
0 = P(z)Q(z) = p(z)(v'Q(z)), and F(z) := v 'Q(z) is nonzero, as v~! is a
unit of Q(R) and Q(x) # 0. Applying Remark 5.2 again, this time to F'(x), gives
u € S with ¢(x) := F(x)u € R[z;0,0] nonzero. Right multiplying the equation
p(z)F(z) = 0 by u yields p(x)q(z) = p(z)F(z)u = 0. Thus p(z), ¢(x) are nonzero
elements of R[z;0,d] with p(x)q(x) = 0.

Since R is weak (o, §)-skew McCoy, there exists 0 # v € R such that c;xiy €
N(R)[z;0,0] for every i. Put C := vy € R C Q(R); since v is a unit of Q(R) and
v # 0, C # 0. Using associativity and then (x) (so that v may be moved past each
power of z via v = vz?), a;2'C = a2 (vy) = (z'v)y = (qzt)y = (q)zly =
c;xiy for every i. Hence o;2'C = c;z'y € N(R)[x;0,8] € N(Q(R))[z;7,0] for
every 7, where the last inclusion holds because every nilpotent element of R remains
nilpotent in the overring Q(R). Since C # 0, this shows that Q(R) is weak (7, )-
skew McCoy. (]
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In the Ore extension the twisted multiplication is governed by

n
() a"e=) m(c)a’,

=0

where each 7} is a finite sum of length-n words in ¢ and ¢ (in particular #/? = o™);
every m;" maps a (o,d)-stable subset of R into itself. From now on, we assume
that R[[z;0,d]] is well defined; a standard sufficient condition is that § be locally

nilpotent (for each b € R, §™(b) = 0 for some m), as shown by [9].

Lemma 5.4. Suppose N(R) is a nilpotent (o,6)-stable ideal, say N(R)* = 0.
Then N(R)[[x;0,6]] is a two-sided ideal of R[[x;0,6]] with (N(R)[[x;0,d]]))* = 0;
consequently, N(R)[x;0,0] C N(R)|[[z;0,d]] C N(R[[z;0,d]]).

Proof. Put I = N(R). By hypothesis, I* = 0. As I is a (0, )-stable ideal, we
verify directly that N(R)[[z;0,6]] = I[[z;0,d]] is a two-sided ideal of R[[z;0,d]]:
for ¢ € I, closure under right multiplication follows from (cx?)r = Zi:o eri(r)zt €
I[[z;0,0]] since I is a right ideal, while closure under left multiplication follows
from r(cz®) = (rc)at and x(cx?) = o(c)z*! + §(c)2?, using o(c),d(c) € I. Fur-
thermore, by repeated use of the multiplication rule (), each coefficient of a prod-
uct of k elements of I[[z;0,d]] is obtained as a finite sum. Expanding each map
" into its constituent words and applying distributivity, every such coefficient
becomes a finite sum of terms of the form c¢; wq(c2)wa(cs) -« - wi—1(ck), where
c1,...,¢x € I and each w; is a word in o and ¢. Since I is (o,d)-stable, both
o and § map [ into itself; hence every composition of o and ¢ also maps I into
itself, so w;(c;) € I and every summand belongs to I k. Therefore every coefficient
lies in I¥ = 0, and (N (R)[[z; 0, 5]])k = 0. Since N(R)[[z;0,d]] is a nilpotent ideal of
R[[z;0,0]], every element of it is nilpotent; hence N(R)[[z;0,d]] C N(R[[z;0,0]]).
Also N(R)[z;0,0] C N(R)[[z;0,d]] trivially. O

Theorem 5.5. Let R be a ring with an automorphism o and a o-derivation § with
00 = gd. Assume that

(1) every nonzero right annihilator in R[[x;o,0]] contains a nonzero polynomial

in Rlx;0,0];

(2) R is a weak (o,0)-skew McCoy ring; and

(3) N(R) is a nilpotent (o,d)-stable ideal.
If 0 # f(x) € R[x;0,0] and 0 # g(x) € R[x;0,0]] satisfy f(x)g(z) = 0, then there
exists 0 # ¢ € R such that f(z)c € N(R)[z;0,6] € N(R[z;0,d]]).

Proof. Let I = rg[j,0,5)(f(2)) be the right annihilator of f(z) in R[[z; 0, d]]. Since
f(z)g(x) = 0 with g(z) # 0, we have g(x) € I, so I is a nonzero right annihilator.
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By (1), I contains a nonzero polynomial h(z). Hence f(z) and h(z) are nonzero
elements of R|x;o,0] satisfying f(z)h(xz) = 0. By (2) and Definition 2.1 applied
to the pair (f,h), there is 0 # ¢ € R with a;z’c € N(R)[x;0,6] for all i, where
f(z) =37 ja;z’. Since N(R)[z;0,6] is closed under finite sums (being an addi-
tive subgroup, indeed an ideal), f(z)c = Y. a;z'c € N(R)[z;0,6]. Finally, by
Lemma 5.4, N(R)[z;0,6] € N(R)[[z;0,0]] € N(R[[z;0,4]]). O

The following examples show that hypothesis (1) is not vacuous: it holds, to-
gether with hypotheses (2) and (3), on rings carrying genuine zero divisors, so
Theorem 5.5 has content. In both examples 0 = 1 and § = 0 (a permitted special
case), and we verify the stronger statement that every nonzero annihilator contains

a nonzero constant.

Example 5.6. (The reduced case: R = F x F') Let F be a field and R = F x F.
Then N(R) = 0, so (3) holds with the zero ideal, and, since R is commutative, R
is McCoy by [18], hence weak McCoy, i.e., (2). Here T := R[[z]] = F[[z]] x F[[z]]

with idempotents e; = (1,0), ez = (0,1), and since F[[z]] is a domain,

anny ((¢,v)) = annp() (@) x annp(y(¥) € {0, e1T, eoT, T }.

The annihilator of any subset is an intersection of such sets; as e;T NexT = 0, it
again lies in {0, e17T, e2T, T}, and each nonzero member contains a nonzero constant

(e1, ea, or 1). Therefore hypothesis (1) holds. The theorem has content: for the

1
P l-x

have fg = 0, and the proof yields ¢ = e; with f(z)c = ejea =0 € N(R)[z;0,4].

nonzero polynomial f = e; and the nonzero non-polynomial series g = (O ), we

Example 5.7. (The nilpotent case: R = F[t]/(t?)) Let R = F[t]/(t?), where F is a
field. Then N(R) = (t) is a nonzero nil ideal with N(R)? =0; as 0 = 1z and § = 0,
it is trivially (o,d)-stable, hence a nonzero nil (o, §)-stable ideal and thus (3) holds
and, by Proposition 2.2, so does (2). Writing an element of T' := R][x]] as u + tv
with u,v € F[[z]] (and t* = 0), one has (u; +tv1)(ug +tve) = uug +t(u1ve +v1uz),
so for g = u+tv, h = p+tq, we have gh =0 <= up = 0 and ug+vp = 0. As F[[z]]
is a domain: if u # 0, then annp(g) = 0; if v =0, v # 0, then anny(tv) =t F[[z]].
Hence every nonzero annihilator of an element or a subset is ¢ F[[z]] or T, each
containing a nonzero constant (¢t or 1). Therefore hypothesis (1) holds; a zero
divisorist-t=0,eg. f=t, g=t ﬁ give fg = 0 with g ¢ R[z].

Remark 5.8. The preceding computations instantiate Fields’ theorem [6]: over
a commutative Noetherian ring, every zero divisor of R][[z]] is annihilated by a

nonzero constant of R; thus any commutative Noetherian ring furnishes a setting
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in which nonzero power-series annihilators meet R nontrivially, which is the mech-
anism behind hypothesis (1). Examples 5.6 and 5.7 are the simplest reduced and

nonreduced examples.

Corollary 5.9. Let R be an NI ring with an automorphism o and a o-derivation
0 satisfying do = od. Suppose that N(R) is nilpotent, §(N(R)) C N(R), and every
nonzero right annihilator in R[[x; o, d]] contains a nonzero polynomial. If R is weak
(0,0)-skew McCoy, then, for any 0 # f(x) € R[z;0,6] and 0 # g(x) € R[[z;0,d]]
with f(z)g(x) = 0, there exists 0 # ¢ € R such that f(z)c € N(R)[z;0,0] C
N(R[[z;0, ).

Proof. Since R is NI, N(R) is a two-sided ideal, and it is nilpotent by hypothesis.
Moreover, every ring endomorphism preserves nilpotency, so o(N(R)) € N(R),
while 6(N(R)) € N(R) holds by assumption. Hence N(R) is a nilpotent (o, d)-
stable ideal. Thus all the hypotheses of Theorem 5.5 are satisfied, and the conclu-

sion follows. O

Remark 5.10. In Theorem 5.5, the nilpotency of N(R) (hypothesis (3)) is what
places the conclusion in the nilradical of the power series ring: by Lemma 5.4, it
makes N(R)[[x;0,0]] a nilpotent ideal of R][[x;0,d]], so that

N(R)[z;0,6] € N(R[[xz;0,d]]).

The well-definedness of R[[z;0,d]] is a separate matter, assumed here; local nilpo-

tence of § is a standard sufficient condition.
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