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ABSTRACT. Our motivation is to explore the concepts of the left and right
core—EP orthogonality for elements of a ring with involution. In this manner,
we generalize notions of one-sided core-EP orthogonality for operators and
core—EP orthogonality for elements of a ring with involution. Many properties
and characterizations of left and right core-EP orthogonal elements are given.
As consequences, we characterize left and right core orthogonal elements. We
also study equivalent conditions for additive property of the core-EP inverse

and the Drazin inverse.
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1. Introduction

In this paper, an associative ring R with the unit 1 is observed. Let us mark
with R~ the set of all invertible elements of R and assign with R"™¥ the set of all
nilpotent elements of R. Define aR = {ax : x € R} for a € R, and Ra = {za :
x € R} as the image ideals. Now, we denote the kernel ideals with: a° = {x € R :
ax =0} and °a = {z € R : za = 0}.

An element = a” € R is the Drazin inverse of a € R if the following equations
hold:

T = rar, ax = xa, a” =a""x,

for some positive integer k. If a” exists, it is unique. The smallest integer k which
satisfies this definition is called the index of a, marked as ind(a) = k. If ind(a) < 1,
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aP = a7 is the group inverse of a. The symbol R# represents the set of all group

invertible elements of R.

If equalities (a*)* = a, (a+b)* = a* +b*, (ab)* = b*a* are satisfied for a,b € R,
we say that a — a* is an involution in a ring R. The unique element = = af € R
(if it exists) is the Moore-Penrose inverse of a € R which satisfies the next four
equations: ara = a, zar = z, (ax)* = az and (za)* = xa [12]. The set of all
Moore-Penrose invertible elements of R is assigned with Rf. Recent results about
the Moore-Penrose inverse and the Drazin inverse were given in [18,19].

The core-EP inverse was introduced for elements in a ring with involution in
[5], extending the same concept for square matrices presented in [14]. The unique
x = a® € R is the core-EP inverse of the element a € R if it satisfies the following
equations:

ar? =z, (az)* =az, za"=d",

for some positive integer k. Recall that this & is equal to ind(a) and a® = aPa*(a*)f
[5]. Also, a® = a® is the core inverse of a [1] if ind(a) < 1. Denote with R® the
set of all core-EP elements of R and R® is the set of the core invertible elements
of R.

For a,b € R®, the core-EP pre-order [6] is defined as

a<®b if a® =ba® and a®Pa = a®b.

The equality 1 = e; +e2+- - -+ e, with idempotents eq, es, ..., e, € R satisfying
eie; = 0 for ¢ # j, presents a decomposition of the identity. For two decompositions
of the identity 1 = e; +ex+---4+epand 1 = f1 + fo+ -+ - + fn, arbitrary a € R

has the unique matrix form:

aip - Qln
a=| : " : (1)

a DY a
nl nn exf

where a;; = e;af; € ¢Rf;. If a = (aij)exs and b = (bij)exys, then a +b =

(@ij +bij)ex - When 1 = g1 + -+ gy, is a third decomposition of the identity and
n

¢ = (¢ij)fxg, aC = <Z @ik Chj . So, the usual algebraic operations in R can
k=1

exg
be presented as simple operations between corresponding n X n matrices over R.

Also,
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where this matrix representation of a* is given relative to the decompositions of
the identity 1 = ff +---+ frand 1=ej+---+¢} . Whenn =2and p € R isan

idempotent, we note
a1l a2
a = pap + pa(l —p) + (1 —p)ap + (1 — p)a(l —p) = [ ] :
PXp

where a1 = pap, a1z = pa(l — p), az; = (1 — p)ap and aze = (1 — p)a(l — p).
Using one-sided orthogonality conditions, many kinds of orthogonality are estab-
lished for matrices and operators. Here, we are extending many of these results to
the elements of a ring with involution. For one-sided orthogonality concepts, note
that a € R is left orthogonal to b € R (denoted by al;b) if ab =0 and a € R is
right orthogonal to b € R (denoted by a_L,.b) if ba = 0.
Let us recall that a,b € R are

(i) orthogonal (assigned with a_Lb) if ab =0 and ba = 0;
(ii) *-orthogonal (assigned with a.l,b) if a*b =0 and ba* = 0 [7].

Various concepts of orthogonality are related to generalized inverses. Clearly, if
a € R#¥, then alb is equivalent to a#b = 0 and ba# = 0. In the case that a € R,
al,b if and only if atb =0 and bat = 0.

Using the core inverse, the notion of core orthogonal matrices was introduced
in [4] and further investigated in [8,9,10,20]. Based on the core-EP inverse, the
core-EP orthogonality was defined in [13] for Drazin invertible operators as an
extension of the core orthogonality. The core-EP orthogonality was presented in
[17] for elements of a ring with involution. For a € R® and b € R, a is core-EP
orthogonal to b (assigned with aLgb) if

a®bh=0 and ba® = 0.

If ind(a) < 1, the core-EP orthogonality reduces to the core orthogonality. A new
extension of the core-EP orthogonality was given in [15].

As weaker kinds of the core orthogonality and the x-orthogonality, their one-
sided versions were considered in [3] for matrices. The notions of one-sided core
orthogonality and core-EP orthogonality were generalized in [16] to one-sided types
of the core—EP orthogonality for operators. Applying all versions of core and core—
EP orthogonality, significant additive results for core and core—EP inverses were
developed [9,16,20].

Different types of orthogonality and their applications motivated us to continue
studying this topic. Our goal is to further extend concepts of core~EP orthogonality

for elements of a ring [17] and one-sided core-EP orthogonality for operators [16].



4 OLIVERA STANIMIROVIC AND DIJANA MOSIC

More precisely, we define one-sided types of core-EP orthogonality for elements of
a ring with involution. Some properties and several characterizations of one-sided
types of core—EP orthogonality are established. We develop matrix forms of one-
sided core-EP orthogonal elements. Consequently, we get results about one-sided
types of core orthogonality in a ring with involution. Under certain conditions, we
present additive results for the core-EP inverse and the Drazin inverse.

This paper is organized in three sections. Section 2 contains definitions and
properties of one-sided kinds of core-EP orthogonality for elements of a ring with
involution. We give conditions for the core-EP inverse (or the Drazin inverse) of
the sum of two elements to be equal to the sum of their core-EP inverses (or Drazin

inverses) in Section 3.

2. One-sided core—EP orthogonality

In this section, we introduce one-sided kinds of core-EP orthogonality for el-
ements of a ring with involution in order to extend the notions of the core-EP
orthogonality for elements of a ring with involution [17] and the one-sided core-EP

orthogonality for operators [16].

Definition 2.1. For a € R® and b € R, we say that:
(i) a is left core-EP orthogonal to b (assigned with a_Lg, ;b) if a®b = 0;
(ii) a is right core-EP orthogonal to b (assigned with alg, .b) if ba® = 0.

Obviously, if a € R® and b € R, aLpb if and only if alp ;b and algp,-b. Thus,
the core-EP orthogonality implies both left and right core-EP orthogonality, but in
general, by [16, Example 2.1], we see that the left (or right) core-EP orthogonality
does not give the core-EP orthogonality.

For a € R®, the left (or right) core orthogonality for elements of a ring can be

defined as the special case of the left (or right) core-EP orthogonality.

Definition 2.2. For a € R® and b € R, we say that:

(i) a is left core orthogonal to b (assigned with alg ;b) if a®b = 0;
(ii) a is right core orthogonal to b (assigned with alg ,.b) if ba® = 0.

Notice that one-sided core orthogonality and one-sided x-orthogonality were

stated for matrices and operators in [3,16], and here for elements of a ring.

Definition 2.3. For a,b € R , we say that:
(i) a is left x-orthogonal to b (assigned with a.l, ;b) if a*b = 0;
(ii) a is right *-orthogonal to b (assigned with a_l, ,b) if ba* = 0.
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In the case when a € RT, it follows that al, ;b is equivalent to a'b = 0, and
al, b if and only if bat = 0.

We can first characterize a_Lg ;b as [16, Lemma 2.1].

Lemma 2.4. Ifa € RP, b€ R and ind(a) = k, the next assertions are equivalent:
(i) alp.b;

(ii) (a®)Tb=0;

(iii) (a*)*b=0 (i.e., a® L, 1b);
(iv) b*a* =0 (i.e., b, a");
(v) b*a® =0 (i.e., bLl, ;a®);
(vi) bR C (a®)°;

(vii) bR < [(a®)*]°;

) a"R C (b*)°;

x) a®R C (b*)°.

(viii

(i

When ind(a) =1 in Lemma 2.4, we obtain characterizations for a_Lg ;b.

Corollary 2.5. Ifa € R® and b € R, the next assertions are equivalent:
(i) algb;

) a'b=0;

) a*b=0 (ie, al,ib);

) b*a=0 (ie., bl, a);
(v) bla=0;

) bR C (a®)°;

) bR C (a*)°;

) aR C (b*)°;

) a®R C (b*)°.

Also, we can check the following result.

Lemma 2.6. If a,b € R®, k = ind(a) and alg b, then blg a*, aa® Lgbb®,
alpb® and blpa®.

Similarly, we obtain necessary and sufficient conditions for al g .0 and alg b

to be satisfied in a ring.

Lemma 2.7. Ifa € R, b € R and ind(a) = k, the next assertions are equivalent:
(1) aL@7rb,'
(i) baP =
(iii) ba* = 0;
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(a*)*0* =0 (ie., bLir(a*)*);
a®b* =0 (ie., algpb*);
a®R Cb°;

a"R Cb°;

BR C (ab)°;

PR C (a®)°.

(iv
(v
(vi
(vii
(viii

(i

Corollary 2.8. Ifa € R® and b € R, the next assertions are equivalent:
(i) algrb;

ii) ba? = 0;
iii) ba = 0;
iv) a*b* =0 (ie., bl,,a*);
) a®b* =0;

(vi) a®R Cb°;
i)
)
x)

)
)
i)
i)
)
x)

(vil) aR C b°;
(viii) b*R C a®;
(ix) b*R C (a®)°.

We show the next useful property of core—EP invertible elements.

Lemma 2.9. Letbe R? andp =p* =p?> € R. If

0 0
3 04 ]

then by € ((1 —p)R(1 —p))®
Proof. Set
O — [ S ]
T3 X4 .
pXp

From b(b?)? = bP, we have z1 = 0, 2o = 0 and byz? = x4. Since bz = (bz)* and

0 0
bxr = ,
[ b4£E3 b4.’E4 ]
pXp

we have that byzy = (bgz4)*. The fact that bt = bk for some k, implies

[ 0 0 ] _[ 0 0]
xablby x0T - bi~ by bk -

and so 24051 = bk. We conclude that by € (1 —p)R(1—p))® and @ = 2,. O

Now, we introduce decompositions in matrix forms for one-sided orthogonal el-

ements of a ring with involution.
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Theorem 2.10. If a,b € RO, ind(a) = k and p = aa®, the next assertions are

equivalent:
(i) alp.b;

(i) there exists a decomposition of the identity 1 = e; + eq with e; = p such

that
0 O
a[al GQ] and blb b} ,
0 as pXp 3% dpxp

where a1 € (pRp)~ L, af =0 and by € (1 —p)R(1 —p))®;
(iii) there exists a decomposition of the identity 1 = e1 + es + e3 with e = p and

ey = €5 such that

a1 Q21 Qo2 0 0 0
a=1 0 a3z as and b= b31 by ba )
a a b 0 b
33 aza | 32 a3 1.,

where a; € (pPRp)~Y, (az1 + ass + asz + azg)® = 0, by € (eaRez)™ ! and
bi3 =0, for some j;
(iv) b= (1 — aa®)w, for arbitrary w € R;
(v) a®b is idempotent and a®(a + b)a® = a®;
(vi) a®b is idempotent and a®ba® = 0;
(vii) a®b is idempotent and aa®ba®a = 0;
)

(viii) a®b is idempotent and (a*)*ba* = 0.

Proof. (i) = (ii): Relative to p = aa®, by [2] and [11, Lemma 2.3], note that a

and a® have the next matrix forms:

-1
a = @ a2 and CI,Q = “ 0 )
0 as 0 0
pPXp pPXPp

where a; € (pRp)~! and af = 0. Let

by b
b:lbl ;] .
3 4 pXPp

Then, from the assertion 0 = a®b, we have that

0= a;lbl aflbg .
0 0
pPXp

Hence, by = 0 and b, = 0. Because

0 O
b= € RO,
bs by
PXp
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applying Lemma 2.9, it follows that by, € ((1 — p)R(1 —p))®
(ii) = (iii): Since by € ((1 —p)R(1 —p))@, for ¢ = bsb, we observe that, by [2]
and [11, Lemma 2.3],

)

b1 bao
by =
0 bas

axq

0 0
axq
Wehave l =p+q¢+ (1 —p—¢q), p* = pand ¢* = ¢q. Using by € (1 — p)R,
pg = pbsdP = 0. Also, ¢ = ¢* = (bP)*b; € R(1 — p) gives gp = 0. Set e; = p,
eo=qand eg=1—p—q. Now, 1 =e; +e3+e3andee; =0,i#7j,i,j=13

; by 0
where by, € (¢Rq)™!, ind(by) = j and bl = 0. Here, b = l 4 1 .
X

This part sure can be finished with the next results:
b=bs+by=(1=p)bp+bs=qbp+(1—p—q)bp+bs
with
by = ba1 + baz + bas
= q(1=p)b(L =p)g+q(l = p)b(1 —p)(1 —q) + (1 = ¢)(1 = p)b(1 = p)(1—q)
= gbg+gb(l=p—gq)+(1-p—q)b(l-p-q)

So, b has the next matrix form:

0 0 0
b= b1 ba1 bao )
bzo 0 bus

exe
where we denote b3y = gbp, bzz = (1 — p — q)bp, bar = gbq, bsa = qb(1 — p — q) and
baz = (1 —p —q)b(1 — p — q). Also,
a = ai+az+az=pap+pa(l—p)+(1-pa(l-p)
= pap+pag+pa(l —p—q)+qa(l —p)+ (1 —p—qa(l —p)
= pap +paq +pa(l —p —q) + gaqg + qa(l — p — q)
+ (I-p—qlag+(1—p—qla(l—p—q)
and thus
ap a1 a2
a=1 0 a3z as ;

0 a3 as
exe

p)~t, ax = paq, ass = pa(l — p — q), as1 = qaq, azs =

—p—q)ag and azgy = (1 —p—¢q)a(l —p—q) and (a3 +azz +

where a1 = pap € (pR
qa(l—p—q), azz = (1
ass + a34)k = a’§ = O
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(iii) = (i): From

a;t 00
a® = 0 00 )
0 00 oxe
we obtain a®b = 0. Thus, algp, b.
The rest follows as in [16, Theorem 2.1]. O

Using Theorem 2.10, we observe the next equivalent conditions for a_Lg ;b to be
satisfied.

Corollary 2.11. Ifa,b € R® and p = aa®, the next assertions are equivalent:

(i)
(i)

(iii)

(iv)
v)
(vi)
(vii)

)

(viii

(LJ_@Jb,'

there exists a decomposition of the identity 1 = e; + ey with e; = p such

that
0 O
a—[cg %2] and b—lb b} ,
pXp 3% dpxp

where a1 € (pPRp)~! and by € (1 —p)R(1 —p))®;
there exists a decomposition of the identity 1 = ey + eo + e3 with ey = p and

e = e5 such that

a1 Q21 Qg2 0 0 0
a=1| 0 0 0 and b= b1 ba ba )
0 0 0] bz 00 ] .

where a; € (pRp)~! and byy € (eaRez)™;
b= (1—-aa®)w, for arbitrary w € R;

a®b is idempotent and a®(a + b)a® = a®;
a®b is idempotent and a®ba® = 0;

a®b is idempotent and aa®ba®a = 0;

a®b is idempotent and a*ba = 0.

We develop the matrix forms for right core-EP orthogonal elements of a ring

with involution.

Theorem 2.12. If b € R, a € R®, ind(a) = k and p = aa®, then the next

assertions are equivalent:

(i)

aJ_erb,'
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(i) there exists a decomposition of the identity 1 = e; + eq with e; = p such

that
b
az[cgl a2] and b:[ ;] ,
] pxp 4 dpxp

where a; € (pRp)~! and af = 0;

o O

) b=w(1 - a®a), for arbitrary w € R;

) ba® is idempotent and a®(a + b)a® = a®;
(v) ba® is idempotent and a®ba® = 0;

) ba® is idempotent and aa®ba®a = 0;

)

ba® is idempotent and (a*)*ba* = 0.

Proof. (i) = (ii): According to [2] and [11, Lemma 2.3|, we have, for p = aa®,

that is
-1
0
a= @ az and a® = “ ,
0 a3 0 O
pPXp pPXp

Land a§ = 0. Suppose that

by b
b:[l 2] .
by bu |

OZbCL@: l blal_l 0 ]
pPXp

where a1 € (pRp)~

Then

bgafl 0

gives by = 0 and b3 = 0.
(if) = (i): Since

it follows ba® = 0 and thus alp ,b.
(i) & (iii)—(viii): These equivalences follow by characteristics of the core-EP

inverse. O

Under an extra condition (1 — aa®)b € RP, we obtain the new equivalent con-

ditions for a_l g ,b.

Theorem 2.13. Ifb€ R, a,(1—aa®)b € RP, ind(a) = k, p = aa®, then the next

assertions are equivalent:

(1) aJ—@J“b;
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(ii) there exists a decomposition of the identity 1 = e; + es + e3 with e = p and

ey = €5 such that

ap a21 G22
a=| 0 a3z a3 and
0 a3z as

exe

0 ba1 b2
b=10 ba ba )
0 0 b3

exe

where a1 € (pPRp)~1, (as1 + azz + asz + aza)® = 0, by € (eaRea) ™t and

bl =0, for some j.

Proof. (i) = (ii): We can represent a and b as

|

we can conclude that by € (1 —p)R(1 —p))®.

b
b4:[ 41
0

0 0

1 —aa®)b
( ) 0 by

bso

ba3

where by1 € (¢Rq)™", bly = 0 and ind(by) = j.
As in the proof of Theorem 2.10, this part is
(if) = (i): It is clear by

—1

a;- 0 0
a®=1 0 0 0
0 0 0

in part (ii) of Theorem 2.12. Since

€ RO,
PXp

Further, for ¢ = b4bP,

axq

completed.

exe

We can characterize aLg .0 by Theorem 2.12 and Theorem 2.13.

Corollary 2.14. Ifb € R, a € R® and p = aa®, the next assertions are equivalent:

(1) aJ—@J“b;

(i) there exists a decomposition of the identity 1 = e; + eq with e; = p such

that

ap a2

] and
0
PXp

0 by
0 by

)

|

pXp

where a1 € (pPRp)~! and by € (1 —p)R(1 —p))®;

(iii) b = w(1 — a®a), for arbitrary w € R;
(iv

)
)
(v)
)

(vi) ba® is idempotent and aa®ba®a = 0;

ba® is idempotent and a®ba® = 0;

ba® is idempotent and a®(a + b)a® = a®;
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(vii) ba® is idempotent and a*ba = 0.

Corollary 2.15. Ifbe R, a,(1 —aa®)b € R® and p = aa®, the next assertions
are equivalent:

(l) G/L@’Tb,'

(ii) there exists a decomposition of the identity 1 = e1 + ea + e3 with e; = p and

es = €5 such that

ay a1 Q92 0 b21 b22
a=|0 0 O and b= 1|0 by by ,
0 0 0 0 0 0
exe exe

where ay € (pRp)~! and byy € (eaRez) L.

3. Additive results for core—EP and Drazin inverses

In this section, we present additive results for the core-EP inverse and the Drazin
inverse in a ring with involution.
The equalities a®b+a®a = 0 and ba® +aa® = 0 can be connected to one-sided

core—EP orthogonality in the next manner.

Lemma 3.1. For a,b € R® and k = ind(a), we have

(1) a®b+a®a =0 if and only if alg (b+a) if and only if (a+b)R C [(a*)*]°
if and only if aa®(b+ a) = 0 if and only if aa® Lg (b + a);
(ii) ba® + aa® = 0 if and only if a Ly (b +a) if and only if a*R C (a +b)° if
and only if (b+ a)a®a =0;
(iii) a®b+ a®a =0 and ba® + aa® =0 if and only if algy(b+ a).

We consider matrix forms of elements a and b in the case that a®b + a®a = 0
and ba® + aa® = 0.
Lemma 3.2. For a,b € R®, k =ind(a) and p = aa®, we have

(i) a®b+ a®Pa = 0 if and only if there exists a decomposition of the identity
1 =e1 + ey with e; = p such that

a:[aOl QQ] and b:[_bal _baQ] )
“3 1 pxp 3 4 dpxp

1

where a1 € (pRp)~! and af = 0.
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(ii) ba® + aa® = 0 if and only if there exists a decomposition of the identity
1 =-e1 + ey with e; = p such that

— b
a[%l GQ] and b[ ;1 bQ] ,
“ Jpp t dpxp
where a; € (pRp)~L, ak =0 and by € (1 — p)R(1 —p))®. In addition,

—a;' aytbheb? 1
PXp

v =
0 bP

(iii) a®b+a®Pa =0 and ba® +aa® = 0 if and only if there exists a decomposition
of the identity 1 = e1 + e2 with ey = p and ez = e} such that

a= l @ az ] and b= [ — ;az ] )
0 a pXp 0 t dpxp
where a1 € (pRp)~ L, ak =0 and by € (1 — p)R(1 — p))®@. In addition,

o — —a7! —a7'agdb®?
= o .
0 b

pxp

Proof. Using [2] and [11, Lemma 2.3], a and a® are represented as:

-1
a= @ a2 and a® = “ 0 )
0 as 0 O
PXP PXp

where a; € (pRp)~! and af = 0. Set

by b
b= l bl b2 ] :
s ba ]
The rest follows by [11, Lemma 2.3] as in the proof of [16, Lemma 3.2]. |

Under assumptions a®b+ a®Pa = 0 and ba® + aa® = 0, we develop characteri-
zations of (a + )@ = a® + bO.

Theorem 3.3. If a,b € R® satisfy a®b+ aPa = 0 and ba® + aa® = 0, the next
assertions are equivalent:
(i) a+b€eR® and (a+b)® =a® +b2;
(i) a+ b€ R® and (a+b)® =b2(1 — aa®);
(iii) a+be RO, (a+b)® = (1 —aa®)b® and a® = —aa®bO;
(iv) a+be RO, (a+b)® = (1-aa®)b® and (a®)? = —a®bO.

Proof. Applying Lemma 3.2, we show this result as [16, Theorem 3.2]. (I

We obtain additive results for the core inverse as a consequence of Theorem 3.3.
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Corollary 3.4. If a,b € R® satisfy a®b+ a®a =0 and ba® + aa® = 0, the next
assertions are equivalent:
(i) a+b€ R® and (a+b)® =a® +1®;
(i) a+b€ R® and (a+b)® =b&(1 — aa®);
(i) a+b € R® and a® = —aa®0®;
(iv) a+b € R® and (a®)? = —a®b®.

Under the same assumptions as in Theorem 3.3, we obtain new additive results

for the Drazin inverse.

Theorem 3.5. If a,b € R® satisfy a®b + aPa = 0 and ba® + aa® = 0, the next
assertions are equivalent:

(i) a+beRP and (a+b)P =aP +bP;

(ii) a+beRP and (a+b)P =bP(1 — aad?);

(ili) a+beRP, (a+b)P = (1 —aa®)b? and a® = —aa®b?;

(iv) a+beRP, (a+b)P = (1 - aa®)b? and (aP)? = —a®b?;

(v) a+beRP and ((a+b)P —bP)(1 - aaP) = 0.
Proof. Lemma 3.2 implies that there is a decomposition of the identity 1 = e; +es

with e; = p and es = €3 such that

a:[al QZ] and b:l_al _GZ] ,

0 as o 0 by oxp

where k = ind(a), a; € (pRp)~!, a§ =0, and by € ((1 — p)R(1 — p))2. We deduce
that by € (1 — p)R(1 —p))P,

D arl s D —a;’ So
a - = B b~ = )
0 0 0 P
pPXp PXp

1 —1 —1 O
a® = [ a0 ] and b = [ —or ey asby ‘| ,
0 pXp pXp

for some elements s1, so € R. Thus,

CLD n bD _ 0 S1 + S92
0 P
PXp
0 0 . o . . .
Because a + b = is Drazin invertible, it follows that ag + b4 is
0 asg—+by
PXP
also Drazin invertible and
0 0
(a+b)P = [ 0 b D ] )
(a3 + ba) PXp
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We observe that (a + b)” = a” + bP is equivalent to
0= s$1+ 52, (2)
(a3 + b4)D = b4D (3)

(i) & (ii): Since

0 - 0
bP (1 — aa?) = P st = 51 J];Sz
0 1-p 0 by
pXxp

)

pXp
(a +b)P = bP(1 — aa®) if and only if (2) and (3) hold. Hence, (i) and (ii) are
equivalent.

(i) & (iii): By

0 0 [ —a! ] 0 0
(1 — aa®)b? = [ 01 1 C(l)l ;; - l 0 P 1 ,
TP L pxp 4 dpxp 4 dpxp

(a+b)P = (1 — aa®)bP is equivalent to (3). From

a? + aa®bP = 0 s1ts ,
0 0
L dpxp
we deduce that a” = —aa®bP if and only if a” + aa®bP = 0 if and only if (2)
holds. So, (i) is equivalent to (iii).
(i) & (iv): Note that the conditions a” = —aa®b? and (a”)? = —a®b” are

equivalent by known equality a” = a”aa®.
(i) & (v): We have, by

a;t —S9 0 —aist
((a+0)P —bP)(1 —ad®) = [ ! b b
0 (ag+bs)” — by o 0 1-p o

[ 0 —81 — 82 1

- D 1D )

0 (CL3 + b4) b4 oxp

that ((a + )P — bP)(1 — aaP) = 0 is equivalent to (2) and (3). O
Theorem 3.5 gives additive results for the group inverse.

Corollary 3.6. If a,b € R® satisfy a®b+a®a =0 and ba® 4 aa® = 0, the next
assertions are equivalent:
(i) a+beR¥ and (a +b)* = a¥ + b*;
(i) a+b€R* and (a+b)# = b*(1 — aa™);
(iii) a+b € R* and a¥ = —aa®b#;
(iv) a+beR? and (a¥)? = —a®b¥;
(v) a+beR* and ((a+ b)# — b#)(1 — aa®) = 0.
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Also, we can check the following results.

Theorem 3.7. If a,b € R® satisfy ba® + aa® = 0, the next assertions are
equivalent:
(i) a+be RO and (a+b)® = a® +b2;
(i) a+beR® and (a+b)® =b2(1 — aa®);
(iii) a+b € R®, (1—aa®)((a+b)®—b®) = 0 and aa®((a+b)® —bP)(1—aa®) =
0;
(iv) a+b € RO, (1—aa®)((a+b)®—b®) = 0 and a® ((a+b)®—b®)(1—aa®) = 0.

Corollary 3.8. If a,b € R® satisfy ba® + aa® = 0, the neat assertions are
equivalent:
(i) a+beR® and (a+b)® = a® + b®;
(i) a+beR® and (a+b)® =b2(1 — aa®);
(iii) a+b € R®, (1—aa®)((a+b)®—b®) = 0 and bb®? ((a+b)? —b®)(1—aa®) =
0;
(iv) a+b e R®, (1—-aa®)((a+b)®—b®) = 0 and a® ((a+b)® —0®)(1—aa®) = 0.

Theorem 3.9. If a,b €¢ RO satisfy ba® + aa® = 0, the next assertions are
equivalent:
(i) a+beRP and (a+b)P =aP +bP;
(ii) a+beRP and (a+b)P =bP(1 — aadP);
(ili) a+b€ RP and ((a +b)P —bP)(1 —aal) = 0.

Corollary 3.10. If a,b € R® satisfy ba® + aa® = 0, the next assertions are
equivalent:
(i) a+beR¥ and (a +b)# = a¥ + b#;
(i) a+b€R* and (a+b)* = b*(1 — aa™);
(ii) a +b € R* and ((a +b)* — b#)(1 — aa™) = 0.

As in Theorem 3.5, we show the following additive results under the assumption
G,J_Q,Tb.

Theorem 3.11. If a,b € R® satisfy alp b, the next assertions are equivalent:
(i) a+beRP and (a+b)P =aP +bP;
(ii) a+beRP and ((a+b)P —bP)(1 — aa?) = 0.

Corollary 3.12. If a,b € R® satisfy alg b, the next assertions are equivalent:
(i) a+b€R¥ and (a+b)* = a¥ + b#;
(ii) a+beR* and ((a + b)# — b#)(1 — aa®) = 0.
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In the case that a®b + aPa = 0 and ba® + aa® = 0, we study equivalent

conditions for a? <© b2,

Theorem 3.13. Ifa,b € RO satisfy a®b+ aPa = 0 and ba® + aa® = 0, the next
assertions are equivalent:
(i) a2 <O 2;
) aa®(a? + ab) = 0;
) a®(a? + ab) = 0;
(iv) aa®(ab —ba) = 0;
) a®(ab—ba) =0.

Proof. Using Lemma 3.2 and [11, Lemma 2.3], we complete this proof as in [16,
Theorem 3.4]. O
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