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Abstract. Our motivation is to explore the concepts of the left and right
core–EP orthogonality for elements of a ring with involution. In this manner,
we generalize notions of one-sided core–EP orthogonality for operators and
core–EP orthogonality for elements of a ring with involution. Many properties
and characterizations of left and right core–EP orthogonal elements are given.
As consequences, we characterize left and right core orthogonal elements. We
also study equivalent conditions for additive property of the core–EP inverse
and the Drazin inverse.
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1. Introduction

In this paper, an associative ring R with the unit 1 is observed. Let us mark
with R−1 the set of all invertible elements of R and assign with Rnil the set of all
nilpotent elements of R. Define aR = {ax : x ∈ R} for a ∈ R, and Ra = {xa :

x ∈ R} as the image ideals. Now, we denote the kernel ideals with: a◦ = {x ∈ R :

ax = 0} and ◦a = {x ∈ R : xa = 0}.
An element x = aD ∈ R is the Drazin inverse of a ∈ R if the following equations

hold:

x = xax, ax = xa, ak = ak+1x,

for some positive integer k. If aD exists, it is unique. The smallest integer k which
satisfies this definition is called the index of a, marked as ind(a) = k. If ind(a) ≤ 1,
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aD = a# is the group inverse of a. The symbol R# represents the set of all group
invertible elements of R.

If equalities (a∗)∗ = a, (a+ b)∗ = a∗ + b∗, (ab)∗ = b∗a∗ are satisfied for a, b ∈ R,
we say that a 7→ a∗ is an involution in a ring R. The unique element x = a† ∈ R
(if it exists) is the Moore-Penrose inverse of a ∈ R which satisfies the next four
equations: axa = a, xax = x, (ax)∗ = ax and (xa)∗ = xa [12]. The set of all
Moore–Penrose invertible elements of R is assigned with R†. Recent results about
the Moore-Penrose inverse and the Drazin inverse were given in [18,19].

The core-EP inverse was introduced for elements in a ring with involution in
[5], extending the same concept for square matrices presented in [14]. The unique
x = aD⃝ ∈ R is the core–EP inverse of the element a ∈ R if it satisfies the following
equations:

ax2 = x, (ax)∗ = ax, xak+1 = ak,

for some positive integer k. Recall that this k is equal to ind(a) and aD⃝ = aDak(ak)†

[5]. Also, aD⃝ = a#⃝ is the core inverse of a [1] if ind(a) ≤ 1. Denote with RD⃝ the
set of all core–EP elements of R and R#⃝ is the set of the core invertible elements
of R.

For a, b ∈ RD⃝, the core–EP pre-order [6] is defined as

a ≤D⃝ b if aaD⃝ = baD⃝ and aD⃝a = aD⃝b.

The equality 1 = e1+e2+ · · ·+en with idempotents e1, e2, . . . , en ∈ R satisfying
eiej = 0 for i 6= j, presents a decomposition of the identity. For two decompositions
of the identity 1 = e1 + e2 + · · · + en and 1 = f1 + f2 + · · · + fn, arbitrary a ∈ R
has the unique matrix form:

a =


a11 · · · a1n
... . . . ...

an1 · · · ann


e×f

, (1)

where aij = eiafj ∈ eiRfj . If a = (aij)e×f and b = (bij)e×f , then a + b =

(aij + bij)e×f . When 1 = g1 + · · ·+ gn is a third decomposition of the identity and

c = (cij)f×g, ac =

(
n∑

k=1

aikckj

)
e×g

. So, the usual algebraic operations in R can

be presented as simple operations between corresponding n × n matrices over R.
Also,

a∗ =


a∗11 · · · a∗n1
... . . . ...

a∗1n · · · a∗nn


f∗×e∗

,
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where this matrix representation of a∗ is given relative to the decompositions of
the identity 1 = f∗

1 + · · ·+ f∗
n and 1 = e∗1 + · · ·+ e∗n . When n = 2 and p ∈ R is an

idempotent, we note

a = pap+ pa(1− p) + (1− p)ap+ (1− p)a(1− p) =

[
a11 a12

a21 a22

]
p×p

,

where a11 = pap, a12 = pa(1− p), a21 = (1− p)ap and a22 = (1− p)a(1− p).
Using one-sided orthogonality conditions, many kinds of orthogonality are estab-

lished for matrices and operators. Here, we are extending many of these results to
the elements of a ring with involution. For one-sided orthogonality concepts, note
that a ∈ R is left orthogonal to b ∈ R (denoted by a⊥lb) if ab = 0 and a ∈ R is
right orthogonal to b ∈ R (denoted by a⊥rb) if ba = 0.

Let us recall that a, b ∈ R are

(i) orthogonal (assigned with a⊥b) if ab = 0 and ba = 0;

(ii) ∗-orthogonal (assigned with a⊥∗b) if a∗b = 0 and ba∗ = 0 [7].

Various concepts of orthogonality are related to generalized inverses. Clearly, if
a ∈ R#, then a⊥b is equivalent to a#b = 0 and ba# = 0. In the case that a ∈ R†,
a⊥∗b if and only if a†b = 0 and ba† = 0.

Using the core inverse, the notion of core orthogonal matrices was introduced
in [4] and further investigated in [8,9,10,20]. Based on the core–EP inverse, the
core–EP orthogonality was defined in [13] for Drazin invertible operators as an
extension of the core orthogonality. The core–EP orthogonality was presented in
[17] for elements of a ring with involution. For a ∈ RD⃝ and b ∈ R, a is core–EP
orthogonal to b (assigned with a⊥D⃝b) if

aD⃝b = 0 and baD⃝ = 0.

If ind(a) ≤ 1, the core–EP orthogonality reduces to the core orthogonality. A new
extension of the core–EP orthogonality was given in [15].

As weaker kinds of the core orthogonality and the ∗-orthogonality, their one-
sided versions were considered in [3] for matrices. The notions of one-sided core
orthogonality and core–EP orthogonality were generalized in [16] to one-sided types
of the core–EP orthogonality for operators. Applying all versions of core and core–
EP orthogonality, significant additive results for core and core–EP inverses were
developed [9,16,20].

Different types of orthogonality and their applications motivated us to continue
studying this topic. Our goal is to further extend concepts of core–EP orthogonality
for elements of a ring [17] and one-sided core–EP orthogonality for operators [16].
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More precisely, we define one-sided types of core–EP orthogonality for elements of
a ring with involution. Some properties and several characterizations of one-sided
types of core–EP orthogonality are established. We develop matrix forms of one-
sided core–EP orthogonal elements. Consequently, we get results about one-sided
types of core orthogonality in a ring with involution. Under certain conditions, we
present additive results for the core–EP inverse and the Drazin inverse.

This paper is organized in three sections. Section 2 contains definitions and
properties of one-sided kinds of core–EP orthogonality for elements of a ring with
involution. We give conditions for the core–EP inverse (or the Drazin inverse) of
the sum of two elements to be equal to the sum of their core–EP inverses (or Drazin
inverses) in Section 3.

2. One-sided core–EP orthogonality

In this section, we introduce one-sided kinds of core–EP orthogonality for el-
ements of a ring with involution in order to extend the notions of the core–EP
orthogonality for elements of a ring with involution [17] and the one-sided core–EP
orthogonality for operators [16].

Definition 2.1. For a ∈ RD⃝ and b ∈ R, we say that:

(i) a is left core–EP orthogonal to b (assigned with a⊥D⃝,lb) if aD⃝b = 0;

(ii) a is right core–EP orthogonal to b (assigned with a⊥D⃝,rb) if baD⃝ = 0.

Obviously, if a ∈ RD⃝ and b ∈ R, a⊥D⃝b if and only if a⊥D⃝,lb and a⊥D⃝,rb. Thus,
the core–EP orthogonality implies both left and right core–EP orthogonality, but in
general, by [16, Example 2.1], we see that the left (or right) core–EP orthogonality
does not give the core–EP orthogonality.

For a ∈ R#⃝, the left (or right) core orthogonality for elements of a ring can be
defined as the special case of the left (or right) core–EP orthogonality.

Definition 2.2. For a ∈ R#⃝ and b ∈ R, we say that:

(i) a is left core orthogonal to b (assigned with a⊥#⃝,lb) if a#⃝b = 0;

(ii) a is right core orthogonal to b (assigned with a⊥#⃝,rb) if ba#⃝ = 0.

Notice that one-sided core orthogonality and one-sided ∗-orthogonality were
stated for matrices and operators in [3,16], and here for elements of a ring.

Definition 2.3. For a, b ∈ R , we say that:

(i) a is left ∗-orthogonal to b (assigned with a⊥∗,lb) if a∗b = 0;

(ii) a is right ∗-orthogonal to b (assigned with a⊥∗,rb) if ba∗ = 0.
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In the case when a ∈ R†, it follows that a⊥∗,lb is equivalent to a†b = 0, and
a⊥∗,rb if and only if ba† = 0.

We can first characterize a⊥D⃝,lb as [16, Lemma 2.1].

Lemma 2.4. If a ∈ RD⃝, b ∈ R and ind(a) = k, the next assertions are equivalent:

(i) a⊥D⃝,lb;
(ii) (ak)†b = 0;
(iii) (ak)∗b = 0 (i.e., ak⊥∗,lb);
(iv) b∗ak = 0 (i.e., b⊥∗,la

k);
(v) b∗aD⃝ = 0 (i.e., b⊥∗,la

D⃝);
(vi) bR ⊆ (aD⃝)◦;
(vii) bR ⊆ [(ak)∗]◦;
(viii) akR ⊆ (b∗)◦;
(ix) aD⃝R ⊆ (b∗)◦.

When ind(a) = 1 in Lemma 2.4, we obtain characterizations for a⊥#⃝,lb.

Corollary 2.5. If a ∈ R#⃝ and b ∈ R, the next assertions are equivalent:

(i) a⊥#⃝,lb;
(ii) a†b = 0;
(iii) a∗b = 0 (i.e., a⊥∗,lb);
(iv) b∗a = 0 (i.e., b⊥∗,la);
(v) b†a = 0;
(vi) bR ⊆ (a#⃝)◦;
(vii) bR ⊆ (a∗)◦;
(viii) aR ⊆ (b∗)◦;
(ix) a#⃝R ⊆ (b∗)◦.

Also, we can check the following result.

Lemma 2.6. If a, b ∈ RD⃝, k = ind(a) and a⊥D⃝,lb, then b⊥D⃝,la
k, aaD⃝⊥#⃝bbD⃝,

a⊥D⃝bD⃝ and b⊥D⃝aD⃝.

Similarly, we obtain necessary and sufficient conditions for a⊥D⃝,rb and a⊥#⃝,rb

to be satisfied in a ring.

Lemma 2.7. If a ∈ RD⃝, b ∈ R and ind(a) = k, the next assertions are equivalent:

(i) a⊥D⃝,rb;
(ii) baD = 0;
(iii) bak = 0;
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(iv) (ak)∗b∗ = 0 (i.e., b⊥∗,r(a
k)∗);

(v) aD⃝b∗ = 0 (i.e., a⊥D⃝,lb
∗);

(vi) aD⃝R ⊆ b◦;
(vii) akR ⊆ b◦;
(viii) b∗R ⊆ (ak)◦;
(ix) b∗R ⊆ (aD⃝)◦.

Corollary 2.8. If a ∈ R#⃝ and b ∈ R, the next assertions are equivalent:
(i) a⊥#⃝,rb;
(ii) ba# = 0;
(iii) ba = 0;
(iv) a∗b∗ = 0 (i.e., b⊥∗,ra

∗);
(v) a#⃝b∗ = 0;
(vi) a#⃝R ⊆ b◦;
(vii) aR ⊆ b◦;
(viii) b∗R ⊆ a◦;
(ix) b∗R ⊆ (a#⃝)◦.

We show the next useful property of core–EP invertible elements.

Lemma 2.9. Let b ∈ RD⃝ and p = p∗ = p2 ∈ R. If

b =

[
0 0

b3 b4

]
p×p

,

then b4 ∈ ((1− p)R(1− p))D⃝.

Proof. Set

bD⃝ =

[
x1 x2

x3 x4

]
p×p

.

From b(bD⃝)2 = bD⃝, we have x1 = 0, x2 = 0 and b4x
2
4 = x4. Since bx = (bx)∗ and

bx =

[
0 0

b4x3 b4x4

]
p×p

,

we have that b4x4 = (b4x4)
∗. The fact that xbk+1 = bk, for some k, implies[

0 0

x4b
k
4b3 x4b

k+1
4

]
p×p

=

[
0 0

bk−1
4 b3 bk4

]
p×p

and so x4b
k+1
4 = bk4 . We conclude that b4 ∈ ((1− p)R(1− p))D⃝ and bD⃝

4 = x4. □

Now, we introduce decompositions in matrix forms for one-sided orthogonal el-
ements of a ring with involution.
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Theorem 2.10. If a, b ∈ RD⃝, ind(a) = k and p = aaD⃝, the next assertions are
equivalent:

(i) a⊥D⃝,lb;
(ii) there exists a decomposition of the identity 1 = e1 + e2 with e1 = p such

that

a =

[
a1 a2

0 a3

]
p×p

and b =

[
0 0

b3 b4

]
p×p

,

where a1 ∈ (pRp)−1, ak3 = 0 and b4 ∈ ((1− p)R(1− p))D⃝;
(iii) there exists a decomposition of the identity 1 = e1+ e2+ e3 with e1 = p and

e2 = e∗2 such that

a =

 a1 a21 a22

0 a31 a32

0 a33 a34


e×e

and b =

 0 0 0

b31 b41 b42

b32 0 b43


e×e

,

where a1 ∈ (pRp)−1, (a31 + a32 + a33 + a34)
k = 0, b41 ∈ (e2Re2)

−1 and
bj43 = 0, for some j;

(iv) b = (1− aaD⃝)w, for arbitrary w ∈ R;
(v) aD⃝b is idempotent and aD⃝(a+ b)aD⃝ = aD⃝;
(vi) aD⃝b is idempotent and aD⃝baD⃝ = 0;
(vii) aD⃝b is idempotent and aaD⃝baD⃝a = 0;
(viii) aD⃝b is idempotent and (ak)∗bak = 0.

Proof. (i) ⇒ (ii): Relative to p = aaD⃝, by [2] and [11, Lemma 2.3], note that a

and aD⃝ have the next matrix forms:

a =

[
a1 a2

0 a3

]
p×p

and aD⃝ =

[
a−1
1 0

0 0

]
p×p

,

where a1 ∈ (pRp)−1 and ak3 = 0. Let

b =

[
b1 b2

b3 b4

]
p×p

.

Then, from the assertion 0 = aD⃝b, we have that

0 =

[
a−1
1 b1 a−1

1 b2

0 0

]
p×p

.

Hence, b1 = 0 and b2 = 0. Because

b =

[
0 0

b3 b4

]
p×p

∈ RD⃝,
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applying Lemma 2.9, it follows that b4 ∈ ((1− p)R(1− p))D⃝.
(ii) ⇒ (iii): Since b4 ∈ ((1− p)R(1− p))D⃝, for q = b4b

D⃝
4 , we observe that, by [2]

and [11, Lemma 2.3],

b4 =

[
b41 b42

0 b43

]
q×q

,

where b41 ∈ (qRq)−1, ind(b4) = j and bj43 = 0. Here, bD⃝
4 =

[
b−1
41 0

0 0

]
q×q

.

We have 1 = p + q + (1 − p − q), p∗ = p and q∗ = q. Using b4 ∈ (1 − p)R,
pq = pb4b

D⃝
4 = 0. Also, q = q∗ = (bD⃝

4 )∗b∗4 ∈ R(1 − p) gives qp = 0. Set e1 = p,
e2 = q and e3 = 1 − p − q. Now, 1 = e1 + e2 + e3 and eiej = 0, i 6= j, i, j = 1, 3.
This part sure can be finished with the next results:

b = b3 + b4 = (1− p)bp+ b4 = qbp+ (1− p− q)bp+ b4

with

b4 = b41 + b42 + b43

= q(1− p)b(1− p)q + q(1− p)b(1− p)(1− q) + (1− q)(1− p)b(1− p)(1− q)

= qbq + qb(1− p− q) + (1− p− q)b(1− p− q).

So, b has the next matrix form:

b =

 0 0 0

b31 b41 b42

b32 0 b43


e×e

,

where we denote b31 = qbp, b32 = (1− p− q)bp, b41 = qbq, b42 = qb(1− p− q) and
b43 = (1− p− q)b(1− p− q). Also,

a = a1 + a2 + a3 = pap+ pa(1− p) + (1− p)a(1− p)

= pap+ paq + pa(1− p− q) + qa(1− p) + (1− p− q)a(1− p)

= pap+ paq + pa(1− p− q) + qaq + qa(1− p− q)

+ (1− p− q)aq + (1− p− q)a(1− p− q)

and thus

a =

 a1 a21 a22

0 a31 a32

0 a33 a34


e×e

,

where a1 = pap ∈ (pRp)−1, a21 = paq, a22 = pa(1 − p − q), a31 = qaq, a32 =

qa(1− p− q), a33 = (1− p− q)aq and a34 = (1− p− q)a(1− p− q) and (a31+ a32+

a33 + a34)
k = ak3 = 0.
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(iii) ⇒ (i): From

aD⃝ =

 a−1
1 0 0

0 0 0

0 0 0


e×e

,

we obtain aD⃝b = 0. Thus, a⊥D⃝,lb.
The rest follows as in [16, Theorem 2.1]. □

Using Theorem 2.10, we observe the next equivalent conditions for a⊥#⃝,lb to be
satisfied.

Corollary 2.11. If a, b ∈ R#⃝ and p = aa#⃝, the next assertions are equivalent:

(i) a⊥#⃝,lb;
(ii) there exists a decomposition of the identity 1 = e1 + e2 with e1 = p such

that

a =

[
a1 a2

0 0

]
p×p

and b =

[
0 0

b3 b4

]
p×p

,

where a1 ∈ (pRp)−1 and b4 ∈ ((1− p)R(1− p))#⃝;
(iii) there exists a decomposition of the identity 1 = e1+ e2+ e3 with e1 = p and

e2 = e∗2 such that

a =

 a1 a21 a22

0 0 0

0 0 0


e×e

and b =

 0 0 0

b31 b41 b42

b32 0 0


e×e

,

where a1 ∈ (pRp)−1 and b41 ∈ (e2Re2)
−1;

(iv) b = (1− aa#⃝)w, for arbitrary w ∈ R;
(v) a#⃝b is idempotent and a#⃝(a+ b)a#⃝ = a#⃝;
(vi) a#⃝b is idempotent and a#⃝ba#⃝ = 0;
(vii) a#⃝b is idempotent and aa#⃝ba#⃝a = 0;
(viii) a#⃝b is idempotent and a∗ba = 0.

We develop the matrix forms for right core–EP orthogonal elements of a ring
with involution.

Theorem 2.12. If b ∈ R, a ∈ RD⃝, ind(a) = k and p = aaD⃝, then the next
assertions are equivalent:

(i) a⊥D⃝,rb;
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(ii) there exists a decomposition of the identity 1 = e1 + e2 with e1 = p such
that

a =

[
a1 a2

0 a3

]
p×p

and b =

[
0 b2

0 b4

]
p×p

,

where a1 ∈ (pRp)−1 and ak3 = 0;
(iii) b = w(1− aD⃝a), for arbitrary w ∈ R;
(iv) baD⃝ is idempotent and aD⃝(a+ b)aD⃝ = aD⃝;
(v) baD⃝ is idempotent and aD⃝baD⃝ = 0;
(vi) baD⃝ is idempotent and aaD⃝baD⃝a = 0;
(vii) baD⃝ is idempotent and (ak)∗bak = 0.

Proof. (i) ⇒ (ii): According to [2] and [11, Lemma 2.3], we have, for p = aaD⃝,
that is

a =

[
a1 a2

0 a3

]
p×p

and aD⃝ =

[
a−1
1 0

0 0

]
p×p

,

where a1 ∈ (pRp)−1 and ak3 = 0. Suppose that

b =

[
b1 b2

b3 b4

]
p×p

.

Then

0 = baD⃝ =

[
b1a

−1
1 0

b3a
−1
1 0

]
p×p

gives b1 = 0 and b3 = 0.
(ii) ⇒ (i): Since

aD⃝ =

[
a−1
1 0

0 0

]
p×p

,

it follows baD⃝ = 0 and thus a⊥D⃝,rb.
(i) ⇔ (iii)–(viii): These equivalences follow by characteristics of the core–EP

inverse. □

Under an extra condition (1 − aaD⃝)b ∈ RD⃝, we obtain the new equivalent con-
ditions for a⊥D⃝,rb.

Theorem 2.13. If b ∈ R, a, (1−aaD⃝)b ∈ RD⃝, ind(a) = k, p = aaD⃝, then the next
assertions are equivalent:

(i) a⊥D⃝,rb;
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(ii) there exists a decomposition of the identity 1 = e1+ e2+ e3 with e1 = p and
e2 = e∗2 such that

a =

 a1 a21 a22

0 a31 a32

0 a33 a34


e×e

and b =

 0 b21 b22

0 b41 b42

0 0 b43


e×e

,

where a1 ∈ (pRp)−1, (a31 + a32 + a33 + a34)
k = 0, b41 ∈ (e2Re2)

−1 and
bj43 = 0, for some j.

Proof. (i) ⇒ (ii): We can represent a and b as in part (ii) of Theorem 2.12. Since

(1− aaD⃝)b =

[
0 0

0 b4

]
p×p

∈ RD⃝,

we can conclude that b4 ∈ ((1− p)R(1− p))D⃝. Further, for q = b4b
D⃝
4 ,

b4 =

[
b41 b42

0 b43

]
q×q

,

where b41 ∈ (qRq)−1, bj43 = 0 and ind(b4) = j.
As in the proof of Theorem 2.10, this part is completed.
(ii) ⇒ (i): It is clear by

aD⃝ =

 a−1
1 0 0

0 0 0

0 0 0


e×e

.

□

We can characterize a⊥#⃝,rb by Theorem 2.12 and Theorem 2.13.

Corollary 2.14. If b ∈ R, a ∈ R#⃝ and p = aa#⃝, the next assertions are equivalent:

(i) a⊥#⃝,rb;
(ii) there exists a decomposition of the identity 1 = e1 + e2 with e1 = p such

that

a =

[
a1 a2

0 0

]
p×p

and b =

[
0 b2

0 b4

]
p×p

,

where a1 ∈ (pRp)−1 and b4 ∈ ((1− p)R(1− p))#⃝;
(iii) b = w(1− a#⃝a), for arbitrary w ∈ R;
(iv) ba#⃝ is idempotent and a#⃝(a+ b)a#⃝ = a#⃝;
(v) ba#⃝ is idempotent and a#⃝ba#⃝ = 0;
(vi) ba#⃝ is idempotent and aa#⃝ba#⃝a = 0;
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(vii) ba#⃝ is idempotent and a∗ba = 0.

Corollary 2.15. If b ∈ R, a, (1 − aaD⃝)b ∈ R#⃝ and p = aa#⃝, the next assertions
are equivalent:

(i) a⊥#⃝,rb;
(ii) there exists a decomposition of the identity 1 = e1+ e2+ e3 with e1 = p and

e2 = e∗2 such that

a =

 a1 a21 a22

0 0 0

0 0 0


e×e

and b =

 0 b21 b22

0 b41 b42

0 0 0


e×e

,

where a1 ∈ (pRp)−1 and b41 ∈ (e2Re2)
−1.

3. Additive results for core–EP and Drazin inverses

In this section, we present additive results for the core–EP inverse and the Drazin
inverse in a ring with involution.

The equalities aD⃝b+aD⃝a = 0 and baD⃝ +aaD⃝ = 0 can be connected to one-sided
core–EP orthogonality in the next manner.

Lemma 3.1. For a, b ∈ RD⃝ and k = ind(a), we have

(i) aD⃝b+aD⃝a = 0 if and only if a⊥D⃝,l(b+a) if and only if (a+ b)R ⊆ [(ak)∗]◦

if and only if aaD⃝(b+ a) = 0 if and only if aaD⃝⊥#⃝,l(b+ a);
(ii) baD⃝ + aaD⃝ = 0 if and only if a⊥D⃝,r(b+ a) if and only if akR ⊆ (a+ b)◦ if

and only if (b+ a)aD⃝a = 0;
(iii) aD⃝b+ aD⃝a = 0 and baD⃝ + aaD⃝ = 0 if and only if a⊥D⃝(b+ a).

We consider matrix forms of elements a and b in the case that aD⃝b + aD⃝a = 0

and baD⃝ + aaD⃝ = 0.

Lemma 3.2. For a, b ∈ RD⃝, k = ind(a) and p = aa#⃝, we have

(i) aD⃝b + aD⃝a = 0 if and only if there exists a decomposition of the identity
1 = e1 + e2 with e1 = p such that

a =

[
a1 a2

0 a3

]
p×p

and b =

[
−a1 −a2

b3 b4

]
p×p

,

where a1 ∈ (pRp)−1 and ak3 = 0.
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(ii) baD⃝ + aaD⃝ = 0 if and only if there exists a decomposition of the identity
1 = e1 + e2 with e1 = p such that

a =

[
a1 a2

0 a3

]
p×p

and b =

[
−a1 b2

0 b4

]
p×p

,

where a1 ∈ (pRp)−1, ak3 = 0 and b4 ∈ ((1− p)R(1− p))D⃝. In addition,

bD⃝ =

[
−a−1

1 a−1
1 b2b

D⃝
4

0 bD⃝
4

]
p×p

.

(iii) aD⃝b+aD⃝a = 0 and baD⃝+aaD⃝ = 0 if and only if there exists a decomposition
of the identity 1 = e1 + e2 with e1 = p and e2 = e∗2 such that

a =

[
a1 a2

0 a3

]
p×p

and b =

[
−a1 −a2

0 b4

]
p×p

,

where a1 ∈ (pRp)−1, ak3 = 0 and b4 ∈ ((1− p)R(1− p))D⃝. In addition,

bD⃝ =

[
−a−1

1 −a−1
1 a2b

D⃝
4

0 bD⃝
4

]
p×p

.

Proof. Using [2] and [11, Lemma 2.3], a and aD⃝ are represented as:

a =

[
a1 a2

0 a3

]
p×p

and aD⃝ =

[
a−1
1 0

0 0

]
p×p

,

where a1 ∈ (pRp)−1 and ak3 = 0. Set

b =

[
b1 b2

b3 b4

]
p×p

.

The rest follows by [11, Lemma 2.3] as in the proof of [16, Lemma 3.2]. □

Under assumptions aD⃝b+ aD⃝a = 0 and baD⃝ + aaD⃝ = 0, we develop characteri-
zations of (a+ b)D⃝ = aD⃝ + bD⃝.

Theorem 3.3. If a, b ∈ RD⃝ satisfy aD⃝b+ aD⃝a = 0 and baD⃝ + aaD⃝ = 0, the next
assertions are equivalent:

(i) a+ b ∈ RD⃝ and (a+ b)D⃝ = aD⃝ + bD⃝;
(ii) a+ b ∈ RD⃝ and (a+ b)D⃝ = bD⃝(1− aaD⃝);
(iii) a+ b ∈ RD⃝, (a+ b)D⃝ = (1− aaD⃝)bD⃝ and aD⃝ = −aaD⃝bD⃝;
(iv) a+ b ∈ RD⃝, (a+ b)D⃝ = (1− aaD⃝)bD⃝ and (aD⃝)2 = −aD⃝bD⃝.

Proof. Applying Lemma 3.2, we show this result as [16, Theorem 3.2]. □

We obtain additive results for the core inverse as a consequence of Theorem 3.3.
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Corollary 3.4. If a, b ∈ R#⃝ satisfy a#⃝b+ a#⃝a = 0 and ba#⃝ + aa#⃝ = 0, the next
assertions are equivalent:

(i) a+ b ∈ R#⃝ and (a+ b)#⃝ = a#⃝ + b#⃝;
(ii) a+ b ∈ R#⃝ and (a+ b)#⃝ = b#⃝(1− aa#⃝);
(iii) a+ b ∈ R#⃝ and a#⃝ = −aa#⃝b#⃝;
(iv) a+ b ∈ R#⃝ and (a#⃝)2 = −a#⃝b#⃝.

Under the same assumptions as in Theorem 3.3, we obtain new additive results
for the Drazin inverse.

Theorem 3.5. If a, b ∈ RD⃝ satisfy aD⃝b+ aD⃝a = 0 and baD⃝ + aaD⃝ = 0, the next
assertions are equivalent:

(i) a+ b ∈ RD and (a+ b)D = aD + bD;
(ii) a+ b ∈ RD and (a+ b)D = bD(1− aaD);
(iii) a+ b ∈ RD, (a+ b)D = (1− aaD⃝)bD and aD = −aaD⃝bD;
(iv) a+ b ∈ RD, (a+ b)D = (1− aaD⃝)bD and (aD)2 = −aD⃝bD;
(v) a+ b ∈ RD and ((a+ b)D − bD)(1− aaD) = 0.

Proof. Lemma 3.2 implies that there is a decomposition of the identity 1 = e1+e2

with e1 = p and e2 = e∗2 such that

a =

[
a1 a2

0 a3

]
p×p

and b =

[
−a1 −a2

0 b4

]
p×p

,

where k = ind(a), a1 ∈ (pRp)−1, ak3 = 0, and b4 ∈ ((1− p)R(1− p))D⃝. We deduce
that b4 ∈ ((1− p)R(1− p))D,

aD =

[
a−1
1 s1

0 0

]
p×p

, bD =

[
−a−1

1 s2

0 bD4

]
p×p

,

aD⃝ =

[
a−1
1 0

0 0

]
p×p

and bD⃝ =

[
−a−1

1 −a−1
1 a2b

D⃝
4

0 bD⃝
4

]
p×p

,

for some elements s1, s2 ∈ R. Thus,

aD + bD =

[
0 s1 + s2

0 bD4

]
p×p

.

Because a + b =

[
0 0

0 a3 + b4

]
p×p

is Drazin invertible, it follows that a3 + b4 is

also Drazin invertible and

(a+ b)D =

[
0 0

0 (a3 + b4)
D

]
p×p

.
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We observe that (a+ b)D = aD + bD is equivalent to

0 = s1 + s2, (2)

(a3 + b4)
D = bD4 . (3)

(i) ⇔ (ii): Since

bD(1− aaD) = bD

[
0 −a1s1

0 1− p

]
p×p

=

[
0 s1 + s2

0 bD4

]
p×p

,

(a + b)D = bD(1 − aaD) if and only if (2) and (3) hold. Hence, (i) and (ii) are
equivalent.

(i) ⇔ (iii): By

(1− aaD⃝)bD =

[
0 0

0 1− p

]
p×p

[
−a−1

1 s2

0 bD4

]
p×p

=

[
0 0

0 bD4

]
p×p

,

(a+ b)D = (1− aaD⃝)bD is equivalent to (3). From

aD + aaD⃝bD =

[
0 s1 + s2

0 0

]
p×p

,

we deduce that aD = −aaD⃝bD if and only if aD + aaD⃝bD = 0 if and only if (2)
holds. So, (i) is equivalent to (iii).

(i) ⇔ (iv): Note that the conditions aD = −aaD⃝bD and (aD)2 = −aD⃝bD are
equivalent by known equality aD = aDaaD⃝.

(i) ⇔ (v): We have, by

((a+ b)D − bD)(1− aaD) =

[
a−1
1 −s2

0 (a3 + b4)
D − bD4

]
p×p

[
0 −a1s1

0 1− p

]
p×p

=

[
0 −s1 − s2

0 (a3 + b4)
D − bD4

]
p×p

,

that ((a+ b)D − bD)(1− aaD) = 0 is equivalent to (2) and (3). □

Theorem 3.5 gives additive results for the group inverse.

Corollary 3.6. If a, b ∈ R#⃝ satisfy a#⃝b+ a#⃝a = 0 and ba#⃝ + aa#⃝ = 0, the next
assertions are equivalent:

(i) a+ b ∈ R# and (a+ b)# = a# + b#;
(ii) a+ b ∈ R# and (a+ b)# = b#(1− aa#);
(iii) a+ b ∈ R# and a# = −aa#⃝b#;
(iv) a+ b ∈ R# and (a#)2 = −a#⃝b#;
(v) a+ b ∈ R# and ((a+ b)# − b#)(1− aa#) = 0.
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Also, we can check the following results.

Theorem 3.7. If a, b ∈ RD⃝ satisfy baD⃝ + aaD⃝ = 0, the next assertions are
equivalent:

(i) a+ b ∈ RD⃝ and (a+ b)D⃝ = aD⃝ + bD⃝;
(ii) a+ b ∈ RD⃝ and (a+ b)D⃝ = bD⃝(1− aaD⃝);
(iii) a+b ∈ RD⃝, (1−aaD⃝)((a+b)D⃝−bD⃝) = 0 and aaD⃝((a+b)D⃝−bD⃝)(1−aaD⃝) =

0;
(iv) a+b ∈ RD⃝, (1−aaD⃝)((a+b)D⃝−bD⃝) = 0 and aD⃝((a+b)D⃝−bD⃝)(1−aaD⃝) = 0.

Corollary 3.8. If a, b ∈ R#⃝ satisfy ba#⃝ + aa#⃝ = 0, the next assertions are
equivalent:

(i) a+ b ∈ R#⃝ and (a+ b)#⃝ = a#⃝ + b#⃝;
(ii) a+ b ∈ R#⃝ and (a+ b)#⃝ = b#⃝(1− aa#⃝);
(iii) a+b ∈ R#⃝, (1−aa#⃝)((a+b)#⃝−b#⃝) = 0 and bb#⃝((a+b)#⃝−b#⃝)(1−aa#⃝) =

0;
(iv) a+b ∈ R#⃝, (1−aa#⃝)((a+b)#⃝−b#⃝) = 0 and a#⃝((a+b)#⃝−b#⃝)(1−aa#⃝) = 0.

Theorem 3.9. If a, b ∈ RD⃝ satisfy baD⃝ + aaD⃝ = 0, the next assertions are
equivalent:

(i) a+ b ∈ RD and (a+ b)D = aD + bD;
(ii) a+ b ∈ RD and (a+ b)D = bD(1− aaD);
(iii) a+ b ∈ RD and ((a+ b)D − bD)(1− aaD) = 0.

Corollary 3.10. If a, b ∈ R#⃝ satisfy ba#⃝ + aa#⃝ = 0, the next assertions are
equivalent:

(i) a+ b ∈ R# and (a+ b)# = a# + b#;
(ii) a+ b ∈ R# and (a+ b)# = b#(1− aa#);
(iii) a+ b ∈ R# and ((a+ b)# − b#)(1− aa#) = 0.

As in Theorem 3.5, we show the following additive results under the assumption
a⊥D⃝,rb.

Theorem 3.11. If a, b ∈ RD⃝ satisfy a⊥D⃝,rb, the next assertions are equivalent:
(i) a+ b ∈ RD and (a+ b)D = aD + bD;
(ii) a+ b ∈ RD and ((a+ b)D − bD)(1− aaD) = 0.

Corollary 3.12. If a, b ∈ R#⃝ satisfy a⊥#⃝,rb, the next assertions are equivalent:
(i) a+ b ∈ R# and (a+ b)# = a# + b#;
(ii) a+ b ∈ R# and ((a+ b)# − b#)(1− aa#) = 0.
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In the case that aD⃝b + aD⃝a = 0 and baD⃝ + aaD⃝ = 0, we study equivalent
conditions for a2 ≤D⃝ b2.

Theorem 3.13. If a, b ∈ RD⃝ satisfy aD⃝b+ aD⃝a = 0 and baD⃝ + aaD⃝ = 0, the next
assertions are equivalent:

(i) a2 ≤D⃝ b2;
(ii) aaD⃝(a2 + ab) = 0;
(iii) aD⃝(a2 + ab) = 0;
(iv) aaD⃝(ab− ba) = 0;
(v) aD⃝(ab− ba) = 0.

Proof. Using Lemma 3.2 and [11, Lemma 2.3], we complete this proof as in [16,
Theorem 3.4]. □
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