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1. Introduction

Let A be a ring. By this we mean that A is associative, but not necessarily
unital. Suppose that B is another ring and f : B — A is a ring homomorphism. In
that case, we say that A is a ring extension of B and we indicate this by writing
A/B.

Recall that A/B is said to be separable if the multiplication map p : AQpA — A,
defined by the additive extension of u(a®a’) = aa’, for a,a’ € A, has a section in the
category of A-bimodules, that is, if there is an A-bimodule map 0 : A - A®p A
such that p oo = id4. Here, the B-bimodule structure on A is defined via f.
Separable ring extensions generalize the classical notion of separable algebras over
fields, which in turn extends separability of field extensions (see, e.g., [29] and the
references therein).

Separable ring extensions have been studied by numerous authors (see, e.g.,
[4,6,8,11,12,13,15,16,20,21,23,25,26]). One reason for the sustained interest in these
extensions is that important properties of the ground ring, such as semisimplicity,
are often inherited by the larger ring. Perhaps the most classical example of this is

the following result.

Maschke’s theorem. Let G be a finite group of order |G|. Let B be a semisimple
unital ring with |G| invertible in B. Then the group ring A = B[G] is semisimple.
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Classically, this result is proved by a direct semisimplicity argument (see, e.g.,
[14, Thm. (6.1)] or Maschke’s original proof [19]). However, separable ring exten-
sions provide a more conceptual explanation of Maschke’s theorem. In [21] (see
Definition 2.1), Nastasescu, Van den Bergh and Van Oystaeyen introduce the no-
tion of a separable functor. Such a functor reflects splittings: if a morphism or
exact sequence splits after applying the functor, then it already splits beforehand.

In the same article ([21, Prop. 1.3]), they prove the following result.

Theorem 1.1. Let f : B — A be a homomorphism of unital rings. Then A/B is
separable if and only if the restriction functor Res: sMod — gMod is separable.

Specializing to group rings, by [8, p. 41], we have:

Theorem 1.2. Let G be a finite group of order |G|. Let B be a unital ring such that
|G| is invertible in B. Let A denote the group ring B[G]. Then A/B is separable.

By Theorem 1.1, separability of A/B is equivalent to separability of the re-
striction functor Res : sMod — pMod. Consequently, every exact sequence of
A-modules that splits as a sequence of B-modules already splits A-linearly. If B is
semisimple, separability of A/B then implies that A is semisimple, thereby recov-
ering Maschke’s theorem as a consequence of separability and functorial splitting.

The rings and modules considered in the classical situation above are unital.
However, many important algebraic objects are defined as infinite direct sums or
arise from local constructions, and therefore do not in general possess a global unit.

This naturally raises the following question:

Is it possible to extend the classical separable functorial machinery
from the unital setting to appropriate categories of modules over

nonunital rings?

To our knowledge, there appear to be very few results on separability of nonunital
ring extensions. The only references we have found are [4], where Brzezinski, Kadi-
son, and Wisbauer study connections between separability of A-rings and A-corings,
and [3], where Bohm and Gémez-Torrecillas study splittings of the comultiplication
map in the context of coalgebras.

Apart from these works, we obtained in [6, Proposition 26] a nonunital version
of Theorem 1.1 under the assumption that A and B are rings with enough idempo-
tents. Recall from Fuller [10] that a ring A has enough idempotents if there exists

a set {e;};er of pairwise orthogonal idempotents in A such that A = ®;c;Ae; =
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@icre; A. The module categories considered in [6] are the categories 4 UMod of uni-
tary left A-modules, that is, modules M satisfying AM = M, where A is assumed
to be a ring with enough idempotents.

In the present article, we extend the separability result of [6] to the more general
setting of firm modules introduced by Quillen [24] (see Theorem 1.3). Recall that if
Ais aring and M is a left A-module, then M is said to be firm if the multiplication
map A®a M — M, induced by the additive extension of A4 M > a®@m — am €
M, for a € A and m € M, is an isomorphism. We denote the category of such
modules by 4FMod. The ring A is said to be firm if it is firm as a left A-module.
Following Marin and Laan [18], we say that a ring homomorphism f : B — A is
left firm if A, considered as a left B-module via f, is firm. We prove the following

firm version of Theorem 1.1:

Theorem 1.3. Let A be a firm ring and suppose that f : B — A is a left firm
ring homomorphism. Then A/B is separable if and only if the restriction functor

Ress : sFMod — gFMod is separable.

We then apply this result to the study of semisimple modules in the category
AFMod when A is a left s-unital ring (see Theorem 1.4). Recall from Tominaga [27]
that a left A-module M is said to be s-unital, if for every m € M, one has m € Am.
A ring is said to be left s-unital if it is s-unital as a left module over itself. We
say that a ring homomorphism f : B — A is left s-unital if A, regarded as a left

B-module via f, is s-unital. We prove the following s-unital semisimplicity result:

Theorem 1.4. Let A and B be left s-unital rings with B left semisimple. Suppose
that f : B — A is a left s-unital ring homomorphism such that A/B is separable.
Then A is left semisimple.

This allows us to prove a locally unital version of Maschke’s theorem (see Theo-
rem 1.6). Recall from Anh and Marki [1] that A is called a ring with local units if for
each finite subset X C A, there exists an idempotent e € A such that ex = x = xe
for all x € X. We first establish the following locally unital analogue of Theo-

rem 1.2:

Theorem 1.5. Let G be a finite group of order |G|. Let B be a ring with local units
satisfying |G|B = B. Let A denote the group ring B|G|. Then A/B is separable.

Combining this with Theorem 1.4, we obtain:

Theorem 1.6. Let G be a finite group of order |G|. Let B be a semisimple ring
with local units satisfying |G|B = B. Then the group ring A = B[G| is semisimple.
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Here is an outline of the article.

In Section 2, we fix our categorical conventions and recall the definition of a sep-
arable functor. We then develop a systematic account of the categorical properties
reflected by separable functors. In particular, we show that separability reflects key
classes of morphisms, such as monomorphisms, epimorphisms, sections, retractions,
and isomorphisms, as well as structural properties of objects, including subobject
and quotient simplicity and semisimplicity, and the existence of initial, terminal,
and zero objects.

In Section 3, we introduce our conventions on nonunital rings and module cate-
gories, with particular emphasis on unitary, s-unital, and firm modules. We clarify
the relationships between these notions and show that they coincide over left s-
unital rings. We then study separability of functors between module categories
associated to a ring homomorphism f : B — A, focusing on the restriction functor
Resy and the induction functor Indy = A @ p — on categories of firm modules.

In Section 4, we apply the preceding functorial results to the study of simplicity
and semisimplicity in the category 4FMod of firm modules over a left s-unital ring
A. We show that the usual module-theoretic notions of simple and semisimple
modules coincide with the categorical notions of subobject and quotient simplicity
and semisimplicity. These results are then used to prove the nonunital version
of Maschke’s theorem for group rings over locally unital rings mentioned above, as
well as a corresponding hereditary result, thereby extending classical semisimplicity

results to a broad nonunital setting.

2. Separable functors

Throughout, we use the following notation. For a set X, we let |X| denote
its cardinality, and we let N denote the set of positive integers. We let C denote
a category. By this we mean that C consists of a class of objects Cy, a class
of morphisms C;, domain and codomain maps d,c : C; — Cgy, and a partially
defined associative composition C; x C; 3 (g, f) — g¢f € Ci, defined whenever
d(g) = ¢(f). For each M € Cy, there is an identity morphism idy; € C; satisfying
d(idps) = c(idpyr) = M, fidy = f whenever d(f) = M, and idy f = f whenever
e(f) = N. If f is a morphism in C with d(f) = M and ¢(f) = N, then we write
f: M — N, and we denote the class of all such morphisms by Hom¢ (M, N).

Definition 2.1. Let F : C — D be a functor, always assumed to be covariant.

Following [21], we say that F is separable if for all M, N € Cy, there is a function
(SF0) Ry, n : Homp(F(M),F(N)) — Homc(M, N) such that
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(SF1) Ry n(F(f)) = f,for f: M — N in C, and
(SF2) F(g)f' = g F(f) = gRunN(f) = Ry N (g')f, for f: M — M, g: N —
N'in C,and f’: F(M) — F(N), ¢’ : F(M’) — F(N’) in D.

At times, we indicate the dependence on F by writing RJFVL ~ instead of Ras n.

Proposition 2.2. Suppose that F: C — D is a separable functor. Let M, N € Cg.
(a) Rarn(idpeary) = idas;
(b) Homc (M, N) # () < Homp(F(M),F(N)) # 0;
(¢c) F is faithful.

Proof. For (a) see [21, p. 399]; (b) and (c) are immediate. O

The next result shows that the assignment R behaves almost like a functor, in
the sense that the naturality condition (SF2) can be replaced by (SF3) below.

Proposition 2.3. Let F: C — D be a functor. Then F is separable if and only if
for all M, N € Cy, there is a map Ry, N satisfying (SF0), (SF1), and
(SEF3) Rap(9f) = Rup(9)Run(f) for M,N,P € Co, f : F(M) — F(N),
g: F(N) — F(P), whenever f € F(Homc(M, N)) or g € F(Homc(N, P)).

Proof. This is essentially [25, Lemma 1.1]. O

Proposition 2.4. Let F: C — D and G : D — E be functors. Put H:= GF.

(a) F and G separable => H separable;
(b) H separable => F separable.

Proof. This is [21, Lemma 1.1]. O

The following result is probably well known. Since we were unable to find an

appropriate reference, we include a proof.
Lemma 2.5. Every separable functor reflects limits and colimits.

Proof. Let F: C — D be a separable functor. Let G : J — C be a diagram, and let
(Aj : L — C})jey be a cone in C such that (F(\;) : F(L) — F(C})) ey is a limit cone
of FoGin D. Given any cone (a; : X — C}),ey in C, there exists a unique morphism
h:F(X) — F(L) with F(A\;)h = F(a;) for all j € J. Put g := Rx (h). Then, for
each j € J, (SF3) and (SF1) imply that A\jg = A\jRx,r(h) = Rx,c,(F(A\j)h) =
Rx,c; (F(a;)) = ;. Thus g is a mediating morphism. If ¢’ : X — L is another such
morphism, then F(A;) F(¢') = F(a;) = F(\;) F(g) for all j € J, so by the uniqueness
of h we get F(¢') = F(g). By Proposition 2.2(c), ¢' = g. Thus (\; : L — Cj),ey is

a limit cone in C. Hence, F reflects limits. The proof for colimits is dual. (I
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Let f: M — N be a morphism in C. Then f is called a monomorphism if for
all morphisms ¢1, g2 : P — M, the equality fg1 = fgo implies g1 = go. Dually, f is
called an epimorphism if for all morphisms hy, hy : N — Q, the equality hy f = hao f

implies hy = ho.

Proposition 2.6. Suppose that F: C — D is a separable functor. Let f € Cy.

(a) F(f) monomorphism = f monomorphism;

(b) F(f) epimorphism => f epimorphism.

Proof. This follows from Lemma 2.5. Indeed, a morphism is a monomorphism if
and only if (id, id) is the pullback of the corresponding pair (f, f). Thus (a) holds.
The statement in (b) is dual. For more details, see e.g. [17, p. 72, Exercise 4]. O

Let f: M — N and g : N — M be morphisms in C such that fg = idy. Then
f is called a retraction of g, and g is called a section of f. If also gf = idjs, then

f is said to be an isomorphism with inverse g.

Proposition 2.7. Suppose that F : C — D is a separable functor andlet f : M — N
be a morphism in C.

(a) r: F(N) = F(M) a retraction of F(f) = Ry m(r) a retraction of f;

(b) s:F(N) = F(M) a section of F(f) = Rn.m(s) a section of f;

(c) g:F(N) = F(M) an inverse of F(f) = Rn,am(g) an inverse of f.

Proof. This is [21, Prop. 1.2.1]. O

Let M € Cy. Consider the class of all monomorphisms in C with codomain M.
We define an equivalence relation ~j; on this class as follows. Given monomor-
phisms f: P - M and g : Q@ — M, we write f ~j; g if there exists an isomorphism
h: P — @ with f = gh. The equivalence class [f]~,,
f: P — M is called a subobject of M. We denote the collection of subobjects of
M by Subc(M).

of such a monomorphism

Lemma 2.8. Suppose that f: P — M and g : Q — M are monomorphisms in C.
Then [fl~ey = [gl~w if and only if there are morphisms p: P — @ and q: Q — P
such that f = gp and g = fq.

Proof. See the discussion in [17, p. 122]. O

Let F : C — D be a functor that preserves monomorphisms. Take M € Cy. Define
apy : Sube(M) — Subp(F(M)) by ans([m]~,,) = [F(m)]
m:P— M.

~F(arys fOT MoOnomorphisms
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Proposition 2.9. Let F: C — D be a functor that preserves monomorphisms. Let

M € Cy. Then aps is well-defined. If F is also separable, then ayy is injective.

Proof. Let f: P— M and g : @ — M be monomorphisms in C such that f = gh
for some isomorphism h : P — Q. Then F(f) = F(g) F(h). By the assumptions,
F(f) and F(g) are monomorphisms. Hence [F(f)]
well-defined.

Suppose now that F is separable and [F(f)]~;.,;, = [F(9)]~,- By Lemma 2.8,
there exist morphisms p : F(P) — F(Q) and ¢ : F(Q) — F(P) with F(f) = F(g)p
and F(g) = F(f)g. By (SF1) and (SF3), f = Rpm(F(f)) = Rem(F(9)p) =
Ro.:(F(9)) Rro(p) = gRpq(p), and similarly, g = Ro,m(F(9)) = R (F(f)q) =
Rear(F(f))Re.p(q) = f Rq.p(q). Hence, by Lemma 2.8, [f]~,, = [g]~n- O

We introduce the following terminology. We say that M € Cg is subobject trivial
if | Subc(M)| = 1, subobject nontrivial if | Subc(M)| > 2, and subobject simple if
| Subc(M)| = 2.

= [F(9)]~e(ary- Thus, ans is

~F(M)

Proposition 2.10. Suppose that F : C — D is a separable functor which preserves
monomorphisms. Let M € Co be subobject nontrivial and F(M) subobject simple in

D. Then M 1is subobject simple in C.

Proof. Since F(M) is subobject simple in D, |Subp(F(M))| = 2. The map o,y is
injective, by Proposition 2.9. Thus, | Subc(M)| < 2. On the other hand, since M
is subobject nontrivial, | Subc(M)| > 2. Therefore | Subc(M)| = 2. O

Let M € Cy. We say that M is subobject semisimple if every monomorphism
m : P — M has a retraction r : M — P.

Proposition 2.11. Suppose that F : C — D is a separable functor which preserves
monomorphisms. Let M € Cy have the property that F(M) is subobject semisimple

in D. Then M is subobject semisimple in C.

Proof. Suppose that f : P — M is a monomorphism in C. Since F preserves
monomorphisms, F(f) : F(P) — F(M) is a monomorphism in D. Because F(M)
is subobject semisimple, F(f) has a retraction r : F(M) — F(P). By Proposition

2.7(a), Ras p(r) is a retraction of f. Hence, M is subobject semisimple in C. O

Example 2.12. Let Set denote the category of sets.
(a) In Set, the monomorphisms are precisely the injective maps. Using this,
it is easy to see that all sets are subobject semisimple. All singleton sets {x} are

subobject simple since, up to equivalence, there are precisely two injections into
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{*} namely idy,; and the empty function () : § — {*}. It is not hard to see that
the singleton sets in fact are all subobject simple sets. Therefore, in Set, every
subobject simple object is trivially subobject semisimple.

(b) In an arbitrary category, a subobject simple object need not be subobject
semisimple. Indeed, consider the category whose objects are M and N, and whose
only morphisms are idys,idy and f: N — M. Subobjects of M correspond to the
monomorphisms into M, that is idy; and f. Therefore, M is subobject simple. But

f does not have a retraction. Hence, M is not subobject semisimple.

Let M € Cy. Consider the class of all epimorphisms in C with domain M. We
define an equivalence relation ~;; on this class as follows. Given epimorphisms
f:M— Pand g: M — Q, we write f ~)s g if there exists an isomorphism
h : Q@ — P with f = hg. The equivalence class [f]
f M — P is called a quotient object of M. We denote the collection of quotient
objects of M by Quote(M).

~y Of such an epimorphism

Lemma 2.13. Suppose that f : M — P and g : M — Q are eptmorphisms in C.
Then [flan = [gla,, if and only if there are morphisms p: Q — P and q: P — Q
such that f = pg and g = qf.

Proof. Dual to Lemma 2.8. O

Let F: C — D be a functor that preserves epimorphisms. Take M € Cy. Define

B = Quote (M) — Quoty(F(M)) by Bar([e]x,,) = [F(e)]zF(MV for epimorphisms
e: M — P.

Proposition 2.14. Let F : C — D be a functor that preserves epimorphisms. Then

Bar is well-defined. If F is also separable, then By is injective.
Proof. Dual to Proposition 2.9, using Proposition 2.7(b). |

We say that an object M € Cq is quotient trivial if | Quote(M)| = 1, quotient
nontrivial if | Quotc(M)| > 2, and quotient simple if | Quote(M)| = 2.

Proposition 2.15. Suppose that F : C — D is a separable functor which preserves
epimorphisms. Let M € Cy be quotient nontrivial and F(M) quotient simple in D.
Then M is quotient simple in C.

Proof. Dual to Proposition 2.10, using Proposition 2.14. O

Let M € Cy. We say that M is quotient semisimple if every epimorphism
e: M — P has a section s : P — M.
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Proposition 2.16. Suppose that F : C — D is a separable functor which preserves
epimorphisms. Let M € Cy have the property that F(M) is quotient semisimple in

D. Then M 1is quotient semisimple in C.
Proof. Dual to Proposition 2.11, using Proposition 2.7(b). O

Example 2.17. (a) In Set, the epimorphisms are precisely the surjective maps.
Using this, it is easy to see that all sets are quotient semisimple. All two-element
sets are quotient simple since, up to equivalence, there are precisely two surjections
from such a set: the identity map and the unique surjection onto a singleton. One
can easily show that sets of other cardinalities are not quotient simple. Thus, in
Set, every quotient simple object is trivially quotient semisimple.

(b) By taking the dual of the category in Example 2.12(b), we see that for

arbitrary categories, a quotient simple object is not necessarily quotient semisimple.

Recall that I € Cy is called initial if [Homc (I, M)| =1 for all M € Cy. Dually,
T € Cy is called terminal if |Homc(M,T)| = 1, for all M € Cy. An object that is
both initial and terminal is called a zero object. A category with a zero object is

called pointed.

Proposition 2.18. Suppose that F : C — D is a separable functor. Let I,Z,T € Cy.
(a) F(I) initial in D = I initial in C;
(b) F(T) terminal in D = T terminal in C;
(¢) F(Z) a zero object in D = Z a zero object in C.

Proof. This follows from Lemma 2.5, since terminal objects are limits of the empty

diagram and initial objects are colimits of the empty diagram. (I

Let C be a pointed category with a zero object Z € Cy. Take M, N € Cy. We
denote the unique morphisms Z — M and M — Z by 0z s and 0y, z, respectively,
and we set Oy, v = 0z nOpr,z. Clearly, 0z v is a monomorphism and Ouf,z is an

epimorphism.

Lemma 2.19. Suppose that C is a pointed category with a zero object Z. Let
M € Cy. The following statements are equivalent:
(i) M is a zero object in C;  (ii) there is an isomorphism Z — M ;
(ili) Ozn ~nidar;  (iv) M is subobject trivial;

(V) Oprz maridag;  (vi) M ods quotient trivial.

Proof. It suffices to prove (i)=-(iii)=(iv)=-(i), because the equivalence (i)«<(ii) is
well known, and the circle (i)=(v)=(vi)=-(i) is dual.
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(i)=-(iil): Suppose that M is a zero object. Then it follows that Oz : Z — M
is an isomorphism, so 0z a = idas 0z,ar. Hence 0z as ~ar idps-

(iif)=-(iv): Suppose that 0z ar ~nr idas. Let h : P — M be a monomorphism.
Choose an isomorphism g : M — Z such that idys = Oz arg. Since Z is a zero
object, g = Opr,z. Thus h = idyph = 02,10am,zh. Now Oprzh : P — Z, so
by uniqueness of morphisms into Z, Op;,zh = 0p,z. Hence h = 0z 30p,z. Also,
hozp =0z m0p 20z p = 0z p, since 0p z0z p = idz. Therefore, by Lemma 2.8,
h ~ur 0z,a. Thus every subobject of M equals [0z ar]~,,, so M is subobject trivial.

(iv)=-(i): Suppose that M is subobject trivial. 0z ~as idas. Hence there
exists an isomorphism f : M — Z such that idy; = Oz arf. Therefore 0z s is an

isomorphism. Since Z is a zero object, it follows that M is a zero object. O

Proposition 2.20. Let C be a pointed category with a zero object Z. Let M € Cq.

(a) M subobject simple =—> M subobject semisimple;
(b) M quotient simple => M quotient semisimple.

Proof. We prove (a). The proof of (b) is dual, using Lemma 2.19(v) in place of
Lemma 2.19(iii).

Suppose that M is subobject simple. By Lemma 2.19(iii), Subc (M) consists of
the two distinct classes [0z a]~,, and [idp]~,,. Let m : P — M be a monomor-
phism. We now show that m has a retraction. To this end, we consider two cases.

Case 1: [m]~,, = [0z.r]~,- Then there is an isomorphism f : P — Z with
m = 0z p f. But since Op 7z is the unique morphism P — Z it follows that f = 0p 7
is an isomorphism and m = 0z y0p,z = O0p ps. Put 7 :=0py p. Then rm : P — P.
By Lemma 2.19(i), P is a zero object of C. In particular, id p is the unique morphism
P — P, sorm=idp.

Case 2: [m]~,, = [idy]~,,- Then there is an isomorphism f : P — M with
m = idy f = f. But then rm = idp for r := f~1. O

Example 2.21. Let Grp denote the category of groups. It is well known that this
category is pointed with the trivial group as a zero object. Let G denote a group.

(a) In Grp, monomorphisms are exactly injective homomorphisms, and two
monomorphisms into G represent the same subobject of G if and only if they have
the same image in G. Therefore, the elements of Subgyp(G) correspond to the set
of subgroups of G. By Cauchy’s theorem (see [9, Thm. 11, p. 93]), G is subobject
simple precisely when G is a cyclic group of prime order. By a result by Baer [2,
Thm. 3], G is subobject semisimple if and only if G is an abelian group all of
whose elements have finite square-free order. Note that Baer [2] does not use our

categorical terminology.
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(b) In Grp, epimorphisms are precisely surjective homomorphisms, and the quo-
tient object of G represented by an epimorphism ¢ : G — @ corresponds to the quo-
tient group G/ ker(g). So quotient objects of G correspond to isomorphism classes
of quotient groups of G. A group G is therefore quotient simple in the categorical
sense if and only if G has no nontrivial proper normal subgroups. Thus, quotient
simple groups are exactly the simple groups in the classical sense. Furthermore, G
is quotient semisimple if and only if every normal subgroup of G is complemented.
Indeed, an epimorphism G — @ splits precisely when its kernel NV has a complement
Hin GwithG= NH and NNH =1, so that G =2 N x H. Thus quotient semisim-
ple groups are exactly the nC-groups studied in the group-theoretic literature (see,
e.g., [7]). To the author’s knowledge, no complete classification of nC-groups is

known.

Recall that P € Cy is called projective if for every epimorphism e : M — N and
every f: P — N, there is a morphism g : P — M with eg = f. Dually, Q € Cg
is called injective if for every monomorphism m : M — N and every f: M — Q,

there is a morphism ¢g : N — @ with gm = f.

Proposition 2.22. Suppose that F: C — D is a separable functor. Let P,Q € Cy.
(a) F(P) projective and F preserves epimorphisms = P projective;

(b) F(Q) injective and F preserves monomorphisms = Q injective.

Proof. This is [21, Prop. 1.2.2 and Prop. 1.2.3]. |

3. Module categories

Let A be a ring. By this we mean that A is associative, but not necessarily unital.
Let M be a left A-module. By this we mean that M is an additive group equipped
with a biadditive map A x M > (a,m) — am € M satisfying (aa’)m = a(a’m) for
a,a’ € Aand m € M. We let 4Mod denote the category having left A-modules
as objects and A-linear maps as morphisms. Similarly, the category Mod 4 of right
A-modules is defined. Let B be another ring. If M is a left A-module and a right B-
module, then M is said to be an A-B-bimodule if (am)b = a(mb) fora € A, m € M
and b € B. We let 4Modpg denote the category having A-B-bimodules as objects
and as morphisms maps that are simultaneously left A-linear and right B-linear. If
M is an A-B-bimodule where A = B, then M is said to be an A-bimodule.

Suppose that M is a left A-module. Then M is said to be unital if there is
a € A such that for every m € M, the equality am = m holds. We let AM

denote the set of all finite sums of elements of the form am for a € A and m € M.
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Following Anh and Mérki [1], we say that M is unitary if AM = M. We let pa m
denote the multiplication map A ® 4 M — M defined by the additive extension of
pan(a®@m)=am, for a € Aand m € M. Following Quillen [24], we say that M
is firm if pa as is an isomorphism in 4Mod. Finally, following Tominaga [27], we
say that M is s-unital if for every m € M, we have m € Am. The ring A is said
to be left unital (s-unital, unitary, firm) if it is unital (s-unital, unitary, firm) as a
left A-module. In the sequel, we will make use of the following result by Tominaga
[27, Thm. 1] (see also [22]):

Proposition 3.1. Suppose that A is a ring and M is a left A-module. Then M is
s-unital if and only if for each finite subset X C M, there exists a € A such that

am =m for allm € X.

We introduce the following full subcategories of 4Mod:

e ,UMod, the category of unitary left A-modules;
e ,FMod, the category of firm left A-modules;

e sSMod, the category of s-unital left A-modules;
e 4Mod', the category of unital left A-modules.

Clearly, the following implications hold for these categories:
unital = s-unital = unitary, and unital = firm = unitary. (1)

By the following examples, none of these implications is reversible.

Example 3.2. (a) s-unital # unital: Let K be a field, and consider the ring K™
consisting of all sequences (k. )nen, where k,, € K, and all but finitely many k,, = 0,
with pointwise addition and multiplication. Then K™ is left s-unital but not left
unital.

(b) unitary # s-unital: Consider the ring Cop(N,R) consisting of all real se-
quences (ap)nen, such that lim,_, . a, = 0, with pointwise addition and multipli-
cation. From (an)nen = (v/]an])nen - (5g0(an)v/Jan|)nen, it follows that Co(N,R)
is unitary. However, this ring is not left s-unital, which is easily seen by considering
the sequence b := (1/n),en; there is no element a € Cy(N, R) such that ab = b.

(c) unitary = firm: see [5, Example 1.2].

(d) firm # unital: The ring K™ from (a) is not unital. It is easy to see, either
by a direct argument or by using Proposition 3.3 below, that it is firm as a left

module over itself.

If we restrict to modules over left s-unital rings, then the classes of s-unital

modules, firm modules, and unitary modules coincide.
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Proposition 3.3. Let A be a left s-unital ring. Then 4UMod = 4FMod = 4SMod.

Proof. Take M € 4Mod. By (1), it is enough to show M unitary = M s-unital
= M firm. Suppose first that M is unitary. Take m € M. Since AM = M, there
aren € N, ay,...,a, € A and mq,...,m, € M with Z?:laimi = m. Since A is
left s-unital, there is, by Proposition 3.1, b € A with ba; = a;, foralli € {1,...,n}.
Then b = Y1 | ba;m; = >, a;m; = m, showing that M is s-unital.

Suppose now that M is s-unital. Surjectivity of pa s follows immediately from
the fact that M is s-unital. Let us show that pa s is injective. Suppose that
z € A® M satisfies ppa p(z) =0. Taken € N, a; € Aand x; € M, fori=1,...,n,
with 2 = > | a; ® z;. Then Y1 | a;z; = pa,m(z) = 0. Since A is left s-unital,
there exists b € A such that ba; = a; for each i. Hence, z = E?:l ba, ® x; =
Y b®ar; =b® Y. a;x; =b®0=0. Therefore, M is firm. O

Lemma 3.4. Suppose that A is a ring and M is a left A-module. Then M is firm
if and only if pan : A®a M — M has a section in sMod.

Proof. The “only if” part is trivial. Now we show the “if” part. Suppose that pa ar
has a section o in 4Mod. Then 14 s is surjective. It remains to show that pa ar is
injective. Take z € ker(pa ar). Write z =Y.' | a; ® z; for some n € N, a; € A and
x; € M. For each ¢, take n; € N, b;; € A and y;; € M with o(x;) = Z?:l bij ® i
Then

2 o= Yia®xi=) 0@ pam(o(x) =30 Z;;l a; @ bijyij
= >r, Z;”:l aibij @ yij = Yoiy aio(z;) = o (O a;x;)
= (oopanm) (X, ai®@a;) = o(pam(z)) = o(0) =0,

showing that 114 as is injective. [

Let f : B — A be a ring homomorphism, and M a left A-module. We view M
as a left B-module by letting B act on M via f, that is, for b € B and m € M, we
define b - m := f(b)m. This defines the restriction functor Resy : sMod — gpMod.
We say that f is left unital (respectively s-unital, firm, unitary) if the left B-module

Resf(A) is unital (respectively s-unital, firm, unitary).

Proposition 3.5. Let f: B — A be a ring homomorphism.

(a) f left unital => Ress : 4-UMod — pMod';
(b) f left s-unital = Resy : 4UMod — pSMod;
(c) f left unitary = Resy : A-UMod — gUMod;
(d) f left firm = Resy : AFMod — pFMod.
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Proof. Let M be a left A-module.

(a) Suppose that f is left unital and that M is unitary as a left A-module. Since
A is unital as a left B-module, there is b € B with f(b)a = a, for all a € A. Take
m € M. Since M is unitary as a left A-module, there are n € N, aq,...,a, € A
and my,...,m, € M with m = " a;m;. Then f(b)m = > I, f(b)a;m; =
Z?:l a;m; = m, showing that M is unital as a left B-module.

(b) Suppose that f is left s-unital and that M is unitary as a left A-module. Take
m € M. Then there are n € N, ay,...,a, € A and my,...,m, € M such that
m = EZL:l a;m;. Since A is s-unital as a left B-module, by Proposition 3.1, there is
b € B such that f(b)a; = a; for alli € {1,...,n}. Then f(b)m =Y., f(b)a;m; =
Z?:l a;m; = m, showing that M is s-unital as a left B-module.

(c) Suppose that f is left unitary and that M is unitary as a left A-module. Then
f(B)A= A and AM = M. Hence, f(B)M = f(B)AM = AM = M, showing that
M is unitary as a left B-module.

(d) Suppose that f is left firm and M is firm as a left A-module. By Lemma 3.4,
we need to show that pp ) has a section in pMod. To this end, we first note that,
by the assumptions, pp 4 has a section op 4 in pMod and p4, ) has a section o4 s
in 4AMod. Define 0 : M - B®p M by 0 := (idg @ pa.m) o (0p,a Qidpyr) 0o o4 nr-
Then o, being a composition of morphisms in gMod, is again a morphism in gMod.

We now show that pup oo =idy. Take m € M, p € N, mq,...,m, € M and

ai,...,ap € Awith o4 p(m) =32 a; ®m;. By the assumpt‘ions, Zle a;m; =
AMo0an)(m)=m. Foreach ¢ € {1,...,p}, take ¢; € N, a(l),...,a(%) € A and

AL, ’ N i . 1 qi

bgz), ce b,(;i) € B with op,4(a;) = ?;1 bg-z) ® agz). By the assumptions, for each

i €{1,...,p}, we get >0, f(bg-i))a;i) = (up,a00B,4)(a;) = a;. Therefore,

(upmoa)(m) = (upmo(dp ® panm)o (opa®@idy)ooan)(m)
= P (uBmo(idp ® pan)o (05,4 ®ida))(a; ® m;)
= i jmi(upmo(idp ® MA7M))(b§-i) ® a;-i) ® m;)
= Y Y us (b ©almy)

= le ;h:l f(by))agz)ml = Zle a;m; = 1m,

showing that pp oo =id. O

Let f : B — A be a ring homomorphism. Consider A as a B-bimodule via f,
that is b-a:= f(b)a and a-b:= af(b), for a € A and b € B. Recall from Section 1
that A/B is called separable if the multiplication map p4,5 : A®p A — A, defined
by the additive extension of p(a ® a’) = ad’, for a,a’ € A, has a section in 4Mod 4,

that is if there is an A-bimodule map o : A — A ®p A such that ji4,p 00 =ida.
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Proof of Theorem 1.3. First we show the “only if” statement. Let Resy be
separable. We wish to show that A/B is separable. Put op 4 := ug,)lA. Let
o'+ A — A®p A be the morphism in pMod 4 defined by ¢’ := (f ® ida) cop 4.
Then

Resy(pa/p) oo’ =idy (2)
as morphisms in pgFMod. Indeed, take a € A. Then op a(a) = Y i, b; ® a; for
some n € N, b; € B and a; € A with > | f(b;)a; = a. Therefore

(Resf(payp) o (f ®ida)oop a)(a)
= Y (Res(payp) o (f ®ida))(bi @ a;)
= Y Resp(pasp)(f(bi) @a;) => 0 f(bi)a; = a.

esf

Since A is firm, both 44 and 4(A ®p A) belong to 4FMod, so the map Ri) AopA
is well defined. Let 0 : A — A ®p A be the morphism in 4Mod defined by
o= RIZ?S;\@BA(U/)- By (SF3) and (2), pa/p o0 = ida. What remains to show is

(Resy(pa/B)oo’)(a)

that o is a morphism in Mod 4. To this end, take a € A and let o, : A — A and
Ba: A®p A — A®p A denote the left B-linear maps given by right multiplication
by a. Since ¢’ is a morphism in gMod 4, it follows that ¢’oc, = 8,00" as morphisms
in pMod. By (SF3), 0 0o g = B, 0 0 as left A-linear maps, since Ress(a,) = aq
and Resy(8,) = Bq. Therefore, o is right A-linear.

Now we show the “if” statement. Suppose that ;14,5 has a section o in 4Mod 4.
Let M and N be firm left A-modules. Set o4 s := /“L;LlM' Define

RIJ\}CSI{} : Homp(Ress (M), Resf(N)) — Homa (M, N)

in the following way. Let iy : AQg N — A®4 N be the map a g n — a @4 n.
Take g € Homp(Res¢ (M), Res¢(N)). Put

RFA{ZS]G(Q) =panoiyo(ida®g)o (ida®@panm)o(cQidy)ooam.

Then RPA{ZSJ{, (g9), being defined as a composition of morphisms in 4Mod, is again a
morphism in 4Mod. To facilitate the rest of the proof, we now describe R?;SJ{, (9)
elementwise. Take m € M, n € N, a; € A and m; € M with >, a;m; = m. For
each i, take n; € N and a5, a;j € A such that o(a;) =Y. a;; ® a’ij. Then

j=1
Rar 4 (9)(m)

= (panoiyo(ida®g)o(ida® panm)o (o @idy)ooan)(m)

doici(pan oin o (ida ®g) o (ida ® pam) o (0 @idar))(a; @ m;)

= Y jiy(panoino(ida®g)o (ida ® paar))(ai; @ aj; @ m;)

= Yy jii(panoin o (ida ®g))(aiy; ® ajym;)

= Y i pan(ag @ glai;m)) = 370 05 aijg(al;ms).
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Now we show (SF1). Suppose that g is a morphism in 4Mod. Then
Ry (0)m) = S0y S0 agglalmi) = g (Simy S asgalm )
= gm0 paypla; ® aéj)mi)
= g(XizimasB (Z 18ij ® a; )W)
= g (Zizl MA/B( ( i) i) = 9(2?:1 a;m;) = g(m).
Finally, we show (SF3). Let M, N, P be modules in 4FMod. Let g € Homp(N, P)

and h € Homp(M, N). Take m € M. We consider two cases.
Case 1: g € Resy(Homu (N, P)), that is g is A-linear. Then

Ryrb (g0 ) m) = iy Xy agg(hlalmi) = g (S Sy aghlalm:))
= g (RMH W) = (RYF (9) o RYH (1) (m).
Case 2: h € Resy(Homy (M, N)), that is h is A-linear. Since Y., a;m; = m, it
follows that >, a;h(m;) = h(m). Hence
Ryr2(gom)(m) = LIy S0y asglhlalma) = Sy S5y assglal;h(ms)
R (9)(h(m)) = (Ri?;f (9) Rm(m) (m).

This establishes (SF3). By Proposition 2.3, Resy is separable. O

Proposition 3.6. Let f: B — A and g : C — B be left firm ring homomorphisms.
Suppose that A and B are firm rings.
(a) A/B separable and B/C separable = A/C' separable for fog:C — A.
(b) A/C separable for fog:C — A = A/B separable.

Proof. This follows immediately from Theorem 1.3 and Proposition 2.4. ]

Suppose that f : B — A is a ring homomorphism. The induction functor
Indy : pMod — 4Mod assigns to any left B-module N the left A-module A ®p N
where A acts on A®pg N by left multiplication and the right B-action on A is given

via f.

Proposition 3.7. Let f: B — A be a ring homomorphism.
(a) f left unital = Ind; : gpMod — 4Mod';
(b) f left s-unital => Indy : pMod — 4SMod;
(c) f left unitary => Ind; : pMod — 4UMod;
(d) f right firm = Indy : pFMod — 4FMod.

Proof. Let N be a left B-module. First we show (a), (b) and (c) simultaneously.
Let f be left unital (respectively s-unital, unitary). Then A, considered as a left B-

module, is unital (respectively s-unital, unitary). Hence, the same conclusion holds
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for A viewed as a left module over itself. Therefore, the left A-module A ®p N is
also unital (respectively s-unital, unitary).

(d) Suppose that f is right firm and N is firm in gFMod. Put M := A®p N. By
Lemma, 3.4, we need to show that p4 ar has a section o in 4Mod. Set op n = ﬂE}N'
Letin : AQpM — A® 2 M be the map a®pm — a@am. Definec : M — AQs M
by 0 := ip0(ida®fRidy)o(ida®op,n). Then o, being a composition of morphisms
in 4Mod, is again a morphism in 4Mod. Now we show that p14 a 0o =idys. Take
a€ Aandn e N. Take k € N, b; € B and n; € N with op n(n) = Zle b; ® ny,
so that Zle bin; = (up,Nn oop,n)(n) =n. Then

(pamoo)a®@n) = (namoipmo(ida® f®idy)o(ida®@op,n))(a®@n)
YF  (an oin o (ida @ f @ idy))(a @ b; @ ny)
= Y (panoin)(a® f(bi) @ni) =S, af (bi) @ n;
= Zle a®@bn;,=a® Zle bin; =a®n,

showing that p14 ar 0 0 =id . [l
A ring homomorphism f: B — A is called firm if it is both left and right firm.

Theorem 3.8. Let B be a firm ring and suppose that f : B — A is a firm ring
homomorphism. Then the functor Indy : pFMod — 4FMod is separable if and

only if f is a split monomorphism in the category of B-bimodules.

Proof. First we show the “only if” statement. Suppose that Indy is separable. We
wish to show that f is a split monomorphism in the category of B-bimodules. Set
0AB = uZ}B and v := (,uA/B ®idp) o (id4g ® 04,5). Then v is a morphism in

AModg. Now we show that

papoyolnds(f) = papolnds(idp). (3)

Suppose that a € A and b € B. Take n € N, a; € A and b; € B such that
oaB(f(b) =201, ai ®@b;. Then 37" a;f(b;) = pa,p(oas(f(b)) = f(b). Thus,

(mapoyolnds(f))a®b) = Y7 (napo(pa/p®idp))(a®a; @ b;)
= Y pag(aa; @) =301 aa;f(b;)
= af(b) = (pa,poidagyp)(a®b).

This establishes (3). Since p4,p is bijective, we get v o Indy(f) = Inds(idg). By
(SF3), Rfi‘g (7)of =idp. Thus, f splits as an additive map. Since v is left A-linear,
Rglg () is left B-linear. Now we show that Rf::jgf () is right B-linear. To this end,
take b € B and let mf : B — B and m;;‘ : A — A denote the left B-linear maps

given by right multiplication by b and f(b), respectively. Since + is right B-linear,
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we have v o Ind¢(mj') = Inds(mP) ov. By (SF3), Rf:i," (y)omit =mP o Rlnd’ (7)-
Therefore, Rf::iBf () is right B-linear.

Now we show the “if” statement. Suppose that f is a split monomorphism
in the category of B-bimodules. Then there is a B-bimodule map s : A — B
such that so f = idp. Suppose that M and N are firm left B-modules. Define
Ry % @ Homa(Indf(M),Inds(N)) — Homp(M,N) in the following way. Take
g € Homs(Indf(M),Inds(N)). Put

Ri{fz{;(g) = pp,no(s®@idy)ogo (f®idy) OME}M'

Then RE?]{,(g) is a morphism in pMod. Now we show (SF1). Take m € M,
k €N, b, € Band m; € M with Zle b;m; = m. Let g = Inds(g") for some
¢’ € Homp(M, N). Then
Ryra(9)m) = S (v o (s @ idw) 0 9)(f (b)) ® my)
= 2icilwpno(s®idy)o (ida ®¢g')(f(bi) @ mi)
)
)

A“Tik‘

= Yi(usx o (s @idn))(f(b:) @ g/ (m))
= Zi=1 ps,N (b ® g'(m;))
= Yk big(mi) = ¢ (Shy bims) = g'(m).
Now we show (SF3). Suppose that M, N, P are modules in gFMod. Take g €
Homg(A®p N,A®p P) and h € Homs(A®p M, A®p N). We consider two cases.
Case 1: g € Ind;(Homp(N, P)) that is g = id4 ® ¢’ for some ¢’ € Homp (N, P).
Then

(s®idp)ogo(f®idy)o(s®idy) = (idp®¢') o (s®idy) = (s®idp)oyg

Therefore,

Ind
g)o M f:r( )

= pppo(s®@idp)ogo(f@idn)oupy oupn o (s@idy)oho (f ®idar) o uply
= pppo(s®idp)ogo (f@idy) o(s®idn)oho (f ®ida)o ppy,
= uppo(s®idp)ogoho (f®idm) o,ug’lM = Rirfg,(goh).
Case 2: h € Indy(Hompg (M, N)) that is h = id 4 ®h’ for some h’ € Homp(M, N).
Then

Indf(

(f@ldN) o (S®idN) oho (f@ld]\/[) = (ldA ®h/) o (S®ldM) =ho (f@ldM)

Therefore,
Ind Ind
RN,Pf(g) o RM,zj\pr(h)
pe.po(s®@idp)ogo (f@idn)opgly oppNo(s@idy)oho (f@idu)o uphy
= uppo(s®idp)ogo(f®idn) o (s®idN)oho(f®idM)olu§,1M
= /LBYPo(s®idp)ogoho(f®1dM)o,uBM = RIndf(goh)
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This establishes (SF3). By Proposition 2.3, Ind is separable. O
4. Semisimple modules

From now on, A denotes a fixed left s-unital ring, and we consider the category
AFMod of firm left A-modules. Recall from Proposition 3.3 that

AFMod = 4UMod = 4SMod. (4)

Suppose that M and P are modules in 4FMod with P C M. Then P is called
a submodule of M in 4FMod. By (4), the quotient module M/P in 4Mod also
belongs to 4FMod. For a morphism f : M — N in 4FMod, we define its kernel
Ker(f) :=={m € M | f(m) = 0} and its image Im(f) := {f(m) | m € M}. By (4),
Ker(f) is a submodule of M in 42FMod and Im(f) is a submodule of N in 4FMod.

Proposition 4.1. Suppose that f: M — N is a morphism in 4FMod.
(a) f is @ monomorphism <= f is injective;
(b) f is an epimorphism <= f is surjective;

(¢) f is an isomorphism < f is bijective.

Proof. (a) The implication (<) is trivial. Now we show (=). Suppose that f
is a monomorphism. Define g, h : Ker(f) — M by g(m) = m and h(m) = 0 for
m € Ker(f). Then fg = 0 = fh. Since f is a monomorphism, g = h. Hence,
Ker(f) = g(Ker(f)) = h(Ker(f)) = {0}.

(b) The implication (<) is trivial. Now we show (=). Let f be an epimorphism.
Define g,h : N — N/Im(f) by letting g be the quotient map and h the zero map.
Then gf = 0= hf. Since f is an epimorphism, g = h, so that Im(f) = N.

(c) This follows from (a) and (b). O

The next result shows that subobjects and quotient objects in 4 FMod correspond

to submodules and quotient modules in 4 FMod, respectively.
Proposition 4.2. Let M € s,FMod. The following maps are bijections:
v : Sub, rmod (M) — {submodules of M}, ~([f : P — M]) = f(P),
d : Quot , pyjoq(M) — {quotient modules of M}, 6([q: M — Q]) = Q.

Proof. The claim for v follows from [28, Thm. 4.2]. Now we show the part for ¢.

If [¢] = [¢'] in Quot(M), then ¢’ = pq for some isomorphism ¢ : Q@ — @', so
Q@ = @', showing that ¢ is well defined. If §([g]) = 6([¢]), then @ = Q" and choosing
an isomorphism ¢ : Q — Q' yields ¢/ = v o q, so [q] = [¢'], proving injectivity. For
any quotient module M /N, the canonical map p : M — M/N is an epimorphism
and 0([p]) = M/N, proving surjectivity. O
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Let M be a module in 4FMod. We say that M is simple in 4FMod if M is

nonzero, and M has no submodules in 4 FMod except the zero module and itself.

Proposition 4.3. Let M € s,FMod. The following assertions are equivalent:
(i) M is simple in sAFMod;
(ii) M is subobject simple in sFMod;
(i) M is quotient simple in AFMod.

Proof. By Proposition 4.2, categorical subobjects of M are in bijection with sub-
modules of M. Likewise, categorical quotient objects of M are in bijection with
quotient modules of M. Therefore Sub, proaar) has exactly two elements if and
only if M has exactly two submodules, and Quot , pyioa(ary has exactly two elements
if and only if M has exactly two quotient modules, and these conditions are equiv-
alent since the lattice of submodules and the lattice of quotient modules of M are
anti-isomorphic via N — M/N. O

Lemma 4.4. Suppose that M is a subobject semisimple module in s,FMod and N

is a nonzero submodule of M. Then N contains a simple submodule.

Proof. Take a nonzero n € N. By Zorn’s lemma, there is a maximal submodule
P of N with n ¢ P. Since P C M and M is subobject semisimple in 4FMod, the
inclusion P — M splits. Hence M = P @ P’ for some submodule P’ of M. Put
Q:=NNP.Then N=P&Q. Since n € N\ P, we have Q # 0. We claim that
Q is simple. Let {0} # Q" C @ be a nonzero submodule. Since Q' C M and M
is subobject semisimple, the inclusion Q' < M splits. In particular, Q = Q' & Q"
for some submodule Q" of Q. Hence N = P® Q' ® Q”. If Q" # 0, then both
P @ Q@ and P @ Q" properly contain P, so by maximality of P both contain n.
Thusn € (P Q)N (P® Q") = P, a contradiction. Therefore @” =0, so Q' = Q.
Thus @ is simple. (Il

Let M be a module in 4FMod. We say that M is semisimple in 4FMod if M is

the direct sum of simple submodules in 4FMod.

Proposition 4.5. Let M € s,FMod. The following assertions are equivalent:
(i) M is semisimple in s2FMod;
(ii) M is quotient semisimple in sAFMod;

(iii) M is subobject semisimple in sFMod.

Proof. (i)=(ii): Let ¢ : M — N be an epimorphism. We consider two cases.
Case 1: Ker(q) = M. Then N = {0}. Let s : N = M be the zero map. Then

qgos=idy.
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Case 2: Ker(q) € M. Since M is semisimple, M = @;c;M; for some simple
submodules M; of M. Let S be the subset of nonzero submodules L of M such
that Ker(q) N L = {0}. Then S is nonempty. Indeed, by the assumptions, there is
i € I with M; € Ker(g), so that M; NKer(q) = {0}, by simplicity of M;. The set S,
ordered by inclusion, is inductive, since the union of a chain in S again belongs to
S. Thus, by Zorn’s lemma, it has a maximal element P. Seeking a contradiction,
suppose that Ker(¢) + P C M. Then there is j € I with M; € Ker(q) + P
so that M; N (Ker(¢q) + P) = {0} by simplicity of M;. But then P C P + M;
and Ker(q) N (P + M;) = {0} which violates the maximality of P, which is a
contradiction. Therefore, M = Ker(q) @ P. The restriction ¢|p : P — N is
injective since P N Ker(q) = {0}, and surjective since q(P) = g(Ker(q)) + ¢(P) =
q(Ker(q) + P) = q(M) = N, hence an isomorphism. Letting s : N — M be the
composite of (g|p)~! with the inclusion P < M yields g o s = idy. Hence, M is
quotient semisimple.

(if)=-(iii): Suppose that M is quotient semisimple. Let i : K — M be a
monomorphism. Consider the cokernel p : M — M /K, which is an epimorphism.
By hypothesis, there is s : M /K — M with pos = idy;/x. For any m € M, we then
have m—s(p(m)) € K, so we may define amap r : M — K by r(m) = m—s(p(m)).
Since p(m — s(p(m))) = p(m) — p(s(p(m))) = p(m) — p(m) = 0, we have r(m) € K
for all m € M. Thus r : M — K is well defined. It is clearly A-linear. Moreover,
for k € K, we have p(k) = 0, hence r(k) = k, so that r o i = idg. Hence, M is
subobject semisimple.

(iif)=-(i): Let M be subobject semisimple. If M = {0}, then M is the direct
sum of an empty family of simple submodules. Assume now that M # {0}. By
Lemma 4.4 and Zorn’s lemma, there exists a nonempty family {N;};er of simple
submodules such that N = @;<;N; is maximal among direct sums of simple sub-
modules of M. Since N C M and M is subobject semisimple, we have M = N & P
for some submodule P of M. Suppose that P # {0}. By Lemma 4.4, P contains a
simple submodule P’. Since P’ € M and M is subobject semisimple, the inclusion
P’ — M splits. Hence M = P’ @ X for some submodule X of M. Thus, we get
P =P @(PnX). Hence M = NoP'¢(PNX), contradicting the maximality of the
family {N;}ier. Therefore P = {0}, s0o M =

ser Ni- Hence M is semisimple. [

Proposition 4.6. Let M € s,FMod. The following assertions hold:

(a) The module M is semisimple in AFMod if and only if every submodule and

every quotient module of M is semisimple in 4FMod.
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(b) Suppose M = ®;e1 M; for some submodules (M;);cr. Then M is semisimple
in AFMod if and only if each M; is semisimple in sFMod.

Proof. (a) The “if” part is trivial, since M is both a submodule and a quotient
module of itself. Now suppose that M is semisimple in 4FMod. Let N be a
submodule of M. We first show that IV is semisimple. Let P be a submodule of N.
By Proposition 4.5, M is subobject semisimple, so there exists a submodule @ of
M such that M = P®Q. Hence N=NNM =NN(P@Q) =P®(NNQ). Thus
every submodule of N is a direct summand of IV, so N is subobject semisimple. By
Proposition 4.5, N is semisimple. Now we show that M /N is semisimple. Again by
Proposition 4.5, there exists a submodule R of M such that M = N@® R. Since R is
a submodule of the semisimple module M, the first part shows that R is semisimple.
Moreover, M /N = R. Hence M/N is semisimple.

(b) If M is semisimple, then each M; is a submodule of M, so M; is semisimple
by (a). Conversely, suppose that each M; is semisimple. For each i € I, write
M; = @jcj,Sij, where each S;; is simple. Then M = ®;c;M; = ®icr Djey; Sij, 50

M is a direct sum of simple submodules. Hence M is semisimple in 4 FMod. (I
We say that A is left semisimple if A is semisimple in 4 FMod.

Proposition 4.7. The ring A is left semisimple if and only if every module in

AFMod is semisimple.

Proof. The “if” direction is immediate. Now we show the “only if” direction.
Suppose that A is left semisimple. Let M be a module in 4,FMod. Since M is
unitary, we have AM = M so that M = > Am. Let A(M) denote the direct

sum of |M| copies of A. Define a surjective A-linear map p : AM) 3 (a4 )merr —

meM

Y mem @mm € M. By Proposition 4.6(b), AM) s semisimple. Therefore, by
Proposition 4.6(a), M = AM) /Ker(p) is semisimple. a

Proof of Theorem 1.4. Let A and B be left s-unital rings with B left semisimple.
Suppose that f : B — A is a left s-unital ring homomorphism such that A/B is
separable. We wish to show that A is left semisimple. Let M € 2FMod. By
Proposition 4.7, the module Res (M) is semisimple in gFMod. By Proposition 4.5,
it is therefore subobject semisimple in pFMod. By Theorem 1.3, Res; is separable.
Clearly, Resy preserves monomorphisms. By Proposition 2.11, M is subobject
semisimple in 4FMod. Hence, by Proposition 4.5, M is semisimple in 4FMod.

Therefore, by Proposition 4.7, A is left semisimple. (I

Proof of Theorem 1.5. Let G be a finite group of order n := |G|. Let B be a
ring with local units satisfying nB = B. Let A denote the group ring B[G]. We
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wish to show that A/B is separable. To this end, we will construct an A-bimodule
splitting o of the multiplication map ps/p : A®p A — A. Take a € A and an
idempotent e € B such that ae = a = ea. Since nB = B, there exists b € B such
that nb = e. Then (ne)(ebe) = e(nb)e = e?ee = e and, analogously, (ebe)(ne) = e.
Hence ne is invertible in the unital ring eBe. Define o(a) := 3 .5 ag® (ne)~tg=1.
Then

(na/poo)(a) =Y agne) g™ = a(ne)'gg~"

geG geqG
= Z a(ne)™t =na(ne)™' = a(ne)(ne) ™' = ae = a.
geG

Therefore, o is a splitting of 14,p. Clearly, o is left A-linear.

Next we show that o is well defined. Suppose that ¢’ € B is another idempotent
such that ae’ = a = €’a. Take an idempotent f € B such that ef = fe = e and
e'f=fe =¢€. Let c=(nf)"! € fBf, so that (nf)c = f. Then (ne)c = e(nf)c =
ef = e, s0 ec = (ne)~l. Since ¢ = (nf)~!, it follows that e(nf)~! = (ne)~!.

Similarly, ¢/(nf)~! = (ne’)~!. Therefore,

Zag@(ne Zag@enf Zaeg@ (nf)~

geG geG geG
—Zaeg® (nf) tg~* Zag@e (nf)tg™* Zag@ ne’)"tg7L.
geG geG geG

Finally, we show that o is right A-linear. Take b € B and h € G. Choose an
idempotent e € B such that ae = a = ea and be = b = eb. Since b(ne) = nb = (ne)b,
it follows that (ne)~'b = b(ne)~!. Hence

o(a)bh = Z ag ® (ne)"tg~lbh = Z ag @ b(ne) " tg™ h

geG geG
= Z ahp @ b(ne) lp~t = Z abhp @ (ne)~'p~t = o(abh),
peG peG
where p := h~!g. Thus o is right A-linear. Therefore, A/B is separable. |

Proof of Theorem 1.6. Let G be a finite group of order |G|. Let B be a semisim-
ple ring with local units satisfying |G|B = B. Put A := B[G]. We wish to show
that A is left semisimple. Since B is locally unital, the ring inclusion B — A is left
s-unital. Therefore, by Theorem 1.4 and Theorem 1.5, A is left semisimple. O

Remark 4.8. It is easy to produce examples of nonunital rings B satisfying the
hypotheses of Theorem 1.6 for any finite group G. Let K be a field of characteristic
zero and let B = K™ be the ring from Example 3.2(a). Then B is semisimple
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and nonunital, yet has local units, and satisfies nB = B for every n € N. Hence
Theorem 1.6 applies to the group ring B[G] for any finite group G.

Moreover, one can even find simple nonunital rings B with local units such that
nB = B for all n € N. A standard example is the ring FMy(K) of finitary N x N
matrices over K, that is, the ring consisting of all matrices (a;;); jen Wwith a;; € K
such that a;; = 0 for all but finitely many pairs (7,5) € N x N, over a field K
of characteristic zero. This ring has local units, since any finite set of matrices
is supported on finitely many rows and columns, and the diagonal idempotent
corresponding to those rows and columns acts as a local unit for that set. We leave

the simplicity verification to the reader.

Let A be a left s-unital ring. We say that A is left hereditary if for every projective
left A-module M in 4FMod, all A-submodules of M are again projective.

Theorem 4.9. Let A and B be rings with A s-unital and B left hereditary. Let
f: B — A be aleft firm ring homomorphism with A/B separable. Suppose that
Resy : AFMod — pFMod preserves projective modules. Then A is left hereditary.

Proof. Let M € j,FMod be projective and let N be a submodule of M. By
the assumptions, Resy (M) is projective in gFMod. Since B is left hereditary, also
Ress(N) is projective in gFMod. By Theorem 1.3, Resy is separable. Clearly, Resy
preserves epimorphisms. Thus, by Proposition 2.22, N is projective in 4FMod.
Therefore, A is left hereditary. O
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