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ABSTRACT. We study the diameter and girth of nilpotent graphs associated
with skew PBW extensions over 2-primal rings, generalizing similar results on
skew polynomial rings. Under certain compatibility conditions, we establish
bounds for the diameter of the nilpotent graph and prove invariance of the

girth under polynomial extensions.

Mathematics Subject Classification (2020): 05C12, 05C20, 16515, 16530,
16532, 16536, 16538
Keywords: Nilpotent graph, diameter, compatible ring, skew polynomial

ring, skew PBW extension, 2-primal ring

1. Introduction

Throughout the paper, every ring is associative (not necessarily commutative)
with identity unless otherwise stated. We write Z;(R), Z,.(R), Z(R)* and U(R) to
denote the set of all left zero-divisors of R, the set of all right zero-divisors of R, the
set of non-zero zero-divisors of R and the set of all units of R, respectively. P(R),
nil*(R) and nil(R) denote the prime radical of R, the upper nilradical of R (that is,
the sum of all nil ideals of R) and the set of nilpotent elements of R, respectively.
If P(R) = nil(R), then R is called 2-primal, and if nil*(R) = nil(R), then R is an
NI ring.

A graph T' is connected if for every pair of distinct vertices u and v, there exists
a finite sequence of distinct vertices vy = w,vo,...,v,, = v such that each pair
{v;,vi+1} is an edge; the sequence is called a path. If @ and b are two distinct vertices
of graph I', then the distance between a and b, denoted by d(a,b), is the length of
a shortest path connecting a and b, if such a path exists; otherwise d(a,b) = co.

The diameter of a graph I is defined as

diam(T") = sup{d(a,b) | a and b are distinct vertices of T'}.
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If V= {v1,va,...,0n} is a set of distinct vertices such that each pair {v;, v;41} is
an edge and v; = v,y,, then V is a cycle of length m — 1. The girth of a graph T,
denoted by gr(L'), is the length of the shortest cycle in I', provided I" contains a
cycle; otherwise gr(I') = oo.

Beck [12] introduced the notion of zero-divisor graph on commutative rings. In
his work, he considered all elements of R as vertices of the zero-divisor graph.
Anderson and Livingston [5] studied the (undirected) zero-divisor graph I'(R) of R,
whose vertices are the non-zero zero-divisors of R, and considering distinct vertices
a and b as adjacent if and only if ab = 0. They proved that I'(R) is a finite graph
with at least one vertex if and only if R is finite and it is not a field [5, Theorem 2.2]
and I'(R) is connected with diam(I'(R)) < 3 [5, Theorem 2.3]. They also showed
that gr(I'(R)) < 4 if T'(R) contains a cycle [5, Theorem 2.4]. Some properties of
zero-divisor graphs for commutative rings have been studied by different authors
[4,10].

In the noncommutative setting, Redmond [55] defined the zero-divisor graph
I'(R), where the vertex set is Z*(R) = Z(R) \ {0}, and distinct vertices a and b
are connected by an edge if and only if ab = 0 or ba = 0 [55, Definition 3.1]. Some
properties of these graphs have been studied by different authors [2,6,39,44,63].
In the setting of skew polynomial rings introduced by Ore [50], Hashemi et al.
[22,23,24,25] investigated the relationship between the zero-divisor graph and the
algebraic properties of these noncommutative rings by considering some conditions
on rings such as reversibility and compatibility.

If R has no non-zero nilpotent elements, then R is called reduced. If ab = 0
implies that ba = 0, for all a,b € R, then R is reversible. Finally, R is symmetric
provided abc = 0 implies that acb = 0, for all a,b,c € R. Commutative rings are
symmetric, and symmetric rings are reversible, but the converses do not hold ([3,
Examples .5 and I1.5], and [45, Examples 5 and 7]). In addition, every reduced ring
is symmetric [61, Lemma 1.1], but the converse is not necessarily true [3, Example
IL5]. If o is an endomorphism of R and for each r € R, we have that ro(r) = 0
implies that » = 0, then ¢ is called rigid, and if there exists a rigid endomorphism o
of R, then R is o-rigid. Annin in his Ph.D. Thesis [7] (see also [8,9,28]) or Hashemi
and Moussavi [28] introduced compatible rings as a generalization of o-rigid rings
and reduced rings. R is o-compatible if for each a,b € R, then ab = 0 if and only
if ac(b) = 0; R is §-compatible if for each a,b € R, we obtain that ab = 0 implies
that ad(b) = 0, and if R is both o-compatible and d-compatible, then R is called
(0, 0)-compatible.
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Hashemi et al. [25] investigated the connection between the ring-theoretic prop-
erties of a skew polynomial ring R[z;0,d] and the graph-theoretic properties of its
zero-divisor graph T'(R[xz; o, d]). For example, they characterized the possible diam-
eters of I'(R[z;0,4]) in terms of I'(R) when R is reversible and (o, §)-compatible.
They also described associative rings for which all skew polynomial zero-divisor
graphs are complete. Furthermore, they proved that the diameter of the graph of
a skew polynomial ring depends on the properties of R (such as being reduced,
having minimal primes, or the ideal Z(R)) [25, Theorem 2.7]. Additionally, some
properties of R can be determined by knowing the diameters of R and R[x;0, 0]
[25, Theorem 2.8]. Finally, they also provided upper and lower bounds for the
diameter of R in relation to its skew polynomial ring assuming that R is reversible
and (o, d)-compatible.

Chen [16] introduced a graph on R whose vertices are the elements of R, where
two distinct vertices x and y are adjacent whenever xy € nil(R). A few years
later, Li and Li [42] considered the nilpotent graph, which will be denoted by
I'n(R), with vertex set Z5(R) = {z € R : zy € nil(R) for some y € R}, where dis-
tinct vertices x and y are adjacent if and only if zy € nil(R). It is clear that
the zero-divisor graph I'(R) is a subgraph of I'yy(R). Nikmehr and Khojasteh [48]
investigated the diameter and girth of the nilpotent graph for matrix rings over
noncommutative rings, while Nikmehr and Azadi [47] studied these properties for
skew polynomial rings and proved that if R is o-compatible and symmetric, then
2 < diam(I'y (R[z;0])) < 3 [47, Theorem 2.10], and that if I'y (R) contains a cycle,
then gr(I'n(R)) = gr(Tn(R[z;0])) [47, Theorem 2.13].

Thinking about the above results on skew polynomial rings and nilpotent graphs,
a natural task is to investigate graph-theoretic properties preserved under ring-
theoretic constructions over non-commutative rings of polynomial type. Our pur-
pose in this paper is to study the nilpotent graph of a skew Poincaré-Birkhoff- Witt
extension (SPBW for short). SPBW extensions were defined by Gallego and Lezama
[19] as a generalization of the PBW extensions considered by Bell and Goodearl
[14] and skew polynomial rings of injective type introduced by Ore [50]. Several au-
thors have shown that SPBW extensions also generalize families of noncommutative
algebras, such as 3-dimensional skew polynomial algebras introduced by Bell and
Smith [15], diffusion algebras considered by Isaev et al. [32], ambiskew polynomial
rings introduced by Jordan (see [34] and references therein), almost normalizing

extensions defined by McConnell and Robson [46] and skew bi-quadratic algebras
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recently introduced by Bavula [11]. For more details on the SPBW extensions, see
[18,30,31,41].

The paper is organized as follows. In Section 2, we recall fundamental definitions
and establish key properties of SPBW extensions and (X, A)-compatible rings. Sec-
tion 3 presents our main results: Theorems 3.3, 3.5, 3.7, 3.10, and 3.12 characterize
the diameter and girth of nilpotent graphs associated with these extensions, gener-
alizing previous work on skew polynomial rings R[z; o] by Nikmehr and Azadi [47].
Section 4 illustrates our findings with examples of noncommutative algebras that
are not skew polynomial rings.

Throughout the paper, N, Z, R, and C denote the standard numerical systems,
with N including the zero element. The symbol k denotes a field, and k* := k\ {0}.

2. Definitions and elementary properties

Definition 2.1. [19, Definition 1] A ring A is called a skew PBW (SPBW) extension
of R, which is denoted by A := o(R)(x1,...,zy), if the following conditions hold:

(i) R is a subring of A sharing the same identity element.
(ii) There exist finitely many elements z1,...,z, € A such that A is a left free

R-module, with basis the set of standard monomials
Mon(A) := {z* := 2" - 28 | a = (oq,...,a,) € N'}.
We consider z9 - -- 2% := 1 € Mon(A4).
(iii) For every 1 < i < m and any non-zero element r € R, there exists a non-zero
element ¢; , € R such that z;r — ¢; ,z; € R.

(iv) For 1 <4,j < n, there exists a non-zero element d; ; € R such that
Tix; — di7j$il‘j € R+ Rx1 + -+ Rxy,

i.e., there exist elements r(()i’j)7 rgi’j), e mff"j) € R with

_ D) ()
@y — dijoiwy =g + 3 pq T Tk

Since Mon(A) is a left R-basis of A, this implies that the elements ¢;, and
d; ; are unique, and every non-zero element f € A can be uniquely expressed as
f=aXo+aX1+ -+ anXy, with a; € R, Xo = 1, and X; € Mon(A), for
0 <i < m [19, Remark 2].

If A= o(R){(z1,...,2,) is an SPBW extension of R, there exist an injective
endomorphism o; of R and a o;-derivation §; of R such that x;r = o;(r)z; + §;(r),
for all 1 < ¢ < n and r € R [19, Proposition 3]. The notation ¥ := {o1,...,0,}
and A := {d1,...,0,} denote the corresponding sets of injective endomorphisms

and o;-derivations, respectively.
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Definition 2.2. If A =o(R)(z1,...,z,) is an SPBW extension of R, then:

(i) [19, Definition 4] A is quasi-commutative if the conditions (iii) and (iv)

(i)

(iii)

formulated in Definition 2.1 are replaced by the following:

(iii’) For every 1 < ¢ < n and non-zero element r € R, there exists a
non-zero element ¢; » € R such that z;r = ¢; ;.

(iv’) For every 1 < 4,5 < n, there exists a non-zero element d; ; € R such
that x;x; = d; jx:x;.

[19, Definition 4] A is bijective if o; is bijective for all 1 < i < n, and d; ; is

invertible for every 1 <i < j < mn.

[40, Definition 2.3] If o; = idg is the identity map of R for all 1 < i < n,

then A is called of derivation type. If §; = 0 for all 1 <4 < n, then A is of

endomorphism type.

Remark 2.3. [19, Section 3] If A = o(R)(x1,...,zy) is an SPBW extension of R,

then:

(1)

For any non-zero element a = (a1,...,a,) € N we will write 0 :=
opt o -00gdn 6% = 67" o--- 0", where o represents the usual function
composition and |a| := a3 + -+ + a,. If 8= (B1,...,0,) € N, then
a+f:=(a1+P1,...,an+ Bn).

Let = be a total order defined on Mon(A). If 2% = 2% but 2 # 27, we
write @ > 2. If f is a non-zero element of A, then we use expressions as
f=Y",a;X;, with a; € R, and X,, > --- = X;. With this notation, we
define lm(f) := X,,, the leading monomial of f; lc(f) := am,, the leading
coefficient of f; 1W(f) := amXm, the leading term of f; exp(f) := exp(Xm),
the order of f. Notice that deg(f) := max{deg(X;)}™,. Finally, if f =0,
then lm(0) := 0, 1¢(0) := 0, 1t(0) := 0. We also consider X > 0 for any
X € Mon(A). Thus, we extend = to Mon(A) U {0}.

Proposition 2.4. [19, Theorem 7] If A is a polynomial ring with respect to the set
of indeterminates {x1,...,x,} and R is the coefficient ring, then A is an SPBW

extension of R if and only if the following conditions hold:

(1)

For each * € Mon(A) and every non-zero element r € R, there exist unique
elements ro := 0*(r) € R\ {0} and po ., € A such that z%r = rox® + pa,r,
where pa,r = 0, or deg(pa,r) < |a| if par # 0. If v is left invertible, so is

To-
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(2) For each x*, 2" € Mon(A), there exist unique elements co.p € R\ {0} and
Da,p € A such that zzhf = ca,gxo“rﬁ + Pa,g, Where cq g is left invertible,

Pa,s =0, or deg(pa,ﬁ) <|a+0| if pa,p # 0.

Proposition 2.5. [56, Proposition 2.9 and Remark 2.10 (iv)] If o(R)(z1,...,zn)
is an SPBW extension of R, then
(1) Ifa=(o1,...,00) € N" and r € R with r # 0, then

Qn

o, a1, Qo An—1_« _ a1 Ap—1 anp—jJ Jj—1 j—1
TT =Ty Ty™ Ty .InanJ?l Ty (ann 6”(071 (T))xn

=1
anyil . . B
bty (30 e @ e ) e
=1

Qp—2
ot anng? ( R Y R Y il i <r>>>>xz:_12) A

j=1
Footal! (Z 252 1 63(03 (057 (054 (- (o (r))))))xé‘l)w?w? R R
j=1
+ 07 (052(-+ - (o ()l -+ xgm, a? :=idg for 1<j<n.

(2) If a;,b; € R and X; = 2™ - afin, V) = xfﬂ ~~z§j", when we compute
every summand of a;X;b;Y; we obtain products of the coefficient a; with
several evaluations of bj in o’s and ¢’s depending on the coordinates of ;.

This assertion follows from the expression:

a; XibjY; = aio® (b)z™ 0 + aipg,, oo (o (otin b)) 02" 2

75 ) ) i3 | Qin .05
T AT Py 0533 (- (o0 (b)) 3 Ty

QG102 ) ) Qia | Qin B
T @i Ty Py 0% (o (02 (b)) T T, T

Xi(n—2) . in .05
i(n—2) pai(n—l)ao-i in(b;)Tn ¥

n

Q1,042
+ - tarytaytteoew
it M) Bj
+ a;xq xi(nil) Dovin ,b; T

In the setting of SPBW extensions, Reyes and Sudrez [57] defined the Y-rigidness
condition as follows: If ¥ = {o4,...,0,} is a family of endomorphisms of R, then
Y is called a rigid endomorphisms family if ac®(a) = 0 implies that a = 0, where
a € R and o € N*, and R is X-rigid if there exists a rigid endomorphisms family
Y of R [57, Definition 3.1]. Hashemi et al. [26] and Reyes and Sudrez [58] intro-
duced independently (3, A)-compatible rings as a generalization of (o, d)-compatible
rings. Examples, ring and module theoretic properties of these objects have been
investigated [26,27,43,51,52,58,59].

Nikmehr and Azadi [47] considered the o-compatibility condition for their study
of the diameter and the girth of the nilpotent graph I'y(R[z;0]). As expected,
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(X, A)-compatible rings must be considered to study the interplay of ring-theoretic
properties of an SPBW extension o(R){x1,...,z,) and the graph-theoretical prop-
erties of its corresponding nilpotent graph I'y(o(R){x1,...,%n)). We first recall

some preliminary results on compatible rings.

Definition 2.6. ([26, Definition 3.1]; [58, Definition 3.2]) R is called X-compatible
if for all a,b € R, we obtain that ac®(b) = 0 if and only if ab = 0, where o € N";
R is A-compatible if for all a,b € R, we have that ab = 0 implies that ad®(b) = 0,
where 5 € N". If R is both ¥-compatible and A-compatible, then R is called
(3, A)-compatible.

The following proposition is the natural generalization of [28, Lemma 2.1].

Proposition 2.7. [58, Proposition 3.8] If R is (X, A)-compatible, then for every
a,b € R, the following assertions hold:

(1) if ab =0, then ac®(b) = 0%(a)b = 0, for each § € N".

(2) If oP(a)b =0 for some 3 € N", then ab = 0.

(3) If ab =0, then 0%(a)6?(b) = 6°(a)a? (b) = 0, for every 6,3 € N™.

If R is X-rigid, it follows that R is (3, A)-compatible [58, Proposition 3.4], but
the converse does not hold [58, Example 3.6]. If R is reduced, then ¥-rigid and
(3, A)-compatible coincide and if A = o(R)(z1,...,2,) is an SPBW extension of
R, then A is reduced [58, Theorem 3.9].

We present some examples of SPBW extensions over compatible rings.

Example 2.8. Commutative polynomial rings, PBW extensions, the algebra of
linear partial differential operators, the algebra of linear partial shift operators, the
algebra of linear partial difference operators, and the algebra of linear partial ¢-
differential operators, and the class of diffusion algebras (for a detailed description,
see [18,29,31]). Other examples include: Weyl algebras, multiplicative analogue of
the Weyl algebra, some quantum Weyl algebras as As(Jqp), the quantum algebra
U'(s0(3,k)), the family of 3-dimensional skew polynomial algebras; Woronowicz
algebra W, (sl(2,k)), the complex algebra V,(sl3(C)), the Hayashi algebra W,(J),
g-Heisenberg algebra H,,(g), and others.

Reyes and Sudrez [59] introduced the weak (3, A)-compatible rings as a gener-
alization of (X, A)-compatible rings and weak (o, §)-compatible rings considered by
Ouyang and Liu [52]. A ring R is called weak X-compatible if for each a,b € R, we
obtain that ac®(b) € nil(R) if and only if ab € nil(R), where o € N"; R is weak A-
compatible if for each a,b € R, we have that ab € nil(R) implies that aé”(b) € nil(R),
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where 8 € N™. If R is both weak Y-compatible and weak A-compatible, then R is
called weak (X, A)-compatible.

Ouyang and Liu [52] characterized the nilpotent elements of a skew polynomial
ring over a weak (o,d)-compatible ring [52, Lemma 2.13]. Reyes and Suérez [59]

generalized this result for SPBW extensions.

Proposition 2.9. [59, Theorem 4.6] If R is a weak (X, A)-compatible and NI ring,
then f = Y 1" a;X; € nil(o(R){(z1,...,2,)) if and only if a; € nil(R), for all
0<i<m.

Proposition 2.9 generalizes the lemma presented by Ouyang and Birkenmeier
[51] for skew polynomial rings [51, Lemma 2.6], and Ouyang and Liu [53] for differ-
ential polynomial rings [53, Lemma 2.12]. In addition, Proposition 2.9 implies the

following corollary.

Corollary 2.10. If R is (X, A)-compatible and NI, then the following statements
hold:

(1) nil(o(R)(x1,...,zn)) s an ideal, and the following equality holds:
nil(o(R)(x1,...,Tn)) = nil(R){(x1,...,Zs).

(2) f=X"aX; €nil(o(R)(x1,...,2,)) if and only if a; € nil(R), for each
0<i<m.

3. Nilpotent graphs theory of SPBW extensions

This section contains the original results of the paper. We characterize the diam-
eter and girth of the nilpotent graph of SPBW extensions over (X, A)-compatible
and 2-primal rings. We start by recalling some preliminary results.

Redmond [55] defined the zero-divisor graph I'(R), and proved that it is always
a connected graph with diameter at most 3 for any ring R. This fundamental result

is an important tool in the study of zero-divisor graphs.
Proposition 3.1. [55, Theorem 3.2] I'(R) is connected and diam(I'(R)) < 3.

Nikmehr and Azadi [47] showed that if R is an NI ring with at least one non-zero
nilpotent element, the corresponding graph I'y(R) is connected, having diameter
bounded by two and girth equal to either three or infinite. In addition, I'y(R) is a

complete graph when R is isomorphic to the direct product Zs X Zo.

Proposition 3.2. (1) [47, Remark 2.6] If R is an NI ring and Zn(R) contains at
least one mnon-zero mnilpotent element, then Tn(R) is connected,
diam(T'n(R)) < 2, and gr(T'n(R)) = 3 or co.
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(2) [47, Theorem 2.7) 'y (R) is complete if and only if R = Zo X Zs.

Recall that a prime ideal P of R is called completely prime whenever R/P is
a domain [21, p. 183]. If R is reduced, then every minimal prime ideal of R is
completely prime [13, Lemma 1]. Furthermore, every minimal prime ideal is a
union of annihilators [38, Lemma 1.5]. Furthermore, if P is a minimal prime ideal
of a reduced and (o, §)-compatible ring R, then P[z; 0, 4] is a minimal prime ideal
of R[z;0,6] [62, Lemma 2.5]. The second author has studied the minimal prime
ideals of SPBW extensions [43,49].

Theorem 3.3 characterizes the diameter of the nilpotent graph of SPBW exten-
sions over (X, A)-compatible 2-primal rings, showing that when R has exactly two
minimal prime ideals, then diam(T'y(o(R)(z1,...,zy,))) = 2. We denote by |X]|
the cardinality of any set X. The following theorem generalizes [47, Theorem 2.9].

Theorem 3.3. If R is (X, A)-compatible, 2-primal and has ezxactly two minimal
prime ideals, then

diam(T'y (o (R)(z1,...,2n))) = 2.

Proof. Let A = o(R){z1,...,2,) be an SPBW extension of R. If R is a non-
reduced ring, then diam(I'n(A)) < 2 by Corollary 2.10 and Proposition 3.2(1). In
addition, since A 2 Zs x Zy, we obtain that T'y(A) is not complete by Proposition
3.2(2), whence diam(I'x(A)) > 2 and therefore diam(I'x(A)) = 2.

If R is reduced, then A is reduced by [58, Theorem 3.9], which implies that
Zn(A) = Z(A). Additionally, if P, P are the only two minimal prime ideals of R,
then PA and P’A are the only two minimal prime ideals of A by [43, Proposition
4.4], and thus Z(A) = PAU P’ A. Therefore, Z(A) is not an ideal of A, and either
|PA| > 3 or |P'A| > 3.

Let f,g € PA\ P'A such that f # g and fg = 0. If A is reduced, then
A is reversible, and since fg = 0 it follows that fAg = 0. Thus, f € P'A or
g € P'A, which is a contradiction because PA # P’ A. In this way, d(f, g) > 2 which
implies that diam(I'(A)) > 2. If A is reduced, then diam(I'y(A)) = diam(T'(A4)),
and diam(I'(A)) < 2 by [1, Theorem 3.9 (3)], and therefore we conclude that
diam(I'y(A)) = 2. O

Corollary 3.4. [47, Theorem 2.9] If R is symmelric, o-compatible and has exactly

two minimal primes, then diam(I' y (R[z; 0])) = 2.

Under compatibility conditions, Theorem 3.5 characterizes the diameter of nilpo-

tent graphs of SPBW extensions over 2-primal rings, showing that the diameter of
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I'n(o(R){x1,...,2n)) lies between two and three. The proof distinguishes between
non-reduced rings, where diameter two occurs, and reduced rings, where techniques
from zero-divisor graph theory yield the upper bound three. Theorem 3.5 is the

corresponding generalization of [47, Theorem 2.10].

Theorem 3.5. If R is (X, A)-compatible and 2-primal, then
2 <diam(Tn(c(R)(x1,...,2n))) < 3.

Proof. Since A = o(R)(x1,...,%,) is an SPBW extension of R, it follows imme-
diately that diam(T'y(R)) < diam(T'n(A)). In this sense, if R 2 Zs X Zsg, then
2 < diam(I'y(R)) by Proposition 3.2(2), which yields that 2 < diam(I'x (4)).
Now, if R = Zsy X Zs, then R is reduced with exactly two minimal prime ideals,
whence diam(I'y (A4)) = 2 by Theorem 3.3.
Next, we show that diam(T'y(A)) < 3. To prove this, we consider the following
two cases:

(1) If R is non-reduced, then diam(T'x(A4)) < 2 by Corollary 2.10 and Propo-
sition 3.2(1). In addition, diam(I'y(A)) > 2 by Proposition 3.2(2), whence
diam(T'ny(A)) =2 < 3.

(2) If R is reduced, so is A by [58, Theorem 3.9] and then diam(I'y(A4)) =
diam(T'(A)). Proposition 3.1 guarantees that diam(T'(4)) < 3. O

Corollary 3.6. [47, Theorem 2.10] If R is symmetric and o-compatible, then
2 < diam(T'y(R[z;0])) < 3.

If R is 2-primal, then Theorem 3.7 establishes three fundamental properties of
I'n(R): connectivity, diameter bounds, and cycle length restrictions. The proof
distinguishes between reduced rings (where I'y(R) = I'(R)) separately from non-
reduced cases (where nilpotent elements guarantee shorter cycles). The following

theorem generalizes [47, Theorem 2.11].

Theorem 3.7. If R is 2-primal, then the following assertions hold:

(1) Tw(R) is connected.

(2) diam(T'y(R)) < 3.

(3) IfTn(R) contains a cycle, then gr(Tn(R))
(4) If R is a non-reduced ring, then gr(Tn(R))

IN

4.
3

Proof. Suppose that R is a reduced ring. Then I'y(R) = I'(R), and it yields that
Iy (R) is a connected graph, diam(I'y(R)) < 3 and gr(T'y(R)) < 4 by Proposition
3.1.
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In addition, if R is non-reduced, then I'y(R) is connected, diam(I'y(R)) < 2
and gr(I'y(R)) = 3 by Proposition 3.2(1) and Corollary 2.10.

Corollary 3.8. [47, Theorem 2.11] If R is symmetric, then the following hold:

(1) T'w(R) is connected.

(2) diam(T'y(R)) < 3.

(3) If Tny(R) contains a cycle, then gr(Cn(R)) < 4. Moreover, if R is a
non-reduced ring, then gr(I'y(R)) = 3.

Lemma 3.9 establishes that for SPBW extensions over reduced (X, A)-compatible
rings with non-trivial nilpotent zero-divisors, the nilpotent graph has girth at most

four. The following lemma extends [47, Lemma 2.12].
Lemma 3.9. If R is (X, A)-compatible reduced and Z(R) # 0, then
gr(Cn(o(R){(x1,...,2,))) < 4.

Proof. Assume that A = o(R){(z1,...,2,) is an SPBW extension of R. If R is
reduced and Zx (R)* # 0, then there exist non-zero elements a,b € Zy(R) such that
ab = 0, which implies that for all o, 3 € N”, we obtain that bo®(a) = ac?(b) = 0
and ¢?(a)8?(b) = 6°(a)o?(b) = 0 by Proposition 2.7. In this way, we may consider
the cycle a — bx® — ax” — b — a of length four in the nilpotent graph I'y(A) whence
gr(Cn(A)) < 4. O

Theorem 3.10 establishes that if R is 2-primal, then the girth of 'y (R) is greater
than or equal to that of 'y (0(R)(x1,...,%n)), with equality when I'y (R) contains
cycles, and shows that gr(T' y(R)) = 3 occurs for non-reduced rings, while reduced
rings satisfy gr(I'y(R)) = 4 when I'y(0(R)(z1,...,z,)) has a cycle of length four.

The following theorem generalizes [47, Theorem 2.13].

Theorem 3.10. If R is (X, A)-compatible and 2-primal, then
gr(Cn(R)) = gr(Tn(o(R)(21,.. ., 2n)))-
In addition, if T (R) contains a cycle, then we have that
gr(Cn(R)) = gr(Tn(o(R){z1,...,Zn)))-

Proof. If Z3(R) = 0, then gr(I'n(R)) = gr(I'n(A)) = co. Suppose that Zx (R) #
f andlet A = o(R){x1,...,2,) be an SPBW extension of R. A straightforward veri-
fication shows that if T’y (R) is a subgraph of 'y (A4), then gr(I'y(R)) > gr(Tn(A)).

If R is 2-primal but not reduced, then gr(I'y(R)) = 3 by Theorem 3.7(4). Since
gr(C'n(R)) > gr(T'n(A)), we have that gr(T'n(A)) < gr(I'n(R)) = 3. In addition,
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girth is defined as the length of the shortest cycle, and a cycle of length 2 would
require two distinct nilpotent elements f, g such that fg € nil(A4), which would
already form a cycle of length 3 in I'y(A). Thus, gr(I'n(A)) cannot be less than
3, and hence gr(I'n(A4)) = gr(T'n(R)) = 3.

If R is reduced, we have that gr(I'y(A)) < 4 by Lemma 3.9. Suppose that
gr('n(A)) = 4. If the graph I'y (R) contains a cycle, we obtain that gr(I'n(R)) < 4
by Theorem 3.7(3), and since gr(I'n(R)) > gr(I'n(A4)) = 4, we conclude that
gr(Cn(R)) = 4.

Assume that gr(T'y(A)) = 3 and let f—g—h— f be a cycle of length three, where
f, g, h are non-zero elements of A with leading coefficient a,,, b,,, and ¢;, respectively.
If fg =0, then a,0% (by,) = 0, and thus a,b,, = 0 by (X, A)-compatibility of R.
Similarly, one can see that b,,¢; = 0 and ¢;a,, = 0. If R is reduced, then a,, b,
and ¢; are distinct, and thus we may consider the cycle a,, — b,, — ¢; — a,,, which
has length three whence gr(I'y(R)) = 3. O

Corollary 3.11. [47, Theorem 2.13] If R is symmetric and o-compatible, then
gr(Cn(R)) > gr(Pn(R[x;0])). In addition, if Tn(R) contains a cycle, then the
girths of Ty (R) and I'n(R[z;0]) are equal.

Theorem 3.12 characterizes the girth of the nilpotent graph 'y (o (R){(21, ..., Zn)),
where R is (3, A)-compatible 2-primal, gr(I'y(R)) = oo and Z} (R) # 0. This
provides a complete classification for such extensions. The following theorem gen-
eralizes [47, Corollary 2.14].

Theorem 3.12. If R is a (X, A)-compatible 2-primal ring, gr(C'n(R)) = oo and
Z%(R) # 0, then we have either |nil(R)| = 2 and gr(Cn(c(R){x1,...,2y))) =3 or
R is a reduced ring and gr(Cy(o(R){(x1,...,z,))) = 4.

Proof. Let A = o(R)(x1,...,%y,) be an SPBW extension of R. Assume that R
is 2-primal but not reduced, and suppose that |nil(R)| > 3 which implies that
|[U(R)| > 3. Let a,b € nil(R) be two non-zero elements and 1 # ¢ € U(R). By
Proposition 3.2(1), a and b are adjacent to all vertices contained Z4 (R) = R*. In
this way, a — b — ¢ — a forms a triangle and gr(I'xy(R)) = 3, a contradiction. We
conclude that |nil(R)| = 2.

Now, suppose a € nil(R) with a # 0. Since a?> = 0, a — az® — az” — a forms
a triangle for any non-zero element a € nil(R) and for all «, 5 € N, and hence
gr(Cn(4)) =3.

Let us consider the other situation. If R is reduced, then gr(I'n(A)) < 4 by
Theorem 3.10. In addition, if gr(T'x(A)) = 3, then f—g—h— f is a cycle of length
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three, where f, g, h are non-zero elements of A with leading coefficient a,,, b,, and ¢;,
respectively. In Theorem 3.10, we prove that the cycle a,, —b,, — ¢; — a,, is of length
three, and then gr(I'y(R)) = 3 which is a contradiction. Thus, gr(I'n(A4)) =4. O

Corollary 3.13. [47, Corollary 2.14] If R is symmetric and o-compatible, with
gr(Tn(R)) infinite and Z3 (R) # 0, then either nil(R)| = 2 and gr(Tn(R[x;0])) =
3 or R is reduced and gr(I'y(R[z;0])) = 4.

4. Examples

The importance of our results is appreciated when we extend their application
to algebraic structures that are more general than those considered by Nikmehr
and Khojasteh [48], that is, some noncommutative rings which cannot be expressed
as skew polynomial rings R[x;o]. In this section, we consider several families of
rings that have been studied in the literature which are subfamilies of skew PBW

extensions. Of course, the list of examples is not exhaustive.

Definition 4.1. ([15]; [60, Definition C4.3]) A 3-dimensional algebra A is a k-
algebra generated by the indeterminates x, y, z subject to the relations yz—azy = A,
zx — frz = p, and zy —yyx = v, where A\, u, v € kx +ky +kz +k, and «, 5,7 € k*.
If the set {z'y72* | 4,7,k > 0} forms a k-basis of A, then it is called a 3-dimensional

skew polynomial k-algebra.

Up to isomorphism, there exist fifteen 3-dimensional skew polynomial k-algebras
[60, Theorem C4.3.1]. Different authors have studied ring-theoretical and geomet-
rical properties of these algebras (e.g., [54]). It follows from Definition 4.1 that
every 3-dimensional skew polynomial algebra is an SPBW extension over the field
k. By Theorem 3.5, the diameter of the nilpotent graph of A must be either 2 or
3. Additionally, the girth of the nilpotent graph of A cannot exceed that of the
nilpotent graph of k by Theorem 3.10.

Example 4.2. [18, p. 30] The diffusion algebra A is generated by 2n indeterminates
D;, x; over k with 1 < ¢ <n and subject to the relations
Ty = x;24, T;Dj = Djx;, 1<4,5<n,
cijDiDj —c;;DjDy = x;D; —x;Dj, 1< j, c¢j,c¢5 €Kk*.
According to Definition 2.1, the algebra A can be seen as an SPBW extension of
k[z1,...,zp], but not as a PBW extension or an iterated skew polynomial ring of
injective type. Theorem 3.5 provides bounds on the diameter of the nilpotent graph

I'n(A), proving that the maximal distance between any two non-zero nilpotent
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elements in A is either 2 or 3, due to k[z1,...,x,] being (X, A)-compatible and
2-primal. Moreover, Theorem 3.10 establishes that the girth of I'y(A) does not
exceed that of 'y (k[z1,...,2,]).

Example 4.3. Algebras whose generators satisfy quadratic relations such as Clif-
ford algebras, Weyl-Heisenberg algebras, and Sklyanin algebras, play an important
role in analysis and mathematical physics. Motivated by these facts, Golovashkin
and Maximov [20] considered the algebras Q(a, b, ¢), with two generators z and v,

defined by the quadratic relations
yr = az? + bry + cy?,

where the coefficients a, b, and ¢ belong to an arbitrary field k of characteristic
zero. They presented conditions on these elements under which such an algebra
has a PBW basis of the form B = {zy™ | m,n € N}. Golovashkin and Maximov
proved a necessary and sufficient condition for a PBW basis as above to exist when
ac+b # 0 [20, Section 3]. If ac+b = 0, they proved that if b # 0, —1 then Q(a, b, ¢)
has a PBW basis, and if b = —1 then the set B is linearly independent but do not
form a PBW basis of Q(a, b, c) [20, Section 5].

We can prove that if a, b, and ¢ are not all zero, then Q(a,b, ¢) is neither a skew
polynomial ring of k, k[z], nor of kly]. If b # 0 and ¢ = 0, one can verify that
Q(a,b,c) is an SPBW extension of k[z], that is Q(a,b,c) = o(k[z])(y). Theorem
3.5 determines that the diameter of the nilpotent graph of Q(a, b, 0) must be either
2 or 3, providing bounds on how nilpotent elements relate to each other in these
quadratic algebras. Moreover, the girth of the nilpotent graph of Q(a, b,0) cannot
exceed that of the nilpotent graph of k[z] by Theorem 3.10.

Example 4.4. Jordan [37] introduced a class of iterated skew polynomial rings
R(B,0,c,p), known as ambiskew polynomial rings, which include different examples
of noncommutative algebras. These structures have been investigated by Jordan at
various levels of generality in several papers [33,34,35,36]. We recall the treatment
of ambiskew polynomial rings in the framework appropriate to down-up algebras
with 5 # 0.

Let B be a commutative k-algebra, ¢ be a k-automorphism of B, and elements
c € Band p € k*. If S is the skew polynomial ring B[z;o~!], and extend o to S
by setting o(x) = pz, then there is a o-derivation ¢ of S such that §(B) = 0 and
d(x) = ¢ [17, p. 41]. The ambiskew polynomial ring R = R(B,o,c,p) is the ring

Sly; o, 8], which satisfies the following relations:

yr —pry =c, and, forallbe B, zb=o '(b)z and yb=o(b)y.
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Equivalently, R can be presented as R = Bly;o|[z;o0~!,§], where o(y) = p~ly,

Le, If we

§'(B) = 0, and &'(y) = —p~lc, yielding the relation xy — p~lyx = —p~
interpret the relation b = 0~1(b)x as bx = 0 (b), we observe that the definition in-
volves twists from both sides using o; this motivates the name of these objects. It is
well-known that every generalized Weyl algebra is isomorphic to a factor of an am-
biskew polynomial ring, and the ring R(B, 0, ¢, p) is isomorphic to the generalized
Weyl algebra Blw] (o, w), where o is extended to Blw] by setting o(w) = pw+o(c).
It is not difficult to show that ambiskew polynomial rings are skew PBW exten-
sions over B, that is R(B,o,¢,p) & o(B){y,z). If B has exactly two minimal
primes, then Theorem 3.3 establishes that diam(I'y(R(B,o,¢,p))) = 2. Theorem
3.5 provides bounds on the diameter of I'y(R(B,0,¢,p)), demonstrating that for
a (X, A)-compatible and 2-primal ring B, the maximal distance between any two
nilpotent elements in R(B,o,¢,p) is either 2 or 3. Furthermore, Theorem 3.10
proves that the girth of I'y (R(B, 0, ¢,p)) cannot exceed that of I'y(B). Addition-
ally, when B has infinite girth but Z}(B) # 0, the girth of I'y(R(B,0,¢,p)) is
three if |nil(B)| = 2, and four if B is reduced by Theorem 3.12.

Example 4.5. Skew bi-quadratic algebras were introduced by Bavula [11] as a
framework for classifying bi-quadratic algebras on three generators having a PBW
basis.

If L,,(R) denotes the set lower triangular matrices with elements of R, Z(R) is
the center of R, o0 = (01, ...,0,) is an n-tuple of commuting endomorphisms of R,
6 = (61,...,0,) is an n-tuple of o-derivations of R (i.e., d; is a o;-derivation of R
for all i <n), Q = (¢i;) € Ln(Z(R)), A := (asjx) € L,(R) and B := (b;;) € L, (R)
where 1 < j <i <nand k < n, then skew bi-quadratic algebra (SBQA), which is
denoted by R[z1,...,z;0,0,Q, A, B| is the ring generated by R and the elements

x1,...,%n sSubject to the relations:

xir = oi(r)r; + 5;(r), foralll1<i<n, andr € R,

n
TiTj — QijT;T; = E Qi kTk + bija for all] < 1.
k=1

If 0; is the identity homomorphism of R and §; is the zero derivation of R, for all
1 <4 < n,then Rlxy,...,2,;Q, A, B]is called a bi-quadratic algebra (BQA). A skew
bi-quadratic algebra has a PBW basis if A =&

Qn,

Rz® where 2 = 27 -+ - 28

aeN"™

The definition of SBQA makes it clear that the algebra R[x1,...,2,;0,d,Q, A, B]
is isomorphic to the algebra o(R){x1,...,2,). Moreover, SPBW extensions are

more general than skew bi-quadratic algebras, since they do not require the o’s
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to commute (cf. [40, Definition 2.1]) nor impose any membership conditions on
¢;; and b;;. In this way, if R has exactly two minimal prime ideals, then Theorem
3.3 shows that diam(I'y (R[z1,. .., Zn;0,0,Q, A, B])) = 2. In addition, Theorem 3.5
establishes bounds for the diameter of Ty (R[z1, . .., 2n; 0,0, Q, A, B]), showing that
if R is (X, A)-compatible and 2-primal, then the maximum distance between any
two nilpotent elements of R[z1,...,2,;0,6,Q, A, B] is either 2 or 3. By Theorem
3.10, Tn(R[z1, . - ., Zn; 0,06,Q, A, B]) cannot have larger girth than I'y(R). If R has
infinite girth but Z% (R) # 0, then

I'n(R[x1,...,Tn;0,0,Q, A, B])

has girth three when |nil(R)| = 2, or four when R is reduced by Theorem 3.12.

5. Future work

Motivated by the concept of weak compatibility introduced by Reyes and Suarez
[59], it is natural to turn our attention to SPBW extensions defined over weak
(3, A)-compatible NI rings, with the aim of characterizing both the diameter and
girth of their nilpotent graphs.

In this direction, Hashemi et al. [25] presented a characterization of the possi-
ble diameters of I'(R[z; 0, d]) in terms of the diameter of I'(R). Furthermore, they
showed how certain properties of R can be determined when the diameters of both
R and R[z;0,d] are known. A subsequent research objective would be to investi-
gate similar diameter characterizations for nilpotent graphs and to explore how the
properties of R can be deduced from knowledge of both a weak (X, A)-compatible
ring R and an SPBW extension of R.
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