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ABSTRACT. In this paper we show that an integral domain D is a Krull domain
if and only if D is a Mori domain, D satisfies Serre’s condition (R1) and every

associated prime of a principal ideal has height one.
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1. Introduction

Applications and interests of Krull domains often have caused mathematicians
to look for their characterizations (see for example [7], [8] and [9]). The aim of
this short paper is to provide a new characterization of Krull domains. As an
application, we deduce Krull’s normality criterion [5, Theorem 4.1].

Let D be an integral domain with quotient field K and F'(D) be the set of
nonzero fractional ideals of D. For A € F(D),let A~ = {z € K | zA C D}. Then
A~ € F(D), and so we can define A, = (A71)~1. The t-operation is defined by
Ay = U{I, | I C A is a nonzero finitely generated ideal of D} and the w-operation
is defined by A,, = {x € K | 2J C A for some nonzero finitely generated ideal J
of D with J, = D}. Clearly, A C A, C A; C A, for all A € F(D). An A € F(D)
is called a t-ideal (resp., w-ideal) if Ay = A (resp., A, = A). A prime ideal of
D is called a t-prime ideal (resp., w-prime ideal) if it is a t-ideal (resp., w-ideal).
It is easy to see that a prime ideal p of D where p is minimal over an integral
t-ideal (resp., w-ideal) is itself a t-ideal (resp., w-ideal). An I € F(D) is said to
be t-invertible if (II71), = D. We say that D is a Priifer v-multiplication domain
(PvMD) if each nonzero finitely generated ideal of D is t-invertible.

An integral domain D is called to be a Mori domain (resp., strong Mori domain
(SM domain for short)) if D satisfies the ascending chain condition on integral
v-ideals (resp., w-ideals). Note that the class of Noetherian domains is properly
contained in the class of SM domains, and the class of SM domains is properly

contained in the class of Mori domains. It is well-known that D is a Mori domain
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if and only if, for every nonzero ideal I of D, there exists a finitely generated ideal
J C I such that IV = Jv, and that every localization of a Mori domain is again
Mori [7, Theorem 2.1].

Recall that D is a Krull domain if D has a nonempty collection of prime ideals
po such that D = D,,, each D, is a principal ideal domain, and every nonzero
element of D is contained in only finitely many p,s. It is well-known that every
localization of a Krull domain is again Krull by [5, Proposition 1.8]. Let D be
an integral domain. Then D is a Krull domain if and only if D is a completely
integrally closed Mori domain if and only if D is a PoMD and a Mori domain [7,
Theorem 3.2], if and only if D is an integrally closed SM domain if and only if D
is a PuMD and an SM domain [11, Theorem 2.8].

2. The results

For a Noetherian local commutative ring (R, m), the length of any maximal
R-regular sequence in m is independent of the sequence and is denoted by depth R.
Let R be a Noetherian ring. Recall Serre’s conditions (R;) and (S;) for all non

negative integers 1:

(R;) Ry is regular for all prime ideals p of R with ht(p) <4, and
(S;) depth(Ry) > min{ht(p),i} for all prime ideals p of R.

The Krull-Serre normality criterion states that a Noetherian domain D is integrally
closed if and only if D satisfies (R1) and (S2) [5, Theorem 4.1].

The first attempt at a non-Noetherian analogue of Serre’s condition (R;) was
given in [4]. A commutative ring R satisfies Serre’s condition (R) if R, is a
valuation domain whenever p is a height-one prime ideal of R.

Next, these conditions were extended to SM domains in [3]. Let D be an SM
domain and n a positive integer. Then D satisfies Serre’s condition (R,,) if, for any
w-prime ideal p of height m < n, the localization D, is regular of dimension m;
and D satisfies Serre’s condition (S,) if depth(D,) > min{n, ht(p)} for any w-prime
ideals p of D. Equivalently, these conditions can be stated for any w-prime ideal p.
Clearly, if an SM domain D satisfies (R,,) (resp., (S,)), then D, as a Noetherian
domain satisfies (R,,) (resp., (S,)) for any w-prime ideals p of D.

For an ideal I of a commutative ring R, a prime ideal p of R is said to be an
associated prime of I if there exists b € R\ I such that p is a minimal prime of
(I :g b). In the sequel, Ass(I) denotes the set of all associated primes of I. We

denote the set of associated primes of the zero ideal by Ass(R). It is well-known
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that for a Noetherian local commutative ring (R, m), one has m € Ass(R) if and
only if depth R = 0.

We are now ready to state and prove our main result.

Theorem 2.1. Let D be an integral domain. Then D is a Krull domain if and

only if the following conditions hold

(1) D is a Mori domain,
(2) D satisfies Serre’s condition (Ry1), and

(3) Ewery associated prime of a principal ideal has height one.

Proof. Assume first that D is a Krull domain. Then (1) and (2) hold by [7,
Theorem 3.2] and [6, Proposition 43.7], respectively. It remains for us to prove
(3). To do this, let 0 # a € D and p € Ass(aD). Then m := pD, € Ass(aDy).
Thus there exists * € Dy\aD, such that m € Min(aD, : x), in particular, m =
V/(aD, : z). One notices that the ideal (aD, : x) is a t-ideal, hence so is m.
Since D is a Mori domain, there exists a finite family y1,...,yn, € D, such that
m = (y1,...,Yn):. Whence there is a positive integer N such that y € (aD, : z)
for all 4. It follows that there exists a positive integer [ such that (y1,...,y,)! C
(aDy : z). Therefore m' C (m')y = (((y1,---,yn)0))e = ((1,---,yn))e C (aDy :
z); = (aDy : x). Let £ be the least integer such that m* C (aDy : z). This means
that mfza=1 C Dy,. Assume that mfza~! C m. Then one has m~1za~1 C D,
since D, is completely integrally closed. This is a contradiction to the choice of £.

Therefore we have m’

ra~' = Dy, which implies that m is an invertible ideal of D,,.
Hence m is principal by [6, Proposition 7.4]. Since D, is a Krull domain, it follows
from [7, Theorem 3.7] that htp = htm = 1.

Assume conversely that the conditions (1)-(3) hold. By [7, Theorem 3.2], to show
that D is a Krull domain, it suffices to show that D is completely integrally closed.
By (2) and (3), for every associated prime p, D, is a rank one valuation domain,
in particular, D, is completely integrally closed by [6, Theorem 17.5]. One now
notices that we have the representation D = (| D, where p ranges over associated
primes of principal ideals from [1, Proposition 4]. Consequently, D is completely

integrally closed. (Il

The following lemma shows that the third condition on the above theorem is

exactly the same as the Serre’s condition (S) in the case of Noetherian domains.

Lemma 2.2. Let R be a Noetherian ring. If R satisfies Serre’s condition (S2),
then every associated prime of a proper principal ideal has height at most one. The

converse holds if R is an integral domain.
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Proof. Assume R satisfies Serre’s condition (S3), a is a non unit element of R and
that p € Ass(aR). Then pR, € Ass(aR)); so that depth(R,/aR,) = 0. Hence, by
[2, Proposition 1.2.9], one has

0 = depth(R,/aR,) > min{depth R, — 1, depth(aR,)}.

It follows that depth(aR,) = 0 if depth R, > 1. Hence zpR, = 0 for some 0 #
x € aRy. This means that depth R, = 0, a contradiction. Thus depth R, < 1. It
follows that htp < 1 since R satisfies Serre’s condition (S2) by assumption.
Assume now that R is an integral domain and for each nonzero element a € R
and each p € Ass(aR), htp = 1. Let p be a prime ideal of R. There is nothing to
prove if ht p < 1. So assume that ht p > 2. Choose a nonzero element a of p. Clearly,
p ¢ Ass(aR). Then pR, ¢ Ass(aR)), which in turn together with [2, Proposition
1.2.10(d)] yields that depth R, — 1 = depth R,/aR, > 1. This completes the proof

of the converse. O

The converse part of the above lemma is no longer true without the integral
domain assumption. To end this, consider the ring R = k[X,Y]/(X?, XY) where
k is a field.

We now combine Theorem 2.1 and Lemma 2.2 together with the fact that a
Noetherian integrally closed domain is a Krull domain [6, Theorem 43.4] to yield
Krull’s normality criterion [5, Theorem 4.1] (see also [2, Theorem 2.2.22]).

Corollary 2.3. (Krull’s normality criterion) Let D be a Noetherian integral do-
main. Then D is integrally closed if and only if D satisfies Serre’s conditions (Ry)
and (Sz).

One may observe that Lemma 2.2 is true for SM domains as follows.

Lemma 2.4. Let D be an SM domain. Then D satisfies Serre’s condition (Sz) if

and only if every associated prime of a proper principal ideal has height one.

Proof. Let p € Ass(Da) for some nonzero a € D. Since D is an SM domain, p is
a w-prime ideal and so D, is a Noetherian domain [10, Proposition 4.6]. Arguing

as in the proof of Lemma 2.2, one can completes the proof. O

For an SM domain D, it is shown that D is a Krull domain if and only if D
satisfies Serre’s conditions (R;) and (S2) in [3, Theorem 2.3]. Then we have the

following improvement.

Corollary 2.5. Let D be an integral domain. Then D is a Krull domain if and
only if D is an SM domain, and satisfies Serre’s conditions (Ry) and (Sz2).
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