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Abstract. The study of linear and cyclic codes over some types of finite rings
has enabled the development of highly efficient codes with optimal parameters.
Due to the algebraic properties of these rings, error-correction algorithms can
be well adapted to diverse noisy channels, enhancing real-time performance.
Furthermore, by using ideals in polynomial rings, cyclic codes ensure that
hardware implementation remains remarkably straightforward and fast. For
these reasons, in this paper, we describe linear and cyclic codes over the rings
of the form Rs,p = Zp[u]/ (f (u) / (u− s)), where p is a prime number and
f (u) = up − u, with s ∈ {0, 1, . . . , p− 1}.
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1. Introduction

The study of linear and cyclic codes defined over finite rings represents a funda-
mental direction in information theory and cryptography, with crucial applications
in ensuring the integrity and security of modern data. Unlike traditional codes
constructed exclusively over finite fields (such as binary ones), the richer algebraic
structures of rings allow for a much higher information density and superior mod-
eling of complex communication channels. Their theoretical importance is driven
by the deep connections between algebra and other branches of mathematics (com-
binatorics, algebraic geometry) providing great tools for designing highly efficient
decoding algorithms capable of detecting and correcting multiple errors. Practi-
cally, these codes form the foundation of current standards in data storage tech-
nologies (such as flash memory or optical discs) and advanced telecommunication
systems, where energy efficiency and transmission reliability are essential. Thus,
their analysis remains crucial for technological evolution and the security of global
digital infrastructures.

In this paper, all rings R are considered commutative and unitary rings.
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Definition 1.1. i) ([1], [7]) Let R be a commutative and unitary ring. Over R a
linear code C of length n is an R-submodule of Rn. If R is a field, then a linear
code is an [n, k] code if the dimension of this R-subspace is k. For this case, we can
associate a k × n matrix to an [n, k] linear code. The rows of this matrix form a
basis in C and is called the generator matrix of the code C. If this matrix is under
the form (Ik p M), where Ik is k × k matrix and M is a k × (n− k) parity matrix,
used to determine the error-checking bits, this form is called systematic.

Remark 1.2. i) [1, Theorem 2.1] We consider the ring Rn = R[x]/ (xn − 1). We
associate to the vector c = (c1, . . . , cn) the polynomial c (x) = c1 + c2x+ · · ·+ cnx

n

in Rn. In the ring Rn a subset C of Rn is a cyclic code if and only if C is an ideal
of Rn.

ii) If C is a linear code of length n over the ring R, for a codeword c =

(c0, c1, . . . , cn−1) ∈ C, the Hamming weight wH (c) is the number of coordinates
i in which ci is different from zero in the ring R. The minimum Hamming weight
of the code C is wmin (C) = min{wH (c) , c ∈ C}. The Hamming distance d between
two codewords, c = (c0, c1, . . . , cn−1) ∈ C, c′ =

(
c′0, c

′
1, . . . , c

′
n−1

)
∈ C is the number

of positions in which the corresponding symbols are different:

d (c, c′) = |i, ci ̸= c′i| .

The minimum Hamming distance of a linear code, dH , is the minimum Hamming
distance between two nonzero different codewords, which is the minimum Hamming
weight of all its nonzero codewords.

dH = min {d (c, c′) , c, c′ ∈ C, c ̸= c′}.

With the above notations, a Maximum Distance Separable code (MDS) is a code
such that dH = n− k + 1.

iii) [2, Theorem 2.8] The socle of the R-module M,Soc (M), is the sum of its
minimal submodules. A finite ring is called a Frobenius ring if its socle is a principal
ideal. The direct product of fields is a Frobenius ring.

iv) [7] On Rn we define the dot product

x · y =

n∑
i=1

xiyi,

for x = (x1, . . . , xn) , y = (y1, . . . , yn) ∈ Rn. For a linear code C over the ring R, we
define the dual of the code C, denoted C⊥,

C⊥ = {x ∈ Rn, x · y = 0, for all y ∈ C}.



LINEAR AND CYCLIC CODES 3

v) If R is a field, the generator matrix of the code C⊥ is an (n− k)× n matrix,
denoted H, and called the parity check matrix for the code C. If the generator
matrix of the code C is in the systematic form (Ik p M), then the parity check matrix
of the dual code has the form (−M t p In−k).

vi) [3, Theorem 1] On a finite commutative Frobenius ring R, if I is an ideal of
R, then |I|

∣∣I⊥∣∣ = |R|, therefore for a linear code defined on the finite Frobenius
rings, we can define the dual of this code.

vii) [5, 235-236] In a ring R, the element e ∈ R is called idempotent if e2 = e.
Two idempotents e1 and e2 are called orthogonal if e1e2 = 0. If (ei) i∈I represents
a family of idempotents of the ring R, such that eiej = δijei, where δij is the
Kronecker symbol and

∑
i∈I

ei = 1, then the ring R can be written in the form:

R =
⊕
i∈I

eiR,

called the Peirce decomposition.

2. Linear and cyclic codes over the ring Rs,p

There are many papers dedicated to the study of diverse types of linear and
cyclic codes. In several papers, codes over different special rings were studied,
as for example: over the ring R = Fq + vFq + v2Fq, v

3 = v, where q is an odd
prime power, in [4], over the ring R = F2 + vF2, with v2 = v, in [8], over the
ring R = Fp + vFp + · · · + vp−1Fp, where p is a prime number and vp = v , in [6],
etc. We can remark that the involved polynomials are of the form f (v) = vp − v =

v (v − 1) (v − 2) . . . (v − p+ 1) , p is a prime number, that means polynomials having
all p distinct roots as all elements from Zp. For this reason, we consider a good
idea the study of the linear and cyclic codes over the rings of the form Rs,p =

Zp[u]/ (f (u) / (u− s)), where:
- p is a prime number
- the involved polynomial has only p− 2 distinct roots as elements in Zp.

For this purpose, we consider f (u) of the form f (u) = up−u = u (u− 1) . . . (u− p+ 1).
We choose an arbitrary s ∈ {0, 1, . . . , p− 1} and define the ring

Rs,p = Zp[u]/ (f (u) / (u− s)).
We consider the set Is = {0, 1, 2, . . . , p − 1} − {s}. The ring Rs,p, defined above,
has cardinality pp−1. We denote

Qsr (u) =
f (u)

(u− s) (u− r)
=
∏

(u− i) , i ̸= s, i ̸= r, s ̸= r
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and gs (u) = (u− r)Qsr (u) =
f(u)
(u−s) . Using these notations, the ring Rs,p can be

written under the form:

Rs,p = Zp[u]/ (f (u) / (u− s)) = Zp[u]/ (gs (u)) .

We remark that Rs,p =
∏
i∈Is

Zp[u]/ (u− i) = Zp × · · · × Zp︸ ︷︷ ︸
p−1 times

, since Zp[u]/ (u− i) ≃

Zp.
For r ∈ Is, we consider the element qr = Qsr (r)

−1 mod p.

Proposition 2.1. By using the above notations, the following statements are true:

i) The element αr (u) = qrQsr (u) is an idempotent in the ring Rs,p.
ii) αi (u)αj (u) = 0 for i ̸= j and

∑
j∈Is

αj (u) = 1.

Proof. i) Indeed, we will prove that α2
r (u) = αr (u) mod gs (u) , for all r ∈ Is.

α2
r (u)− αr (u) = qrQsr (u)

2 − qrQsr (u) =

= q2rQ
2
sr (u)− qrQsr (u) = qrQsr (u) (qrQsr (u)− 1) ,

then
Qsr (u) | (α2

r (u)− αr (u)).

Now, we compute the element α2
r (u)− αr (u).

We obtain
α2
r (r)− αr (r) = qrQsr (r) (qrQsr (r)− 1) =

= Qsr (r)
−1

Qsr (r) (Qsr (r)
−1

Qsr (r)− 1) = 0.

Then (u− r) | (α2
r (u) − αr (u)) and gs (u) | (α2

r (u) − αr (u)). We get α2
r (u) =

αr (u) mod gs (u) and it results that αr (u) is a nontrivial idempotent in Rs,p.
ii) It is clear that αi (u)αj (u) = 0. We must prove that

∑
j∈Is

αj (u) = 1. If l ∈ Is,

we have
∑
j∈Is

αj (l) = 1, since αl (l) = Qsl (l)
−1

Qsl (l) = 1, if j = l and αj (l) = 0,

for j ̸= l. Therefore, {αj (u)}j∈Is represents a set of orthogonal idempotents. □

From the above proposition, it results that we can apply the Peirce decomposi-
tion, and the ring Rs,p has the following form:

Rs,p =
⊕
i∈Is

αiRs,p. (1)

Proposition 2.2. Let C be a linear code of length n and dimension k over the ring
Rs,p.
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i) From relation (1), we have

C =
⊕
i∈Is

αiCi, (2)

where Ci, i ∈ Is, are linear codes of length n and dimension k over the field
Zp.

ii) |C| =
∏
i∈Is

|Ci| = p(p−1)k.

iii) If Ci are linear codes of length n and dimension ki over the field Zp, i ∈ Is,

and Gi is its generator matrix, we obtain that the generator matrix of the
code C has the form

G =
∑
i∈Is

αiGi.

iv) For the linear code C, the minimum Hamming distance, dH (C), has the
following formula:

dH (C) = min
i∈Is

{dH (Ci)}.

Proof. i) The element x ∈ Rs,p has the following form x =
p−1∑
i=0

xiu
i, xi ∈ Zp. From

here, by using the fact that {αi}i∈Is are orthogonal idempotents, we obtain αix =

xiαi, xi ∈ Zp, for all i ∈ Is. From here, it results that relation (2) is true.
ii) We have that |Ci| = pk, therefore

∏
i∈Is

|Ci| = p(p−1)k. Since C is a linear code

of length n and dimension k over the ring Rs,p, we have |C| = |Rs,p|k = (p(p−1))k =

p(p−1)k.
iii) It is obvious from the above results.
iv) It is obvious from the definition of Hamming distance. □

Remark 2.3. It is clear that the linear codes Ci are of the form:
Ci = {xi ∈ Zn

p , such that there are xj ∈ Zn
p , for all j ∈ Is − {i}, with

p−1∑
i=0

xiu
i ∈ C}, i ∈ Is.

Proposition 2.4. Let C =
⊕
i∈Is

αiCi be a linear code of length n over the ring Rs,p.

Therefore, its dual code has the following form:

C⊥ =
⊕
i∈Is

αiC⊥
i .

Proof. Indeed, let c ∈ C, c =
⊕
i∈Is

αici. We denote D =
⊕
i∈Is

αiC⊥
i . Let d ∈⊕

i∈Is

αiC⊥
i , d =

⊕
i∈Is

αidi. We compute c · d =
∏
i∈Is

αicidi = 0, therefore c · d = 0.

From here, it results that D ⊆ C⊥. Since the ring Rs,p is a Frobenius ring, then
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|C|
∣∣C⊥

∣∣ = |Rs,p|n. From here, we have |D| =
∏
i∈Is

∣∣C⊥
i

∣∣ = ∏
i∈Is

|Zn
p |

|Ci| =
∏
i∈Is

pn

pki
=

pn(p−1)∏
i∈Is

pki
=

|Rs,p|n
|C| =

∣∣C⊥
∣∣. Therefore, D = C⊥. □

In the following, we consider the ring Rs,p,n = Rs,p[x]/ (x
n − 1).

Remark 2.5. A linear code C of length n over the ring Rs,p is a cyclic code of
length n over the ring Rs,p if and only if C is an ideal in Rs,p,n, or, equivalently, if
c = (c0, c1, . . . , cn−1) ∈ C, then c = (cn−1, c0, c1, . . . , cn−2) ∈ C.

Proposition 2.6. Let C =
⊕
i∈Is

αiCi be a linear code over the ring Rs,p. Then C =⊕
i∈Is

αiCi is a cyclic code of length n over the ring Rs,p if and only if the codes Ci

are cyclic codes of length n over the ring Zp[x]/ (x
n − 1), for all i ∈ Is.

Proof. Indeed, we consider the codewords ci = (ci,0, ci,1, . . . , ci,n−1) ∈ Ci, i ∈
Is and cj =

∑
i∈Is

αicij , j ∈ {0, 1, . . . , n − 1}. From here, we obtain that c =

(c0, c1, . . . , cn−1) ∈ C. Since C is a cyclic code, we have that (cn−1, c0, c1, . . . , cn−2) ∈
C. It results (cn−1, c0, c1, . . . , cn−2) =

∑
i∈Is

αi (ci,n−1, ci,0, . . . , ci,n−2). From relation

(2), we obtain the unicity of the linear codes decomposition over the ring Rs,p, then
(ci,n−1, ci,0, . . . , ci,n−2) ∈ Ci and Ci is a cyclic code for all i ∈ Is.

For the converse statement, we consider that Ci are cyclic codes over the field
Zp, for all i ∈ Is, and let c = (c0, c1, . . . , cn−1) ∈ C. Since

c =
∑
i∈Is

αi (ci,0, . . . , ci,n−2, ci,n−1) ∈
⊕
i∈Is

αiCi,

it results that the linear code c is a cyclic code of length n over the ring Rs,p. □

3. Some examples

In this section, we will provide some examples of the above studied codes: linear
codes, the attached dual codes and cyclic codes. These examples are important to
well understand the properties of these codes. Linear codes use a simple generator
matrix, which makes encoding and decoding fast for computers. Computers only
need to store a small generator matrix instead of a massive list of every possible
codeword. Also, linear codes have a measurable distance, that tells us how many
errors the code can catch or fix. Dual codes are important in syndrome decoding and
cyclic codes turn binary data into mathematical polynomials, making calculations
neat and predictable.

Linear codes. Let p = 5 and f (u) = u5 − u = u (u− 1) (u− 2) (u− 3) (u− 4).
We choose s = 4 and we define R4,5 = Z5[u]/ (u (u− 1) (u− 2) (u+ 2)). This ring
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has cardinality 54. We denote with I4 = {0, 1, 2, 3}. We have

Q4r (u) =
u (u− 1) (u− 2) (u− 3) (u− 4)

(u− 4) (u− r)
=
∏

(u− i) , i ̸= 4, i ̸= r, r ̸= 4.

We consider g4 (u) = (u− r)Q4r (u) =
f(u)
(u−4) . Then

R4,5 = Z5[u]/ (u (u− 1) (u− 2) (u− 3)) .

We denote with qr = Q4r (r)
−1 mod 5, r ∈ I4. The element αr (u) = qrQ4r (u)

is an idempotent in the ring R4,5. We have the following idempotents: α0 (u) =

q0Q40 (u) = 4 (u− 1) (u− 2) (u− 3); α1 (u) = q1Q41 (u) = 3u (u− 2) (u− 3);
α2 (u) = q2Q42 (u) = 2u (u− 1) (u− 3); α3 (u) = q3Q43 (u) = u (u− 1) (u− 2).

i) We consider a linear code of length 5 and dimension 3 given by the following
generator matrix

G =


1 0 0 u3 + 3u2 + 2u+ 1 u3 + u2 + 4u+ 1

0 1 0 3u3 + 3u2 + 4u+ 2 2u3 + u2 + u

0 0 1 4u3 + 4u2 + 2u 4u3 + 2u2 + u+ 3

 ,

C = α0C0 ⊕ α1C1 ⊕ α2C2 ⊕ α3C3.
We have that

G =


1 0 0 α0 + 2α1 + α3 α0 + 2α1 + α2 + 4α3

0 1 0 2α0 + 2α1 + α2 + 2α3 4α1 + 2α2 + α3

0 0 1 2α2 3α0 + 2α3

 .

Therefore, G = α0


1 0 0 1 1

0 1 0 2 0

0 0 1 0 3

+α1


1 0 0 2 2

0 1 0 2 4

0 0 1 0 0

+

+α2


1 0 0 0 1

0 1 0 1 2

0 0 1 2 0

+α3


1 0 0 1 4

0 1 0 2 1

0 0 1 0 2

, where

G0 =


1 0 0 1 1

0 1 0 2 0

0 0 1 0 3

 is the generator matrix for the linear code C0,

G1 =


1 0 0 2 2

0 1 0 2 4

0 0 1 0 0

 is the generator matrix for the linear code C1,
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G2 =


1 0 0 0 1

0 1 0 1 2

0 0 1 2 0

 is the generator matrix for the linear code C2,

G3 =


1 0 0 1 4

0 1 0 2 1

0 0 1 0 2

 is the generator matrix for the linear code C3.

We remark that dH (C0) = 2, dH (C1) = 1, dH (C2) = dH (C3) = 2, therefore
dH (C) = 1.

ii) We consider the linear code

G =


1 0 0 1 1

0 1 0 1 2

0 0 1 3u3 + 4u2 + 3u+ 1 4u3 + u2 + u+ 3

 ,

C = α0C0 ⊕ α1C1 ⊕ α2C2 ⊕ α3C3.
We have that

G =


1 0 0 α0 + α1 + α2 + α3 α0 + α1 + α2 + α3

0 1 0 α0 + α1 + α2 + α3 2α0 + 2α1 + 2α2 + 2α3

0 0 1 α0 + α1 + 2α2 + 2α3 3α0 + 4α1 + α2 + 3α3

 .

Therefore, G = α0


1 0 0 1 1

0 1 0 1 2

0 0 1 1 3

+α1


1 0 0 1 1

0 1 0 1 2

0 0 1 1 4

+

+α2


1 0 0 1 1

0 1 0 1 2

0 0 1 2 1

+α3


1 0 0 1 1

0 1 0 1 2

0 0 1 2 3

, where

G0 =


1 0 0 1 1

0 1 0 1 2

0 0 1 1 3

 is the generator matrix for the linear code C0,

G1 =


1 0 0 1 1

0 1 0 1 2

0 0 1 1 4

 is the generator matrix for the linear code C1,



LINEAR AND CYCLIC CODES 9

G2 =


1 0 0 1 1

0 1 0 1 2

0 0 1 2 1

 is the generator matrix for the linear code C2,

G3 =


1 0 0 1 1

0 1 0 1 2

0 0 1 2 3

 is the generator matrix for the linear code C3.

We remark that dH (C0) = dH (C1) = dH (C2) = dH (C3) = 3, therefore dH (C) =
3. This code is an MDS code (Maximum Distance Separable code).

Dual codes. i) For the dual code, we know that if the generator matrix G has the
form (I3 p M), then the parity check matrix H is of the form (−M t p I2). Since G0 =

(I3 p M0), we obtain H0 =

(
4 3 0 1 0

4 0 2 0 1

)
. From G1 =


1 0 0 2 2

0 1 0 2 4

0 0 1 0 0

,

we get H1 =

(
3 3 0 1 0

3 1 0 0 1

)
; to G2 =


1 0 0 0 1

0 1 0 1 2

0 0 1 2 0

 it corresponds to

H2 =

(
0 4 3 1 0

4 3 0 0 1

)
and for G3 =


1 0 0 1 4

0 1 0 2 1

0 0 1 0 2

, we obtain

H3 =

(
4 3 0 1 0

1 4 3 0 1

)
. Therefore, the matrix of the dual code C⊥ is

H =

(
4u0 + 3u1 + 4u3 3u0 + 3u1 + 4u2 + 3u3 3u2 1 0

4u0 + 3u1 + 4u2 + u3 u1 + 3u2 + 4u3 2u0 + 3u3 0 1

)
=

=

(
4u3 + 2u2 + 3u+ 4 2u3 + 2u2 + u+ 3 u3 + u2 + 3u 1 0

4u0 + 3u1 + 4u2 + u3 3u3 + 4u2 + 4u u3 + 3u2 + 4u+ 2 0 1

)
.

ii) In this case, for the dual code, we obtain: for G0, we have

H0 =

(
4 4 4 1 0

4 3 2 0 1

)
; for G1, we obtain H1 =

(
4 4 4 1 0

4 3 1 0 1

)
; for G2,

it results H2 =

(
4 4 3 1 0

4 3 4 0 1

)
; for G3, we get H3 =

(
4 4 3 1 0

4 3 2 0 1

)
.

Therefore, the matrix of the dual code C⊥ is

H =

(
4α0 + 4α1 + 4α2 + 4α3 4α0 + 4α1 + 4α2 + 4α3 4α0 + 4α1 + 3α2 + 3α3 1 0

4α0 + 4α1 + 4α2 + 4α3 3α0 + 3α1 + 3α2 + 3α3 2α0 + α1 + 4α2 + 2α3 0 1

)
=
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=

(
4 4 2u3 + u2 + 2u+ 4 1 0

4 3 u3 + 4u2 + 4u+ 2 0 1

)
.

A cyclic code of length 4 over the ring R4,5. We have that x4 − 1 =

(x− 1) (x− 2) (x− 3) (x− 4). We consider g0 (x) = x − 2, g1 (x) = x − 3, g2 (x) =

(x− 1) (x− 2) = x2−3x+2, g3 (x) = (x− 4). Therefore, the generator polynomial
for the code C is

g (x) = α0g0 (x) + α1g1 (x) + α2g2 (x) + α3g3 (x) =

=
(
2u3 + 2u2 + u

)
x2 +

(
2u3 + 2u2 + u+ 1

)
x+

(
3u3 + 4u2 + 2u+ 3

)
.

A cyclic code of length 5 over the ring R4,5. We have x5 − 1 = (x− 1)
5

mod 5. We consider g0 (x) = x− 1 = x+ 4, g1 (x) = (x− 1)3 = x3 + 2x2 + 3x+ 4,
g2 (x) = (x− 1)

2
= x2+3x+1, g3 (x) = (x− 1)

4
= x4+x3+x2+x+1. Therefore,

the generator polynomial for the code C is

g (x)=
(
u3+2u2+2u

)
x4+

(
4u3+2u2

)
x3+

(
4u3+4u2+4u

)
x2+

(
4u2+3u+1

)
x+
(
u3+3u2+u+4

)
.

4. Conclusions and future work

Studying linear and cyclic codes over finite rings has led to efficient codes with
optimal parameters. The algebraic properties of finite rings make it easy to adapt
algorithms to different noisy channels, improving real-time error correction. By
using ideals in polynomial rings, cyclic codes keep hardware implementation very
simple and fast. These mathematical structures remain essential for secure data
storage.

Looking ahead, the development of codes over finite rings allowed the expansion
of several cutting-edge domains (post-quantum cryptography integration, advanced
wireless and space communications), which emphasize their continued relevance in
the modern digital era.
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