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ABSTRACT. Let L = M(D2yp,2) be the Moufang loop obtained from the dihe-
dral group D2y, of order 2p, where p is a prime number, and let F' be a finite
field of characteristic 2. In this article, we determine the bicyclic units in the

loop algebra F'[L].
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1. Introduction

A bicyclic unit in an alternative loop ring ZL is an element of the form uy ) =
1+ (1—g)hg where g,h € L, g =1+g+¢?>+...+g" !, nis the order of g. Since
(1—g)g = 0, the element ug j, is of the type 1 + a with a? = 0, € ZL. Hence, a
bicyclic unit is indeed a unit with (1 +a)™! =1 —a.

Bicyclic units were studied in the unit group of integral group rings of finite
groups in several papers [3,4,5]. But for loop rings and loop algebras these are
quite less unexplored. In the present article, we shall study the bicyclic units in
the loop algebra of the Moufang loop obtained from the dihedral group over finite
fields. Chein and Goodaire [1] proved that if G = Dy, the dihedral group of order
2m, then the loop M (G, 2) is a RA2 loop. Vojtéchovsky [6] gave the presentation of
Moufang loops of the type M (G, 2) with G a finite two generated group, as follows:

Theorem 1.1. [6, Theorem 3.1] Let G = (x,y | R) be a presentation for a finite

group G, where R is a set of relations in generators x,y. Then Mo, (G,2) is presented

by

2

(@,y,u | Rou? = (zu)? = (yu)® = (vy.u)” =e),

where e is the neutral element of G.

The author thanks the Department of Science and Technology, Govt. of India for providing
FIST (Fund for Improvement of S & T Infrastructure in Universities and Higher Educational
Institutions) level zero grant to PG Department of Mathematics, Mehr Chand Mahajan DAV
College for Women, Chandigarh via Sanction letter SR/FST/COLLEGE-/2019/719.



2 SWATI SIDANA

Let B(F[M(Dgp,2)]) be the loop generated by the bicyclic units of F[M(Dsg,, 2)].

2. Determination of bicyclic units

To determine the bicyclic units, we first determine the trivial bicyclic units in
F[M(Dgp,2)]. An easy calculation implies that u;; = w1 = wy; = 1V 1 €
M (Dyp,2).

Proposition 2.1. ugi; =1 for all0 <i<p—1andV 1€ M(Dy,,2).

Proof. From [2], it is known that u,, = 1 if and only if h='gh = ¢’ for some j.
Clearly, h='gh = ¢/ ¥ h € Dy, and g =a’ (i =0,1,2,...,p — 1). Furthermore, for
k € Doy,

(ku)~ta'(ku) = (ku)a’(ku)

=k Y(ka™?
=a~ "% 0
Proposition 2.2. wugipp,, = 1 for all0 <i <p—1 and V h € Dy,.
Proof. Here,
ua"'b,hu =1 + ( Zb )hu(l + a’lb)
=1+ ((h(a'b))u — hu)(1 + a’b)
=1+ (h(a'd))u + ((h(a’b))a’b)u — hu — (h(a'b))u
=1. ]
Proposition 2.3. ug,, =1 for all g € Doy and h=a'b (0 <i<p-—1).
Proof. We have
Ugu,h, =1+ (gu—1)h(1+ gu)
=1+ ((gh=Y)u — h)(1 + gu)
=1+ (gh Hu+h~t—h— (gh)u.
So, uguﬁhzlifh_lzh, that is, h =a'b (0<i <p—1). O

Proposition 2.4. ugypy, =1 forallg=a'b (0<i<p—1) and h € (a).

Proof. Here,
Uguhu = 14 (gu — 1)hu(l + gu)
=1+ (h~tg — hu)(1 + gu)
=1+h"tg—hu+ (g(h"'g))u—g 'h.
Therefore, ugy py = 1 if A=tg = g~ 1h, that is, g~*hg™ = h~! which is true when
g=a'b(0<i<p-—1)andh € (a). O
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Proposition 2.5. wgiy,p, =1 foralll<i<p—1andh=0a’b (0<j<p-1).

Proof. Consider _ _
Ugiy hy = 1+ (a'u —1)hu(l 4 a'u)
=1+ (h7ta’ — hu)(1 + a'u)
=1+h7ta" + (a’(hta"))u — hu — a*h.
Thus, Ugiyny = 1 if h7'a’ = a='h which is true when h =a/b (0 < j<p—1). O

We are left with the following non-trivial bicyclic units:
{uaib,aja Ugip,akbs Uaiu,aluy Uaiu,alsy Uaibu,a*bus Uaibu,al |0 <t k< p—- 1,1< j7l <p- 1}

Next, we determine the distinct units among the above set.

Proposition 2.6. (i) ugip akp = Ugipai o © = (k— j)(mod p).
(11> (uaib,aj>_1 = Ugip,ql Zfl +j = O(mOd p)

Proof. (i) We have
Ugipary =1+ (a’b—1)a"b(1 + a'b)
=1+ (a" % —a*b)(1 + a’b)
=1+ ai—k + aQi—kb _ akb _ a—i+k
and 4 ‘ .
Ugipai = 1+ (a'b—1)a? (14 a'b)
=1+ (a*7b—a’)(1 + a’b)
=1+aJb+a7 —al —atib.
Thus wgip gkp = Ugip,ei When @ = (k — j)(mod p).
(i) Also,
(i)t = 1= (@b = 1al(1 +a'h)
=1-a"7b—a +a’ +a"b.
Thus, (Ugipei) " = Ugipq if I+ j = 0(mod p). |

Proposition 2.7. (i) %giy ety = Uaiu,em of = (I —m)(mod p).

(ii) (Waiw,am) ™t = Ugin,an if m+n = 0(mod p).

Proof. (i) We have

Ugigau = 1+ (Pu—1)a'u(l + au)
=1+ (/7! - du)(1 + a’u)
=1+a ' +a¥ u—alu—a~7

and

Ugiyam =14 (aPu—1)a™(1+ a’u)
=1+ (a/"™u—a™)(1 + a’u)
=1+a "u+a ™ —am—a T
Thus gy gty = Ugiu,em When j = (I —m)(mod p).
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(if) Also,
(uaju,am)71 =1- (aju — ]_)am(]_ + aju)
=1—-d "u—a""+am+ T,

Thus, (Ugiy,am) " = Ugiy.an if m+n = 0(mod p). O

Proposition 2.8. (i) gipy,akbu = Ugibu,at if ¢ = (k+1)(mod p).
(ii) (waipu.at) ™t = Ugipy.ar f L+ 7= 0(mod p).

Proof. (i) We have
Ugipuarpu = 1+ (a’bu — 1)a*bu(1 + a'bu)
=1+ (a7 — a*bu)(1 + a’bu)
=1+a* " +a®>Fbu — aFbu — a’F
and
Ugipyat = 1+ (a’bu —1)a' (14 a'bu)
=1+ (a™bu — a')(1 + a’bu)
=1+a*bu+at —a —a~lbu.
Thus gipy akby = Ugipu,qr When i = (k +1)(mod p).
(ii) Also,
(Ugipua) ™t =1—(a’bu—1)a' (1 + a'bu)
=1-atbu—a ' +a +albu.
Thus, (Uaibu7al)71 = Ugipqr if I +7 = 0(mod p). O

Furthermore, we have the following lemmas.
Lemma 2.9. Forl € M(Ds,,2), 17 ugpl € B(F[M(D2yp,2)]).
Proof. Consider
Tugpl =17'0+ (1 - gh(l+g+g>+...+g" "))l
=1+ =1hll ' A+ g+ g% +... +g" )
=14+ (1= g h(L+ 1 gl + 1 g+ .+ 1 g

= Up-1g1,1-1hl. 0
Lemma 2.10. M (Dsp,,2) NB(F[M(Dgp,2)]) = (a).

Proof. By the above lemma, we get that B(F[M (Dap,2)]) N M (Dsp, 2) is a normal
subloop of M(Dsy,2). Therefore, it is either trivial or (a).
Define a map
¢ : M(Dap,2) — (h|h? = 1)
by
1, ifl € {(a),

d’(l):{ h, ifl¢ (a).
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Note that it is a loop homomorphism and it can be extended to an algebra ho-
momorphism ¢ from F[M(Dy,,2)] to F[(h)]. It is easy to see that the image of
bicyclic units under ¢’ is 1, but the image of b, a'b, lu (0 <i<p—1; | € Dy,) is
h(s 1). Hence, M(Dap,2) N B(F[M(Dgp,2)]) # M(Dap,2). Further, observe that

Ugsbat = 1+ (' +a7")(1 +a’b)

which gives

k k

_ _ 1
H Ugp,qi = ab(1 4+ Dyp) and H Up qi = b(1 + Dap) where k = pT
i=1 =1
Thus a = tap,aUab,a? - - - Ugh,ak Up gk - - - Ub a2 Ub,a-
Hence,
M (Dap,2) N B(F[M(Dap,2)]) = (a). 0

Thus, using all above, we have proved the following:

Theorem 2.11. B(F[M(Dsp,2)]) = {a', aip.ar, Uaivars UYaibuar : O
p—1,1<k<P}

IA
IN

The cardinality of B(F[M(Dap,2)]) is p(31;—1).
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